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ned ii 
.:.:.   Ir..;   light 

.lllglble for thG 1 -cler^ and ceirient the ^.oaaic 
•pinat is fondly hoped 'to br-.- a logic&l structiire*    OperatiO' 
 •■   ■■'■:h during the xm? had. to be anonymous, and much of ' 

.ost remain so.    References to the original, work won.' 
rviTe had to refer to class if iecl dooutnents, 
■Rould not b'-   ■■-■-■•» \-''-'--■-'•   '•■'■•^  ^' 
'bQen oinltteu 

which -probably 
. ™,- T 

Since the m.u*.,.!.w-'.ci..:;u  «ere me:;; v,;;. o  ui   ■..>■:;  ■.yiVa >.;...VJ-AO 

Research Group, "il,  S,  Wavy,' It is loerhaps not snrprlslnf; 
fliat ths examples .given are dT-ami chiefly from the WOTI: of 
this groupj  thoiiph aii effort has been nade to incltide eX" 
anplfjs from tha vfork of other groupr,    'fein^'' persons have 
helped b"' disciisslo.ns anc\ etriivorial crM;iclGTri^  incliidlitg 
i'^iembers of othei' operations research groups d.n this coiintr:" 
and in England;    To nention a few \7oyld  Blight many otliers. 
so none ■will be name:?, 

If this .boolr xvere to be highly classified,  and thus 
rc^stricted in circalatlon.,  it cbiild have included other 
Gx:arn)les.j many of them highly interesting and instruotiYO ?: 
and soYTte of the sxamploG given here COHM have been dis« 
cussed in more ea:pliclt detallc.     It -was felt^  ho-^sver^ that 
it was more ImportaBt for this voliiine to be allotted a v/ide- 
st'read circulation than for it to be exhaustive.    During the 
xi'ar the scopej methods and triiiriiphs of operations research 
were not apt}reciateG by most scientists or by nost milltar?/ 
men, because no info.t'jnatloii was freely availablec.    Ifnlass 
we are willing to lo!?e this valuable, ozperience and back-- 
groTmdj' some of it must be raade available :fe£^h§.„i;iJlaiiM-J.M, 
a^.ECLL^^jLQj^,,^!i;iejL»*erdr^l^   This is particularly' 
liiipcrtant if the irothods of operations resjeareh have -oos:-" 

■!«„•?   ■■>,  ,-- -"- as !■ •? .:, •h~'' 

Fiiililj :lor?;«^ 
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.1 ;■; 

In World War II the pm^ase  "tipsratlons research" has 
to describs the scientific- ouantitative study of 

Gi'-v-aratlons of war..    Pcirhaps a raore descriptive tern would 
be  "poiev'iology"', from th??'GreeK vifr6. ^^pole'^nos^' meaning 
^■arfare^ "but'the moTB faalllar "operations research" will be 
ro'fcainefi in the present treatise becat'se It suggests that 
t)''.3 rnethnds can be vsed to study other  operations than those 

.5hrase^  oi')erationiJ research^,  is of recent, origin^ 
'  rcspresents one phase of the eyipaiision of science to 

,;.':.udy more and more complex phenomena ^   . Pravioits aid which 
r.ciencG liad given warfare was chiefly in the direcJtion of 
■providing new waat)ons and instrumc-nts^,    Pe>''haps the raost 

' ,-- - ■■■ri classical example -iras the xvovK of Arahinedes in 
the city of Syracuse frora the Romans »■    In the 

tssance^ Leonardo da Vinci spent much of bis enginaer- 
••abilities in military ap-pllcations, and in the sevsn- 
;t-h century the famot:!S Vaifoan t-'.tlllfeed his considerable' 

geoinetrlcal aMlities in d?^si.erJ.n;K fortifications, and his 
" .-^■■•'--   genius in deYlsing the bajonet and tha method of 

tiTO.      Foiirler,  Fionge., £.nd Berthollet vjere rstatned 
vapoieon as his scientific advisers,    0::' trese^ only 

'   r-'imde any real coiitrimiticmf' in apply:'m; science to 
^ :. hetter'tmFs of SfillS. v/eapcnsp rather than adding 

'•gadgets"'. 

T:T[ raore recent times \mrfare has become so complex thiat 
•ientists hjwe confinsd tholr contrlbntions to the 

•    '  of new weapons, and have left the tactical use of 
^ons to the-pycfessloTial soldier^  and their stra- 

■  tc t})e pi'ofessioiial politician*    Tha ytility, 
:f the c>-''^- ''■''^sj^f,^ scientific attack on a wide 
^ ncn-ni        ■ : tiFoblems l:,as been amplj demonstrated 
■■t  ^•!-.r-^' denudes.     It is not -siirprisingj thereforej 

::••::   ••   •  *..  '..  :-: : : : .-iteif. 
  .:. ...• ...• •„•    :     : :*.: : : 
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:-;ethoC'.s of Abjiec 
■ I-'.levant Dortio-ai of th 

■..•,'     ■    .  field of natl^ieruitics no:' 
inl^ T/ork.'  Tl)e rest of ths chapters discuss teciini:' 

•..;;.:.i;/i havG "been f'^JS'ticiilarly usefulj, with llltjstratlons 
T>1.c>'^<? from vfOTli done in the recent VB.V^    One aspect of 

'he theory of search for an ersrij" cral't^  lias grotm t- 
: L/^.u  w.'on." ?.d arable  nro'oortinn that'it dsservos more space- 
•"'"•fn cnn bp; give,n it herOc    /uiother volii?^i«^ of this. sGrJt:./-> 

-foted to the theory of search. 

;■■■.<   - p 0\'?e?*atlon3Be3f»arch<. 

.i;i«.; ,iu'L;i,":i  'JJ.   a;jsratlayx3 resDarch has ■iiy^-::i;i succ1uci,.</ 
'Ttrated in a letter  (dated 17 Augi7.st 194'?) frori Fleet 
ral E» 'J^ Kitig to necretary of the Navy James Y*  Porrc 

fer'r 

"Sincf ^'^j;j J.X   j.-'-.'k'--  \jiV::  opexations  i-cc;t;.i;.x"tii > 
' een cf service to the 'Tav^" as a. sciGntifi':.;   •. 

•30T.V jy^oiiT) to -'iho forces afloat and to the Coririaiua;: 
in Chlfif,  iTnitr-cl Statojs Fleet, and Chir^f of I'fev- ■ 
Operations,- dealing ivith mivB.l scientific evalv; 

■froTn tho point of-vlev; of the operational user r'.-' 
riaval equinraent.    '"h' ■■   -r---;-; i-'i "^een of actJ.v:? 
assistance :!n! 

(rs),   , The e"9aj...^c...,^on of ne^;? Gqulpmont to vv^nt 
mi 11 tar:'" reqrilrejnents, 

(b)t    Th.5 evalnation of specific phases of    , 
opsrations  (ocg.}  gun support^  f"  ■''■':■'■": 
from studies of' action reports.' 

(c).    The GvaXuatlon ard analysis of tactical 
■problems to rieasi?Te tho -r-rr -'t'—^''  %.,.':■■... 
ioT» of xmri i!ia.terls.l» 

)T>ttont of ne\7 tactijcal tloetrj.ne 
■"■:'.flc TQqniTew'"''   '''~   " ' 

; uvra la t inn 
..  .  .  ... .... . .: ......*..•• : 
..... 
..... 
. .  .  < 
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•■ "" ••    :    : : •■" •'" '" "" •:•:  •■-•■ :"i.::■.::• A.r It. j 
o:>   ,'{ovo::n'"'v:.: 

rLi^:5SJ2lillHll,.„^)diia?SQi, third raancn for 
,:.r.v.r'.-::::-ui;, Ai'iHoTtHnco of"l:po^ai;;.■-■.■;, research invjari... 
the Increasing tojiipo of obsolescence In m:llitn.ry Gqulpr;. 
hi the past vitxr a nmiber ox  potentially useful vj&apon^  . 
.j?oe obsol'^te bsforo the forces at the front had hf-.d ti;.. 
to laarn how to operate tl:sTT efficientljo    '"hen this  coT,v>i- 
■lion boldr; it "becomes . extreraely important, to .be abj.® to 
the boat einployriont of, eae''^ woapon ahead  of tin??*.    Xlhoy   *■ ■.. 
can no longer have the tlmr^ to learn 'b''r length"r trl.a3, saici 
error on the battle field,  ths adx'^antages of quantf-tatlve 
ap-oralsal and planning bocoine noro aDparent* 

This aspect of the. situation isi-jolntcfd out li:i 
.■.;j.lowin?^ excerpt f^ora.tho Final Pooort ^"■~ /uiir-ir-al !■.., 
to the i^.ecretp.ry of the ifot^y,  issiied 8 Deco^-nbor .194'';' 

and mans deraands exacting analysis of the neasures c 
cotintjrme&snrGs introduced at ever'f stage by ourselv': 
ixn£. the energ;^-^ ' Scientific research can iiot onlT" spiro^ 
the ,iinvention and' production of weaoons, biit fils::. re- 
sist in iri£i?.rlng their correct iiiscs The appl.1catlcri„ 
''■-■-' '■'rialifiec  scientistsj  of the scientific mcr'-l'.^-'  ■■■   ' 

;;.if?jproveriOrit of nsvai oiDorating tccteiquGS ;■- 
rial5, has dorae to be called oporations researc'^ 
•Scientists enr!;aged ir.: operations research a:'i?o   r 
v'ho advise th-it "oart of tho rjav^; iThich is usi.n; 
wea.pons' and craft -— tfie fleotd thnnsolYes* 

■ effectiirely the^; must x7ork under tho directiv,; 
ha"-'? sloso -porsonal contact ■cirit)) tho officers A.. 

carry or-  " '    operation^'; of v?.ir ; 

"D'arlDf: the -war 170 succseded in enllatini:; tm 
services of a group of competent scientists to,carry 
out oporations research*    I'his gronp ims set P.T'  •■■• 
floxiblfi orgari?,atior: able to reassi'^n persormc ^ 
qniclrly \7hen IBV: critical probIons'arose„    FiscaJ. 
M'Ministratlvc- contrrl of t'lo grovx) xras origin-/'' ■ 
vested 111'the" Office of Bciontific Rosoareh ar-> 
op-sent,    I'he .group as a whole X7fi«! assignod t* 
..^.,, f;-?, .■■'•-? ^v,i:=-;   ■-^jitrol,  and ■!?> the ^--^'-i■■-.-■:?■•>  —" 

..   ■   •   ••• •••• ? 

I ••• ••• •••• ••• 
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.1 s ..T ., t 
aucl i/i jTily 1943,  at a otrc^ngth o:i 

■'■■■"1y':-)Ts'^  ft. V7as" Incorporated 5.ntr 
I^'lee-G as thfi /n'iti"S'!ib-nr.-,rlnc. 

:!.Ulou3 lioseArch GroMTt.     Hybsec      ■   '■.v the 
vo resr:onsiMlity for- the gro'^ .    ..J trans- 
^olimbia Univei'sitv to the Offjco of FlG3.d 

j xjl'c '^Iteration in relationshit'S viith the 
rn Oo.v--,.,.:   l'5'1-45 with the decline of the sifD- 
'iGnacej  the .^^roan was transferred' to the Readt- 
•yisi 071   Oi    ri^' mir Tieadq'aart'o-i's and rons-med tha 

vn-n ■■^■.-r,ai'»eh Group,    At the.olose of tha --^^ 4,± 
i'enty-th.TQQ scientists5 dram from 

oi' bo,cl'grot5ndSo    !Tan,y of "the'monbers ivtre 
,j     v  the nsed arose,  to tho staff55 of fleet and 
imanders overseas, and at operating bases in war 

''••-» far as pocsiblo the:?' Vjero afforded the 
'■>f oh^rrvl"" r-onbat OT><^.Tr-tXnnt, nt flrnt' 

■5T!f >-»rV foll Into ■i", .it ( ..   _ .. /p'-jd, 
analysis of tactics« 

::.u   ;:na  uc^^rc-pzicaa;   ,;.:   ^ar on the one haMj  aiid 
.1 arialysis of onorationn on the othor*    Kach 
..val operation had to bo anal/ged theorGtical3.y 
'no the rsxinvr.n potontiaXitie:; of the eo'iip- 
'rp-d..  tha Trobabie reactions of the porsomiel, 

the tectics which would co'fnbine equip- 
'   in an optipniro rriannor.    Action reports. 

■   rostjlts obtained Irt this typo of• OT>G- 
in a cmantitatix'e. r,Tannor in. ord^r 

'       "'     oly the theore- 
or. -f. V 

•••   •••• '•     •     • •   •     • 
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to reviso their- bact:'c:^; ^\;^'-  oqnip-iont t/hen ro TTG|/an "■■ 
use radar on o^w a-n.t±"-:ivhrmTinQ aircraft s and vjo,  in 
tnrn had to fioclify our  ts.etlcs and rf^A'^r eqnipnont to 
Qountcr  t!-;{5J.r changes.     In this Pcc-sai:,! of techniques    .. 
the side 'fihich countored'cuiclOy. boforr* the opponont 
had time to r>erfGct'tha new tactics anc^ -r/oa-cons,  liad 
a decidod advantage--*    Operations rescai-c/ij  cr.1ng3.nB 
s;cientists in to analyze the tGchnlcal inipc't of thG 
fluctTiations ''or/c:iQ^,n near,!:.??' and coiuiberpicasiirej nacle 
it possll^le to  speed lap our reaction rate in seveT'.:! 
critical casefi*" 

In the norrml coiir^e cf 5i]ilitary erneclencyj  strernious 
efforts are m\t forth to clevslop aiid rnajrmfactiAre nev; teci'r- 
nien.1 euirl-Dyr|.3nt and wsapons/    Thor.e urast be d5.stribvited to 
tliG O'osratin:-  coi-nruands^ -?rith b.trfc "li:^ted. time in -;rhici: t.n 
develop the best rnethoAs for their tactical nz':^    As the 
v^eaDOns get into UPG,  taore bf5gins to flov; back an iiicresi;- 
Ixig ??ass of iata in the forz.i of action reports, vorforrmm-B 
sheets, and intelligon.es siiMBBriosj which are acorinrlated 
in local eornmancls ojr at theater hcp.dquartei?s«    I'he sionifi- 
cp.n.ce of t'le e^^periGnce eribocliecl in these data can only be 
evaluated thro^igh the de.tQrL-iinecl efforts of p-eoporly trained 
men f.7ith scioiT:ific bac'^'^groundrj   cloth-'^d nith   ■   "f^ciGnt 
authority, facilitat'^cl hj proper adMnistrati. ^ Ci:gRrd.zat:..-:y:.^ 
and freed from other respontd.bilitlGs to coriContra.te tlieir 
efforts to this nrid.:    Siich ftYaluation will indicate the 
relative 7«v?ritn or deficlPineieB of the ne^? equionsnt a7id 
oi'^dnance, and of the tactr'.cfj incident to t-:eir iif^o.:     In 
addition t;o indicat:^n^ niGa.nB of techrdcal iiriprovoFicntOj 
th,«- analyses sho'ald also ser'/G as bases for •proriictlng iin- 
proved training? ^nathctis, to make ■■noTo efficient tlic pGrforra- 
ance of or-eratlng ncrsonneli, > 

Sco-ne of ^'/or'K - The naJiire of research xiorlr ia admittedly 
not  subjGct to cract defirdtlone ;, u'lthoi'd; atteinptiai^ to set 
a llfrtlt to the point vTlisr-:^ operations roasarch norges intc 
u-;rf-9:iopT(iehtal XJOT}"^  thera si's oei=tain boiindji rrlthin T?hicb 
ti-10 Tjorh of an oper^^tiona research gron-n is defijicd. 

The j^iain function of f-;n operationp rossarcb. grours ii5  i" 
(xn&lyze aetivial operations,- iiBiJig tho data to b.;; fowid in 
action reports^  traeb' charts, rtispatehosj   intslljgftnce pirn- 
TtiarlGG .froTn act'nsl Intiarvlonaof qiJsratj'nr;  PQi^^^i^iO^I.. Mtc. 
The operati(.,'^% :i:; ■-•.••^■'ivv::,.:■ Vf:;>^*.Jf, -j.^  :-■-:.'/--: ■ l-;nt 
f:ron the ''^^1 ■:":.•:'"...■:■ ■ .\.v%.,--,.^*:;..:*.v-:. i»..: ;-*:'cid ^^^o. 
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ante th*:^''nrospoctive r-^rfbD-naaco fron a J2Ei.2li approaches, 
bMt also to analyze obsorvati'-ona'j  data""fron experi^nental and 
teBtJn;j. esta'Dllsh'>--ents as riell as from actual Pillltary OTie- 

■r.'itifns.j no inattor ho^7 corrmllcated*    Tho tactical  possibilities 
and limitations of aw such eVrU.ip^.ent mxst be studied In 
relation to the acti3.al fo.cto of military oporationfi^    Sticl'i a 
performance ai'valyois is essential to a decision concerning 
the requirsTnentr, for a new rjeapon or device, and. to the dis- 
covery of the MQst profitable charmel in uhich to devote 
chr-jelovrmntal efforts. 

It iaur>t bo enphaslsed a.-^ain that the oporations research 
xjov'ker is jQot a  "gadgeteey'%  spending most of his time de- 
vising nen eqi'dpraont or 'rnodif^'lng old cqiiipnonta    Such 
activity is  iranortants  and  also rocprires  technically trained 
T^ie'-^ to help the  SGi"-rlGes„ -bttt it  is nn activity rrliich -^^horild 
be cax-ried on Dri'marily by scientists attached to the service 
co^'mands' or bureaTis, rathor than by nen attached  to the opera- 
tional coriKandSj  as are the operations research nGn*    The 
operations research worker niist often resist the urge to 
tirrn fromnefractory probl^gns of sts'o.teg^'' and tactics j which 
are primarily his  joi?^  to the nore congenial taslr of '''plaj''~ 
Inf^:" r/lth a piece of no"V7 eqiilpnient*    Trpe^  there are times 
Tihen the operations r-'.search raan Is the only technical ?>an 
with r*xi operational  conmandj and  equipment nociification must 
be done by bin ur it doe? not get clones     In this case^ of 
course,  T;he '"-ecessary "gadgetaer-Iri;:^" is carried throiigh*   . 
Ho'.vever the  operations research ^nan must keaw in riind,  in 
thes-e cases,  that he i3 stepping ot?.t of his oxm field and 
that such activity should not be allowed to keep him long 
from his nroper stv.dier:; of operati'"ns*    It is poFsible to 
call, in teehrdcal men fTom the service commands to clo the 
Badgeteerlnc, but there is no .one else to do the operations 
research if he docs not do it. 

An important difference between operations research and 
othtor scientific ';7or'K is the sense of nrg,enc;^^ involved.,     In 
this field a preliminary a.nalysis ■ based on incoinplets data 
may often be «nich inore valuable than a more t'lorough study 
Uis'ing adequate dataj  simply .because the crucial decisions 
cannot imlt on the slo\7ei* sti^b/ but raict be based on the 
■oi'elimiTJiriry analysis8    The worker-cannot afford to scorn 
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crucial decision Kust    * ••••••• 

jnc ii^^■Gaoaoiof^y of this ne':/ applioatlcii v,;:r  S'..'.^v..;.•,.;  :,-:.^ 
'^'' noiir^o,.,  rolatGd to the tyoe of data which can be obtalnad 

■  ■   study;  in tho •Tosaat ^,^'9 It ij.aij.ally trirns out th-^ 
j.mitod arncmit of nuvrierlcal data is asccrtaina'ble sucvi; 
nhsnoraena of ([^roat, cGmp3..a3i-itj%    The r-rctlera$ are tlvsie.:, 
somcnhat nearer,  in general^ to many m-obleras ofbialogy  :>. 
of ceonoTiiics rkthor thnn to most 'DroblGiTif; cf •oLysicSs z'^-'-' 
usually a ?.-reat df>al of m:merlcal'" data is p.scortaina'bl' 
ebob.t rola'tivaly simple nhe-nomGna.«    Ikwevor,  operations^ 
research,  like every scienco,- rrast !not copy in detail thy 
technical methods of othor sciences, biit must tjork out 
Piathods: of its O'^'m,  sijitecl to 5.t£? ox7n special matorl?:.! aiKl 
-orobl&fiaa    The objGct here is to assist in the flB-'lng cf 
■'-^'\T-s to Irmfovct th^ fflTf1cie';ricv  of orerations In •or-ogres&i 
or plamied for,the ruturo*    To do thisj  past oparations are 
stl^3.l€■d tc detfflrnine tho facts,- theories are elaborated to 
QXt-laln. ths facts, and finally the facts and theories are 
used, to make predictions about futiire operations*    This prcv-- 
cedure insures that the rraixiimxra possitle use is nride-of -''"•'' 
np.st exDorlenc^c 

iiS^iy:,sJyi£§2..J^.Jft:^^     - T^^® J^iost important single iii?' tht- 
maticG,T tool of "oi^joratlons research is t)rot)a"billty and 
^statistical theory.    The data upon which tho research is 
based will co--ej  for the nost part,  tvon statistical stiic^ 
of operations*    These.operations are uncontrolled in th© 
sciontlfic s^^nnej and therefore cannot .bo considered as tho 
eqiilvnlent of ejrperirisntSy    The data Is observational5  thex-a- 
fore, rather  than exionrlmsntal5 as is TJ.siJal in such cases5 
ingeniious statistics.]   tochnlqros niay lead to serious errcfs 
in the results obtalnrid. 

Statistical analysis is not fruitfnl -unless there a.rG 
available for study a large .niMber of rcDorts on operatlon.s 
v/hich are roughly. slTiilar In nature.    For this reayon^ cr^r^ ■■ 
'i^ations research is at first nost successful in those fi'.-' 
of "Tarfarc ■^.^hcrs'j tho indivldi.ial operations sr-r? mia^roiij'^ 
■?;1rn--"!,o. rnd ro'jghly similar,    Bojnbing operations '^T -V t-- 

cyoa satisfj'" these rerrairevents, for a 
;;ci* ol' 3-':.pi.i'Operations are earriod out lanler siniiax^ ■..- 
conditions arv? Tv:-d.-;.i:^v;-i"^V'^t i-w;7^:i.jL».r .tc^•JCit;««?"•••^1^M- 
ot>positlon. :**: : .: :      :      :••;   ..*;>e«n |''r;*^r.-  :   :"   :   : 

laTJte:  : :• : •... : 
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of tho'r.-ioriGnt aro obvious. In stiidylnn such actions, in a 
statistical nanner, the progress of GT)eratlons research \7.111 
natr.rally be slo\?* Cr.rtain aspects of the so larger opera- 
tions can bo sttidiecl in detail^ and the whole pictiire perhaps 
can eventually bo rj^it together. From X7hat has boon said, 

■however5 It can be aprtreciated that tho classical naval 
engagement betT'reon surface vessels, or tho classical land 
battlo, is in gGnoral difficult far opGrational research to 
attack early in its development. Only after the simpler' 
cases Tnentioncd above have boen thoroiighly imderstood, can 
an atterar^t bo rmdo  to analyEe thoss rnore complex: operations* 
Strritegy"and tactics in the large tvill alt/ays be an art^ 
though o'perations research may help its px'actice by providing 
tools of Increasing poi/er, ;just as the st'ady of physiology 
has' improved the art of medicine. 

Field A3f3i^Ments« Collection of Data ^  Tho raDid 
collection of operational data in v/artirie is iimeasurably 
imm'oved by the assignment of a -^cieyitifically trained ob- 
server as close to the operations as is feajsible* In earlier 
centarien this was q'aite possible because of the snail scope 
of most operations. In the First V.^orld na.rg however § it 
bQca'HG exceedingly difficult, prlnarily because the scope of 
the operations vevo  so large that 5f the scientist got close 
enough to see the details of operations5 he inexdtably he," 
capie a participant rather than an observer» The rirobloB has 
become somewhat more i injplif ied in V/orld V:B.T  II cine pri«5ar~ 
ily to^ tho ■inta3-odiicti< n of the airplane«  In all coi'ibat 
Involver>j-',  a'^rc'/'nftj t! e technical observer can be placed at 
a foTYJard  air base anc get his reportt; at first liand from 
the pn.rtlcipants irmsi lately after they have returned from 
the opera,tions:, It h.'.s been foraid by experience that impor- 
tant facts concerning the opera'';ions can often only be 
determined by having i technically 'trained observer question 
the operational rjersomel at first h ind« 

Another important function of tie men in the field is 
to see that the psual action re'oorts contain as nuch iiseful 
da-'-a as possible« Because these nen ImD-.? the .kind of data 
that are'SOSt atnenablc to analysis they can try to see that 
the reports are as ecraplete as possible5 are as "painless" 
as possible for the ^-icrson nal'ing then out, and tl:^;t the 
reports get sent as qtdchly as ijosslble to the headquarters 

P.O 
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ocorational Tf-inori's^"iffifSf-^hfm'h^ fyr^fitmliri to ,3,, (jQi'i.tliilS 
grcmp which analyp^es the-res'alts from all theaters aM 
cortipares the'i for clifferonces and slnllarities^ The in- 
i7ortance of  the close Irtfirrnlation betv;ecn the fisld 
observers and th?^ central .groi^n is obvioiis. In practice 
it hars "boen arranged that nsirihers of t--e central group 
spend a certain r.art of their tine In the field ^ to rctm^n 
later to the central sroup v/lth increasad insight into the 
operations thoy are ."^itudyingo 

Liffdtatlons of O-nerational Dg.ta - Statistical ana3,ysis 
.Is -oart of tne obs^erYational aspect of opGrational resaarch« 
Th© owGratloiTs aro not controlled In th^ &clentific sense, 
and insight into thf? reasons for their success or faiTare 
can only be obtalYiod b;^' stv.id.ying large numbers of sinilar 
operations so as to find 'ont by statistical methods the 
6ffleets of the variation of one or ??).ore com]>onents of the 
opaT>?!t:?on, ThlF i^Piposes certain limitations on the useful- 
ness of the rosnlcs'of thfj statistical anri.l:;rsiS5 fcr tho 
t'sngo of variation of the various components in the onera~ 
t.I.on nill. by th-^: nati?x-o of thingsj bo rather limited» Once 
snceessfui. tarf',cr> have bf;Gn devisedj it becomes les;; and 
less lii'9ly that tlis or/ponents in the individual operation 
'-^ill oeviate '.■?id^'sly fro^i tho accustomed mean* Conosqu.ently 
t}^'^ onerational data can only be vitilised Voj  calculus of 
variations methods) to find tdiethor snail changes in con~ 
ponents ^;7ill improve o.' dininish the'results« 

The results of-.3Uch> variational studies are quite-useful 
and. the .'applications sonetiRes quite strilring, slnca often the 
enemy's reaction to a SPiL^lliMy--^, change in oiiX' operation is 
's ou^3„|,tatiye change irrhis" counlier-action-i Koncver, a study 
of""l?mall variations is not usually ssufficient* In many cases 
what Is interesting is not a small change in the tactics used, 
but a comnletcly different cor??bi5,aation of actions ^ a "mutation'' 
of the operations as ii. i.7ero. These nevj ta.'ities may not be 
predictab'ie frow the old operations by variatlona.l calcila- 
tion, for the extrapolations nay be too large for firat order 
terns.  Here a purely Riathermtical analysis of the '-rhole ope- 
ration, or of part.3 of it. rmy  uuppiy the necessary laiov/ledgej 
or it nay hi  possible Vaai  a series of discussions ^>rlth the 
onoratljif! personnel aiay bring the necessary insii^ht* 

Limitations of '!EX^©3't Onlnion" - It should be rfientioned, 
however,' that the opinions of a fea doiien pernons wlio have had 

» 

coiTTectly; thay alT?ays tend to rt-ae^yiber the '■ezcitinfs one" 
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tend to take tba oiToositc^ oplnrlon of the r<^lativ'e ¥al5ciity 
of opinion vs»  fn^^tsa    Orje of ton hears the question,   "T:h:; do   • 
70U nesd detailed action re-oorts   (cr tyh^r should you witness 
this operation) vhBv. so~and-no csn tell you all abciiit It?" 
If 'sciencG has learned one thijig in the -nast three centuries 
it is that such a v)oint of ■/iG"-' Must bo a\'oide(i if valid 
scientific resiilts are to b« achieved*  . ■ 

The statistical analysis of mst operations is a vitally 
iiTOortant Dfert of oparatioiis roseareh^ but it has its lir^dta- 
tlons and it mi2st be sup-pleraented b:r other niethods of scien- 
tific attacl<« 

jSSera^criaI,Jg£2£illimta - In a fev; cases experinental 
nethods can D^ usec *    A tactical exercise can "be laid out so 
that q-i5antitativ<^. measurements of the "behavior of the forces 
engaged ma''' be obt.r-ined.    Such controlled experiraentn are 
oftcm 'difficiilt to arrange so that th©y are 2'eally iiseasnred 
experiments rather than trairr'-ng exercises? for this reason    . 
not^-many of th^n have been carri??d outo    liany more could 
ana should be carrlGd o-atf porhaps the nost -aseful activity 
of operations re.search in pence time will be tha orgaiiisatlon 
and stiidj of such tactical er-'periiTiOntSo 

Although operational, experimerjts U3'aali.y deal v;ith 
sinplified coiaponents of an operation, this is not an argu- 
Piont that such exoerimGnts have, little value,  though it is 
-an arguraent that swch eiKiperinents must be designed ver;' 
carefully In order to Drodiice usefijT  c"aantitative i-esitlt-^a   . 
As a raatter of factj  operational esperi^jentR have  '.^rov-en to 
be a most valuable source of qu.antitative data concerning 
OTserations, and  it is hlf^hly irroortant that such experiments 
be continued in greater number in the future.    There is great 
need in Barticular, for further study in the techniques of 
planning these tactical experiments and in methods of neas- 
urlnf the results a    These ynatters will ho d^-^cussed in dota51 
In Chauter VII. . .       ■ 

illBlXtJjSiJiiiitiQ^. -' Finallj/j  operations resec..i:-c!i wupt 
also use purely "theoretical methods ^n its develor-n^^rrt*     I?i 
fact.  4f»»it»»4g..to  ^rcij4j'e:if, nj^, any other bi'.s^'.nch of science, 
its ai^ TjiJii^Jh^J \.^,.l' 1-: ^',i^y■\^.c\•s•hyt^^*t^^lv<lBs^le the em- 
-•"'■"■'fcal'^Jat^!'^-^??'^*** iJ. :*..-• »Jv* •.iCo gene?5;ic^,5eJ!-theories ^hich 
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can then bfi ;•>:•::%:!.v.- :   " :i"i^?^i**'rc'V rv, •;* ..,v ..,._,,a , 
othor vr^sivUSA' :l,^i^,cX^„--:*'Z!-Qy^,^'t^^i'<^r t iZ'hi'^liigicP..:. 
sciences   (of v;h'5 ch OTjnrat;'nnal  rosenr'c''' ^.?: if'f'*ff>*fr"^3r\heT) 
ar-? It :?s of the r^lT/Blcal sclcmcr^s,  althoii'-h .tho rirccressi is 
noro difficult.    The t/ork of J,B„S, Haldanej'^** RoA. Fisher. 
GiTid  othtirs :) r, a good exaritiia of the ■nov/ei''  of t'-'ooretical 
methods :^.n gone ties*    A certsln aTnor,.nt of analogous theore •■.:!' 
cal v/nrk has been done 1.n orx-srationr? research on the effect. 
of VRTions str,ntf5g:1c distrihntions of forces,.    This will tc 
reviewed in Chaptfir IY» 

An iniBortant el'iJ'jGnt t?hlch enters into the theoretical- 
treatmr'nt of tact.lcs and  strategy is tho one of competition 
between the o-D-n-osing forces.    The systo^Ti as a whole cannot 
bf5 considsred as a vurelj nechanical one trith single re- 
sponsos to sTJeclfic situations-    The rsccnt i7ork of Von 
Ifewnann and ^"orgonstern*'^* indicates that even this elomsnt 
of. ccnDetitlon can he har)dlod Tnatheinatically in an adequate 
manner c    Come asTjoctf; of tlisir r/orlc T7ill "be discunsod in 
Chapter ¥. 

The fact that at present puroly theoretical analyses cf 
s^trategy aiid tactics confine tliRinselvos to extranel:)'' 3i?npli» 
fied components of oporntions must not blind us to the ir^por- 
tance of snch stmilefi and to their eventual practical utilityo 
•The theoretical aspects of evsry science nuat start X7ith ths 
atndy of absurdly simplified special cases-,    TJlien these siraple 
cases are fully understood and are then compared with the 
actn.alitle-S| ftirthcr conplesritieb can bf   introducedj, and casep 
of pra'cticai imDortarr.e' can GT'entually he  studied a    As Ims 
been cogently said,-"'"^  "Tho .-n* chanical ; roblen of the free 
fall of bodies Is a ve* y triv al nhysic; 1 phenonenony but it 
VUG thf study of this '/xcsedr'.'igly simple fact, an?"  Its com- 
parison with the astro^iordcal ''latorialj iihlch hro'ight forth 
mGehei,n.ics"« 

It can thus be se3n that operation i :.^esearc5: at present 
'is  but the beginnlnfj of the science of  .warfare» _   ."he start 
has beennadej hotjevcrj the stat:^stical methods'e.?e at least 
knoiTn? the techniques of tactical expeiimentatioii have been 
"oartly developed»    Further mathematical tcchnlqwiS nay need 
to be developedI but oven hert   the first steps c? n be sketched 
out»    The -Dractical usef'alness of the r'?-sults so far obtained 
ef!iT}hasi;3e the iTnioortance- of fui'ther devt loriFient ^ 

■ 'rhe Causes of Evolution" by J.B,3, Ifelcane,  H:ir «r aiid 
.brothers   (Ioi^y>) ^os^^,;." :..: •••. ••'. 'V l^^   '\' \\y :   : 
'■Theory of i}lt!'!il':^»a»:.»,^=;^;«j.^•^•..***.«*.•A.^•I•iJ^•^c*^^^ -.'.■■ 
'orgeAistsrn/PrincGtOii Tlaiversity Pre'^c^^   L944^ 
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CpGi^a4>i®n3 r«sea?c!t| its* It'tif.s'bT^j^ft I'noirn liltliertOj is- 
the application of the ,f;cientific technique to the study of 
combinations of man and equiw^ent in warfare. As such it is 
an application of science to the business of destrv.etion and 
the defens© against enemy destrtjctivf^ T)OY7er. VMle it is 
necessary, in the vTo.sent  absence of VOTIA  governrient, such 
applications are basically at variance with the fundamental 
creative wrge of Tsiost scientists. Thero is therefore some- 
what of a tinge of self-justification In raising the question 
here as to whether the techniqi^es of operations research 
could be used in the study of peacetirae operstions. 

There are other reasons for raising the question of 
peacetino applications, howev^ire beside the natural 'i"ish to 
anply science to Beaeefiil activities. Scientists engaged in 
operations reseo,reh during the war have nearly all of thein 
been struck by tt;o simple but surprising facts s 

(a). Large bodies of men and eq-aipinent carrying out 
conplest oDeratrt.onf? behavo in an astonishingly regular 
manner j so that one c-in rtredlct the outcofao of  such 
operatl'^ns to a degree not for seen by 'most natural 
scitentists. 
(b). The lack of understanding of the scientific    - . 
approach to a •problem,- and the lack of av^areness 
that.scientific methods can help solve operational 
problofis^ on the part o-f most governmental^ inilitarjr, 
and. industr3al ad!iiinistrators, is likewise astonish- 
ing (as vmll  as depressing) to natural scientists« 

The first of these %v!o  observations indicates strongly 
that the point of view and method.^ of operations research 
can be of great value in fields other than warfare. The 
second .point indicates certain fundaroental differencesj of 
attitude betv;een scientists and adr^inistrators that require 

■ careful orgaiizational rjlamiing and "indoctrination" of both 
scientists and adrd.ni.strators if operations researcli is to 
be of use in a given field. These problerris wore net and 
solved for the military field during the past v;ar? they are 
discussed later in th5.s section so they can be recoKniasd 
and solved in other fields. 

■ P^LJSimfliMcZ»s£».Olsa:^^ zj'-^^  miformity 
of behavior of equiptnent and men is not usually apparent_ until 
a nuinbe^j.pi^ sj 

the fr{f«ia.oni    -. ^ - - 
li^ht v;hich 
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U 
Atlantic shoued  that this sanQ 'fraction vtis betvieon 40. and 
45 percent for all of- IS^I-?,  even thortfjh tho plane t/pe and 
the ti'aln:*n:3 rnethcK^s differed from tho British*     Other opera- 
tional quantities -x/hlch havo ronnined constant for long 
■Dftrlods of tirio aro discassed in CharjtGr. Ill, 

This constancy  (and therefore ^rodictafcility) of opsra- 
tions involving men and Gqtrlpinent Is at leant in part due to 
the fact that the prosence of oqiilpriGnt forces the men to   , 
act in a mechanical manner«    This i-a^ be doplored by Y>03ts 
but it should be the basis of hope for social scientists, 
econoTnists,  and  systems engineers*    it noans  ths-t^ within 
certain limitations.^ the behavior of r-i&n and riSchiries can 
be ejrporinented ^vlth, niGasuredj  coinpiited,  and rsredictodi. 
¥ie';7ed from this ^nore general point of viev,r«  the tochnj-que 
of oper^.tions research can certainly be applied to the study 
of peacst.imo operations* 

.Stich studies will draxT irpon both the physical and 
bl ologica?   sciftnC'.Ts«    The laws governing the sighting of a 
U-boat by an aircraft observer denend iipon the ilsiial con- 
trast bet'.7Gen ''.he norraal oeoan surface and tho viake of the 
submarine,  the ct3tical transmission properties of the atmos- 
phere,  the methods hv \7hic!'i a porson's eye scans a large area, 
the sensitivity of the eye retina to contrastj    and on the 
altitude and spaed of tb.v3 -nlane.    Some of tlieso craantitios 
are physical5  some physiological5  they all S.TP measurable« 

■The sigliting of the incoming' aircraft by a lookout on the 
TT-boat depends on similar quantities.    The fraction of n-boats 
?7hich have not the tiiriQ to subrierne before the aircraft at- 
tacl'S them depends cm the r'^lationship betvjeon these two sets 
of qiiantitieSft   : 

From this point of view,  the stater^ent that 40 percent 
of the sHbraarines are attacked on the sm'faee corresponds 
to an interrfelatio/i    betrfeen physical and physio"„ofiical optics 
and the nhysical capabilities of submarines and aircraft.. 
This point of vie:' is not ;?, no-; one,    ^'liat has not been us- ' 
ually anprecaatod  is that therje overall quantities often 
remain renarkably constant,  in sttite of ^^ide variations of 
er/traneons circumstances ^ BS lon*^ as -the equipment involved 
remains aT:>pr.o:xi7^!Kitely   "-ne vva'me.    As soon es the Ger'mans ""Je 
a ra'5Jeal ehr.ngf--> ±11 th.?ir^^t:^;>■•r2aivl^•^..^rf®^i4l;^¥  '^•^'^■■" fewic^ipn 
rentioned abatti 5;hl;^*o l!"=r'?fiT>ly,,:?n,vJ!.lfe*»»     J   I..   I   • 

'  • ••*: *... :     •..• *... •— ••• •— •'•  ••• ••• 
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The con-.V'iiied be-ia-'-lor cf teleBhono w=5iil'5r>crlbei'S5,  tolerihones, 
teleuhonr; o-oeratcrr;.  nnd s'.7xtclTboR3'ds has  lonf: been stiKlied 
hy r-iatnenaticlans o,t tha "Bell Telephone Laborator5.es  (see, 
for exaiTTDlej  the cl-'pj'assionR in Fr-'' "Prcbability and its 
'Kngineeriii'T Tises", lew YorVj Van Wos'trand and Comviany)<, 
Thf) behavior of custom^srs in a- rastayrant or of woi'liers in 
a factory,  the rooction of rcaaders to an advortisement or 
.of 'the TMOVAilaticm to a B'cCoMay QystBm'^  shovld all yield opera-' 
tlonal quantities 'ivhlch can be tissd for fi;tr!r6 tirerlictlon* 
In j?ome of t?i^s© fields efficr'sncy ongln-^crs and others havs 
SLlroRdy vYAde a beginning^  though the IntarrelationG beb's/een 
the fields have not been"clarified as yot. 

Analytical study of Or.&rjvtional Const>aritfi - FTOT] the 
foregoing one might think tliat operations research v/as but 
a military aprillcation of \7liat Is sofflvetimes Ijaioxm as  "effic- 
iency engineering".    If operations research had stopped at 
gettinr; cworall constants,  s'leh as the fraction of submarines 
attacl^ed on the snrfacsj  tliir, vS'tateaent might bo valid.    In 
THO.^t cases. hciTever,  it \7a,s found cpjltG fiMiitful to continue 
the stndy into the details of the 0'':e!-at.1,on,    In th?? aircraft- 
versus-n~boat case, for Instanco,  it  ()rcv.?d ad^antagsoiJS to 
sot up physiological exr>eTlments to dftGrmlne the behavior 
of tho himan eye uhen "scanning the horizon".    Curio'usly 
enotigh,  tmch eyveTiments had not been done in detail before, 
and tho work resulted in important an(3 valuable nevr knorjledge 
concf^rnlng the nse of the eye^    This YiBv Vnov/ledge coi3ld.be 
^M,it back'into the original r'^obleis to gain a much broader 
nicture of the Piechp^nism of sighting TJ-'boats from raircraft, 
and vice vorssu    These facts^  together T^dth optical measure--' 
nents of the atmosphere and of properties of the ocean surface, 
enable one to nut together a farly conmlete theory of air- 
ci'aft. search by moans of ^-jhich ono can JKS^lS^- ^I'^at wo;ild 
harjpan in case tho eqni7:)mant ■lere changedT 

Tho scientific studie.=:«  therefore, rjent in two stepsi 
first there v/as th.G recognition of the constancy of certain 
quantities typical of the operation, by means of which one 
could m'edict' the oirlcoiae of fircT>2'e operations iU^^j3^_a^J^ie 
mMJSm^.JB^&^MhMmS.- ' Finally, after subsidiary laboratory 
measTirements were rsade, a falriy detailed tlicory of the Y7hole 
opex'atlon is obtained,' fyom r?hich one can predict the outcome 
of fiitnre or>erations even if the o'lniiM.e^'it is che.nged.    One 
1J? no\? :t;a.si,,p,o§i)Ltion to deterr-jine -.That modifications of equlp- 
■imnt OT2 ■■■■toQsi^-'ire i«»e*5!'^«^?5j»f*'" :t,: 5'^.<jr<i*'» 1*ie. beet results 



iiuiiiiULNIlAt 

; • ••^j •*** I       .•*, ,••• ,••• •;• ;••• ••• •  
from thio opej»a?;r<Sr»-mcJer SiiJd'5*»*,TOT|!y ;b>»« j*.-idl£!.ior!.olconbi" 
nation of a 3tQtlst*£c!fl*'ai^s.l7!!*?s "af iyhs •ca-3y?>>ll».3»a«iulba of an 
operation v/lth purely physical end playsiologiaal laboratory 

reached, it is possible, to "de3l£,n" the operation to [^Ive  th© 
results desired, 

Measures of Value - At this stp,go in the investigation 
tlT.© worker must' 'broadan 'hia field of. view and investigate 
the Measures of value v;hich must be applied to the operation. 
As soon as a detailed thoor^- enables one to prc^dict the 
changes in overall results arising from changes in equipment 
or jjrocodure, ono must ask ?i;hich result is better tVian the 
other and by hov/ much is it better.  In the casQ of. opera- 
tions of war, tVie measure is often easy to find:  the opera- 
tion is best which destroys the enainy force most rapidly or 
which dostj'oys moat of his productive capacity, etc. Measures 
of value for peacetlne operations are sometlries as easy to 
deteHnine^ but in many other cases they are not. For instance, 
should an automobile traffic system be designed to transport 
people from the suburbs to the center of tov;n as rapidly as 
possible, or to permit the delivery of the greatest aiftount 
of goods by truck, or to produce the fewest deaths? Should 
a hoiasinf, development be designed to be cheapest for the 
buyer, cheapest for the coirimunity to service, or most profit- 
able for tlie builder? 

Questions of niensuros of value are rather unfeniili^r to 
the physical scientist, but It is essential th^t ho study 
them W'\en engaged in operations reseai'ch. Experience in the 
war has sliov/n that the scientist hlnself must usually dia- 
30ver tr.e proper measure of value just as he nust often 
discover the nature of the problem itself.  This brings us 
back to the second point, mentioned earlier, that adminis- 
trativa officials, military or non-rallltary, seldori realize 
that their operational problems can be dealt vtith in a scien- 
tific and quantitative rnannor. This is not surprising, since 
it was not realized by scientists themselves how many such 
problems wore amenable to study.  But it does mean that a 
considerable amount of initial effort mUwTt often be spent in 
persuading tVie higher corrunand that some of their problems 
can be solved by quantitative moans and in acquainting them 
v/ith the methods v/heroby these solutions. are obtained. 
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iikliy'      :/   , :•  r.- **1   t    :*':::.r3.*^oS'^R 5«»:*1'gyj;!;,VliG®rSt?yaSlng on 
"^'ter??)* -^•?' f^f?^<^iitf5" bely'** :■ .***vh***o7M;5rations research Tsorlrer 
avid the ad'^dnls^/i'atlvG lit-.iii  v.o TT'JiOTn he? isv assigjoed is one of 
tne i^.ost Irrporta.nt oT7A'^:'tza.tlonnl r)roblGris Gnco';,mterecl in 
e'".Cf-^rl5'ig a nev; f*5.eld of oviOTat'Ir^ns research,    Scientist and 

■aa'T5niGtra'';or r^^rfovra v-.iffefent f\iiietions nncl often rrast 
tal-te •'i-or)'')?-^te colnts of view.    The scientist must always be 
sl-'er^ti ja'l.  p.rr' is often impatient at arbilrary dftrisionss 
the ndc-lns ctrr.tor must Gvent^i.al'ly pn'iTe, arbitrary f'iecisions, 
and iri 'i-'ter Irnr-atlent at sire-ntlclsn.    It t»>''!3 a great deal 
of •jTi'l'^v''3t'>u6ing and rratiml tr'ast fo:r the tvjo to ^^roi'k closely 
enough tO'?:tther to realise to th© fullf-st ".ho •'miense poten- 
ti^''it-)':r5 r.'j   the r)artnershi-pe 

•'/Iiese ■ p^yi:hol6glcs.l difficulties arfi 7>o.lnte<j (Mit liere 
so the-y can be for seen and allowed for in the fnty.reo    During 
the past war they often csitsped confy.sion and inefficiency 
"bGcar.se they v/Gre not a>>precla"'.ed.    Fimdamentally t}ie problem 

one to r-.i :e  ^'he basic decisions* 

The flr^>t reaction of the ad?K.nistrator to operations 
research is usimlly that the scientivSts are welcomej  but that 
there seems to be no important problen y/hich is suitable for 
them tn att-^A-'J<-e    Ie:xt cornea a reaction of suspicion and in- 
patlencejj xrhen the usual sciontiflc procedure of scrutinizdng 
critically all assti.rn-ptions is cormancBd^    Considerable tact 
must be oranloyod to persuade the adsainistrator that neas'jros 
of value and estim^iitos of ror-ults are not called in question 
simnly from a desire to Gritici?.€?* 

At this stage in the m'oceedings gro't care must be 
exer^^iised to kosr) the initial doubts and qusstioningn 
Cnocessary for the scientific- analysis) from sOTeadlng to 
other T)arts of the organ!3ation»     Once a fsv successful solu- 
tions hs-ve besn obtained and the eomnand realises that all 
of this critical quastioninn does prodr^cc results5  the trorst 
of the OBtiOsltion is ovor.     In time the coT?mander Qon^p to 
recognise tho  sort of ■nrobleris T/hich oper?itionc research can 
handle and ccmes to refor these probleri?; to i;he groK-.p- without 
prodding from the groun jltsejf  (at lea.st until the normal 
rotation brings a ner/ set of officers xfao nimt be Indoetri- 

••• •••• 
»   • • •   • ••• 
>.   • • ••• •••• 
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the o        
tions research ivorker are consldera"bly at variance 'aith the 
pre-conceived oi5inior.i of the officer.    This FUGT^lcion can 
only ho overcome if both tbo worl'-er and the offlcor realise 
that ths resiilts of o'psraticns resoarch are o^?i^,a,_oa^ of 
the raatsrSal fro^. which final decls-lon i-^.'^it b© Tnacls.    Ift any 
admi.n3 strativo dacisdon thoro enter a grGau niinber of con- 
siderations T7hie;i eamiot be -ai:?t Into qnantitatl\^a forn (or 
at least cannot yet "bo mit into this forr-i).    rno\?.'leago of 
thesp; onalitative asnectSj and ability to lieaidls the:;n.  is 
the -Dro-oer fimction of the ad?rin1stratorj and Is not the 
■Di-Grogative of ooerationa rt? search a    The operations ro>3sarch 

his findings to the administrator.    The administrator mst 
then (jorabine theses findings with the quj.litrtive aspects 
Tsisntioned above^  to forrn. a basis for the f'tital deeision* 
This decision mist be raade hy the sxecut:'va officer.    If 
his decision runs counter to the sciantjfic finciiiigs at 
tines, the scientist must not consider that this is neces- 
sarily a ropudiation of his rforlr. 

Vory laiieh the eame sort of initial opposition can be 
expected' froTn govern-nental and iridnstx-'ial administrators. 
Once this Is o/ercoTK- hc^ifever,  t'^ers is no reason why ope- 
raticjun resear-ih shcidd not be as fraitftjl in aiding in the 
solution of these torobloras as it T/as in boIping _solve mili- 
tary proble!"x3.    Just as r/ith T>ronlem3 of v/arj  of course5 
soyiie operationrj'tjil':*  be auch more fr'iiitf'al of results than 
others.    Traffic •pr-cbleiris« -for instance5 are highly anenabl^j 
for data are easy to obtainj and changoa fn cor7.dition.g  (if 
not too drastic) can bo ^yrodiiced to study the effects. 

On the ot:7er hand,  the design of city housing and 
iTan5.ci'Dal facilitifis T^quives data t;hich are difficult to 
obtain,  the solritiosi is strongly deriondGnt on terrain and 
other individual clvsmastoTio^iB^ and operational Sjiperiments 
are d.lffieiilt if not irToossibleo    The fiold of hop.s.ins and 
of city filaiining ia an extr-GFjely inportant onSj honever? 
and oporations research in this field  should be started as 
soon as an adsqimto administrJitive authority is set np to. 
vho^f. the scientist coi^ld report« arid "which could ensure 
that the research is mc-ra than idls acaderrle exercise» 
Operations rssearch in telerjhone oi^Gration I-3 not difficult 
bOG' 
cont 
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n5 f5:?^ ^^13* De , frwj xlnsr;^, beeauye tl>o i) ■  rifrqvr^^' 
:^?i,d*nstry r)<i'^-Bs the ;?atber:!!r}j: of ciata c.>,.-j, _ s. ■. ;. - arf  •-•-'■" 
sction cm ioroT)Os<nd sclii1:;iori.ei uell ri^.gh i-'Tno-ssihlc. 
tl-on TTh5ch night be l^itjortant '^n^t •vjhieh ■r/oiilo ibe d5.;r 
to anax^eT* woiilQ "bos    if anotlwr tin:; i;3 'UVel^/ to occu.   . .■; 
tf?n years5  should thlE? cowntry enc(5ii.ragc coal heitin,'j 0I"■.^:■• 
h-aafcinii; or electric lieatlng in the? honaf; In nortiv-'astarn 
TTnltsd  3t^tcs?)    0Y>e:?atlon3 resear'^ib on traffic ir^ignt wolt' 
rs--?3iilt In suggestions for change l;i design of autonobilos,, 
but tha co'ipotltlve aatt^re of this Ind-oatry Tior-ld nake it 
•.^ztrerifily 35fficnlt   '•^'" the. si-ggesticn,s to-be put ■''"*" 
practice. 

All of these comment.-^  SOIVQ to m:vr.-haBijz(^- thf; olrv.;.cvu5 
fact that operations ro<^carch is fi'uitfiAl c^^v when it stua:) 
a£!iJ^X,.PJ!§J',li'kl.Qlltj s.nci that a -oarimnTBhlj) tetween adra:;.nJ.st5"': 
tor* ancrsclftntj^t, which is 5'iriidarnental. In tha pi'<5cess»  re- 
qriirp;? an adninstrator \7itii riuthorltj for the aci'jnti.'ist to- 
v/oi';' n'lthv     Or>srations >:'e3Garch don« separately f-^om an 
admnistrKtor In charg'^ of OT)o:?atln:is 'Doco'^es an, onpty ' 
exercise*    To b(? Yilu.ablo it mist  be to\ig)i«ned by the re- 
peatod Impact of :iir3  orsaratioiial facts and pz'osslng day- 
by-day'demands, ,and Its scale of VIIUGS wist be r;3peatedly-. 

. tcs?t'5d in the acid of i.;c?e,     Othonvise  it may be pMlosophy., 
but it is hardly science:» 

t is hoped,  that oper^'tionS'research  in pesicetiEiC lie; 

( 
TKsaoe a£5 In x^mr 

.... ...      . .   
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The theory of nrobablllty is tho branch of inatliGnatj^cs 
t/hich 5 s most TiSG'fial in oporations re.'^oarch.    nearly all 
rcjs'jlts of o'OGr.ations of war 5]r\rolve elcr-ients of chance, 
iis-aally to a lar;-?e extontj   so that only nhsn the resi;lts 
of a. mpil')Gr of sitnllar otseratlons are axaminod does any 
regularity evldG-nce Itself*    It is nearly as iircortant to 

_.s««* 

clstR. ';;-h.lGh are often ■m&f^aT and fraf^rnentaryy  it is necessary 
to bo ahle to estiniato ho\7 lilrely it 3 s that the next opera- 
tions r^ill rlisT)lay characteristics similar to thoso analyzed, 
'Probability enters ^nto raany analytical TDrohlems as i^ell as 
all the statistical prohlens. 

The ■nTGsent chapter tidll shotcb those Darts of the 
t!-ieo?v of rjrobability -■.■hich are of f-reatest use in operations 
research, and will Illustrate the theory with a few typical 
exarn-oles.    Section 2? trill deal in detail with the specific 
methods of handllni^ statistical problemsj  and Chapters VI 
and VIX \?ill doal T7ith sone of the apT>lications of proba- 
bility theory to analytical proble-qfie    For fiirthcr details 
of the theory,  the reader is reforrod to texts on probabil- 
ity theory?  svsi'^ as Fry,  "Probability aixl its Engineering 
TTsGs",  Me\v yoi''h-, "''"an Nt'strand. 

4.      Fmidanental Conoentg, 

In inany situations thfi sjston of causf^s which lead to 
a result is' so coin^-JlGr that it is impossible,  or af least 
Impracticnfolo,  to piTrrilct e^'actly nhich of a mirfoei' of pos- 
sible ros'iltn r;lll'ar:!s9 fron a glvon causes.     If a penny is 
tossed,  it :"s -oossible in r)rinciplo to analyse the forces   .   ■ 
actJnr^ on tho Toenny and tho -notions they •nrooiice, and  so to 
Dr«:^dlct r/hs^ther thfi p3;'iir7 vr'11 corio to rest ?;ith heads or 
tails shordnf^; hor^vi-r, r.o one has ever ta.>en thf' effort to 
oaTJ-y oiit thr; anal;rr>iR»    ''hon a gv.r\ Is fired at a tarfsot, 
it S)ioi*ld again bo" ■Jjossiblo to ■proclict exactly v;here tVi.e 
sholl X7ill hitj but th« >)radlction x-ionld ■^m'-ol-ire a l-noudedgo 
of the char^icteristicn of t^''<^ g"^i,  shsll,  propellant and 

■atnospherp far norc eiKact than hss yot bson obta:ined. 

Ivith 
wore roa. 
then that 
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—p n: : ; /-v'lf^i/r: .•.-■•;i. •... :••: ...: ...' : r^lMood'^s 
•" *'^8-;ary of T^robabillt:,'. It doer not seen to "br 

■::r.sr*Din "ca r-rb/o ?*t aii cr-'aet definition \)vt no accotst ?,t ^.a 
r'i, self-o-i/lr^ent :lnt".it1\'e conaQT;t* At ti'non (as vilth a coin 
or ril°) ^ye reac'-' th« coiiclts-rion that t.v;o resiilt?. are equally 
llT-el;"' fron considerations of s"r'-?notr;,''« In other cases tbe 
conclusion is nade on the bas5„s of Dast experience, ThuS| 
for exarrole, if a gvn is firficl a great nmnbor of- tines» and 
right and. left deflections appear an equal mmber of tiinos, 
r/o reach th» conclusion that rf.!^ht and left deflections are 
eq'ially likely^ 

Yyon the notion of caiial "•.ikelih.ocfi vje can derive the 
idea of rancioniness.    Suppose tiiat vre have a cnanco nethocl. 
hy yhleh a point IH chosen on a liri'"! of finite .length*    If 
tiio netliod  Ir, such that th--^  point is equally llheXy to fall 
in any of a nunher of warts of th<; line of oqiAal lengthy we 
say that the point is chosen at,.Xaiifi9J2A    For exanplo,  if a 
Bsr-'Gctly balanced rJhsel is spun hard and alloT?ed  to come 
to r«-";st 'iindcr- the action of a.small amount of fr^ccion,  the 
oolnt of the clrcur-iferencc v/hlch CO^TJOS to rest tmc'ier a sta- 
.'j.<":\.~:,iry tri'&y pointer is a random point of the circunferonce. 
Or a ranaon'pojnt mfvy bo cliosen b"'' dra-u-'ng a serlos of mjn- 
bers "^Trr^ ?-, hat containing slips of •nape.' tvith the digits 
0,1 'P,---9 (renlncing the slir; after each c ■'aviin,?;) ^ and 
v/rlting t!?o rcnnlt a.?; a fraction in drjcimal notation,  ' This 
fraction :ls then the coordinate of a rfintlon nolnt on a line 
of unit lenfith.    ■^3*o.n'olft::i of rand on Goqnenecg of nnmbers are 
f';iv'^n in Tables  I and  II, 

'"Q may also sneal" of noliits chop.en at randoBi In spaces 
■of T^ora than onfi diT:i«nsloi.    Tnim for example, vie way say 
that a point  is .choson at randora in a given area .If j  f^lven 
tT70 narts o^ the area of  xinal size,  the chos(?n noint is 
^rqimlxy li'K:9l2,>  to be In/eitber one of them* 

.jPr.pb.^b^.l-^.llity •" ^'f ^?s ^^^ consider a siti^aticn in xvhich 
Eny one of a number of resT^lts rrt&j occiir  (but not neces- 
sarily t/ith eqnal likelihood), x'& say compare-tho^ likelihoods 
of these resnlts vrlth the likelihood that a point chosen at 
random on r?. line falls within-a givon interval on that lin«>* 
'^" "^'n.ctj  tho lino mrf be divided into a set of intervals in 

a '."ay that each interval corres'sonds to one of the por.- 
.aible rosnlts, and  so that the likelihoorl  of each TGsuit and 
^•hti likelihood of a' randoii 7>oint ■'''■' t'"-:; "Un^'fallinf! in the 

:   •     •   •      :   ,* .••• ,  
!:••::    ••:  •    ••    ••  :**:     :     : •  • •  • 
 - ...: .:. ...• ...• •..•     : ...: :*.: :  :     , 



f *"Qp>!f#8EWTWfi. 

Thus inivfjc.;.: .■,^: t:,>-:^^: -..u-.ientrr^r.v^ r::..-- :-''F^ 
the chances of*nea<>s »♦■«!';:..-ifex  ■: ■.•i.:'h.;(,rsc#:a}:2:inc^:*;::;j:, •,^c1iit 
ohoson at" rrindo'« on n  Ijlne fa) is  In tVio rl'^;ht  or  left half 
of the l:!ne„    Thf slt"<mtlon is  nhovin in Figure 1*    For  the 
rolls of a dlc:^  the :lnt€^rvals for ths r^osslble resn.lts nay 

'Then th« Drocess has been mxTlev cmt,.  the lennt-i of 
•■:hn  interval cDrrosDorcllnfj to_ each rcstiltj'neasiired in 
te2"."ts of thp total 'tongth of "^he Line as n imlt^  Is defined 
as the .2i:„§hab.llllZ '^^ that resrilt.    Thus the rjrocability of 
thro..7ing'healls vjit)^ a eoiii Is 1/?.; and-the -nrobabllit^^ of 
rolllnfi a 3 with a die is 1/6, 

Several theore?is ccneernlng r-robahllltier. are obrlorvs 
fro?" thlf; definitions tho r'-rol-tiblllty that, ono or another 
of a sot of t>053sible results Is the s\m of the •DrobE-bllitios 
of the indlvichml resnltGf the svn of the m-ohabllf.tlen of 
all the reoiiltf? Is unity^ if p j.s the ifrobability of any 
resriltj the -probabilj.ty that tho result doe?, not hurroen is 
"L-p;    and  so on« 

D-ispri'bjjtion Piinctlonj? ™ This sano definition can he 
a-OT)l:!fr!d ''.'^ho'i the r-osnlhle rer/alt;? consist of \m7C'\er.  of a 
oontlnp.ons -invx'Uthlo ^    Considers' th?5 follo^'xing exa-'-'^iole»     ^ 
long rod i:-; piwoted at its center and spm'u '  """'e v;ish to 
I'lion tho 'o:ro'br?.'bilit7 th^t "Then :!t co^os to rest,  tho rod 
(or It?? as'tenalon) t?ill iutersect a :^i'yen 15.ne 'xlthin any 
givon :fntfirval  (Flgtijfo 3a).    Let    ;Xy    b^^ the llriOj  and  let 
ATi;    he tho rod,  rxtvotocl at the point    0,    a T)OrT)«;rKlicnlar dis- 
tance c:v<fro'n    7!^.    Let    X    bo the d5sto.ncG of the ?)oi;at of 
Intei'sectiori frcr-; the fr.-ct of t}3.o T)orr>endicii.lar fro-^    0    to 
Xi«     If    Q'   is the angle T-iade between the rod and a ?ino 
parallel to    }C£^    thon tho effect of the ST5irm5n?^ ±v, to 
choosG 8. val.fio of ©    at randon betrifeen    o    and   7/'-  „    The 
Tf'aliie of    r    is thon-determlnod by 

X  ^^     a cot© , (2.1) 

Slnco   '9    has a rando^n valuo bot^ssn    o    and -v: ^  thou 
F  ~ 7f-.g)/.-;T has* a rGJido'Ti value" befewBsn    0    and    1,    and 

X ~  -a cotftr'F) (2.2) 

'"& nay no"":? roDresent the situation by a rJiagrar) of  the tvr.>e 
of Flgn.res 1  and ?. 5f --re ta'-'o a Itiiie* of unit length and mr> 
It with a tanlfor^ se^^lo for tho ^arjnbli^ ,F. i%yid»<eh'«r»%Vir.y^  P.QP<1'-^ 

•  • •  * :     :     r*i  ••   ••   •  •••   : i"  i i 

t;a>--' '^n Irisvi^BBlnz rathor than a decreaBinf? functSon of F:> 
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Figure 1.  Comparison of randomly chosen points on a line 
with, throws of a coin. 
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Figure 2, Comparison of randomly chosen points on a line 
with throws of a die. Each 1/6 portion of the line 

corresponds to a face of the die. 
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Figure 3.    Rod AB  is spun about pivot 0 and comes to rest 
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for the correirsclnf ?S:-: ¥a:tne'-:A? ^**. ^iftinl^ S.^rnf^Tn:^?! f i;-nre 3-^. 
The T)robab:^?ultv-* t!ia-^   "5^ 'V^eri l^-e'L-vTee-H* aj*y« ivjo S/tillvis :^^ 
and    X?    is equal to the ?Length of t!i.o Gorres^^ondinc interval 
on this scale»    Arlthi^atlcally th5.s 5 s QQUPJ. to    F^ - F3   5 
so that this Drobabi-lity is 

1 

p a p^ „ F^ «, » l/H'cot-^Cxg/a) -i 1/11'cot"' (x-j/a).  (?»3) 

re see from the ■oreviowr, oroblen that -70 have txio "basic 
types of variable;?. This Y/ill also hold true in the fteneral 
case* 

TVie fnndar^ental variable,  from tlie thooretical point of 
vie'75 we TjllT  call the xarMSI1.2Sliable f   ,    which vjill have 
anv valTi.f5   (^jithin its allowed range) '^ith mMLr^J2J^sM2J^' 
Tho Fiechanics of the r.roblon mist be £,n.2.1y-ZQ(\  svifficiently 
to sa?/ that a randoms trial corresponds to n ranclon choice 
of  ^   » ■■        ■ ' 

The second tyT)o of variable,  ths i|tGchasid^jifai^,aMi. 
X    will be; dependent iroon tlie randon-variable,  that is, a 
randf/jT choice'of I    ?Jill define sorie value of    :-:«    The sto- 
chastic variable in the 'qtiantity XIQ naasure e>:perinGntally<. 
v:e Tnay TTPite    x    as sone finiction of ^   ,  such that the propei- 
relationship holds for all valn.en of   (-   and    ::. 

For convenience in cinalysdng the -orobleri. xm inaVe a 
choice of origin nnd  scale for tlie random variable st?.ch 
that the values of   s   will occur betr/een sero and unity, 
Vie my do this by suitably combining the rr^ndon vs,r:table 
T?ith the  (constant) valr?es it tahes at the ends of itjs al- 
lowed range.    TJhen thi? is done5 -the valuefi foimd for S    ^^  . 
the course-of niari;/ trials tjlll be distributed nore or less 
urdfornly o'/er the interval  (^,1).     (Xn the limit^ as the 
nu.P.bers of trials SOGS to inf:lnityj a"^! possible values of 

^    from zero to unity \7ill occur). 

If   I    ,    77hich Is noTT defined fron sero to uidty,  is 
represented as a fu.nction of z:,    i?© nay ".-.'rite 

t  " Fix) 0^   f  <C   1 (2A) 

This function-, F(:>r),  is such that t'le process of choosirsg 
a value of 'K    is the sn^e as choosing a value of F at 
rand on in the interval (0^1)« ?(:-) .is tlien called the 
dj stribution .:Cu^y^ -*».oi^»%:» 'vaTi.a.m*ti  «:?•»: Ti-fJ'-tfSb^T'W-ity 

3^ 
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. ■ F,.f: •••:^-:^^^^:::;-r-r:--^:> :* :    : "t^^o^^. ^t   x,   the    . 

r»robniv5^ : .::: .:,  "i .:.-... •... :••:,...: ...• :  : i^^-tMs inter- 
i.;-il ir>    Y{r^.(iv.)  - F(^-;  i; QI'VCX    a:K    {by a Baylor's series 
'-';oanslon) c   .Tho• frnction fiy)  « dF/clx .i.'S Vnovm as the P£2il3^ 
^^■'-•tv density at    x.    The traclitlon.'r'l'tr<^nt"5ont-.of 'orobabii" 
Itlns :ln a contimiTin tn^-r.-s tno m-obability aensity an fpnclamon- 
tal.     In oealriiifi v/l.th statistical data,  ho'-ever, vjorWnf^j with 
f (>')    5nvolvr5s the difficulties and Inacev.r-cies inherent in 
niTDorieal c!iffprontiat.1on«    This can largely be avoided "bj- 
nsinf^    F(:r)    Instead of    f(:^).     (In addition,  if    r(x)    is 
discont-'inxons,  the ■nrobabillty density has-no airnple rieaning.) 

"■e see ho"' this applie? 'to the  nrevious T)robl0rT.o    There, 
s the random xrariablo, .with itr; allox7ed values golnz 

fron    0    to If ,    and,    x    is the stochastic variable, where 
.   3< = a cot 0.    The scale and orif^ln of ■ ©    is then redefined, 
so that \\m form the nev rnndora variable with a ran^^e fron 
z.ero to unity,  that isj  n""9/ff».    This nev] random variable, 
•ahen ta''"en as a function of the  stochastic \rariaMe    3:,     is 
then the distribiition function for    y.  t 

T ix). r^  - l/7r cot -3- (x/a). 

The "orobabilit?/ density is therefoi't s     . 

Another ey-a-'-'nle,  corresponding to a more irrsniediately 
tisefiO  wroblen,  co-^ien fro^-* t'le t^ieorx'" of search (see the 
volime  "Theory of -T'earf^h arrl  ncreeiT-lnfi'' for further details)* 

.Siir>T>oso a searc''' vessel, at    0    in F-^f, 4.  is movinr^ with 
constant velocity in the direction in6i&iiie& by the arro^. 
The object .searched for   (life raft,  eno'w; xressel,  etc.)  is 
']il-el"'- to bo anja/here on the ocean, and  is aspx^riGd at rest 
for. s:InT>licity.    V/e nniro, the simplifying ass-iniptJon  (r/hich 
is not a bad  one for  sorio casen)  that jf the object corses 
".'/ithin a rad-^iis    P    of f'-'o vessel :'t V7ill be dificovored.    The 
question to be answered here is the nrobab^^lity that the ob- 
|ect«  if it is discovered5  co^-r:"' •'nto vie^v at a relative 
he'.ir,''; 

Rele.tive to the search vessel, the ocean is noving along 
thc: oarallol paths shovni in the flfj;"!3re« The object ■i.7iil also 
,.,,.,-,-- alonr: one of these relative naths, say the one coning a 

stance X   from'the search vessel. It is not diffi- 
cv^.x  ^o tvO that if the object is placed at random, and if ,- 
<f 45. f :-^..'*.-,<i{ ^r#s"or«":'i,, tl'in val,i:ie o-*" ,.? "'Ill   cfc^'.^r at rajidom 

• * - • •  i •;• .•*•-.«•*-,• • •••• ••. i -^--^■_-.-,.w,™~^.A.w,-«.,»~i«. 

: : •*: : ••• • .. •.. ;••: : ? • i . . 
 • •- ...: .:. ...• ...• •..•  .. : :*.: : : 
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variable^    '^''he an.f;lo   a   ^ X7hich jn  to be "leasvired e:-rpor1 men- 
tally .j  Is the  stochastic varlaTyie,  and :^ r> r^^lated to  tlie 
rando'T variable "bjr   i^  s R Bin a   »    V/e no'-; redefJnR the ran- 
do^^ variable no that it ta^Go. ou valrio.q bettjeori se?o and 

x „      0   <„— 

•"o nay thorcforf^ uiitn for t^-v^ dlstr^bntior; ftmction 

~ 1/a   I 1 ■!- Sin a  L 

"h!-5 t)roVialfe)ility that the ob.iect will be sirihtod 
betpreen tho bearings   a^ and   a'^5 (- rr/2 .< ct^ ja2< IT;^?)  jg 

In ■nartlcHlar the probability tliat the object w'lll be sighted 
bGtt7«5en the bearings a   and {q -<- da.)    (j.e«,  (75i:i be s3f;htetl 
"at the bearing c{ '%     in thn eleraent    d.:()  is 

f(a)a,a (l/2)cos( oOda   . 

The qmntlty    f ( a )   =:   {1/?^OR( a.)    is t-G probability 
densityo    Both    F    and    f   'are plotted in Fig, 4^ 

Me see that as  long as orir assimptions hold  (afficierjcy 
of looVowt.'? oqn.a.1 in all directions^  a'Jl objects sighted at" 
range    P)^  then the objGct io noro likely to bo rJ.nhterl In 
the forrm.Td qi5.arter than on either bea':i|  since    f(a.)    is 
largest in thin region*    'loi^oover,  a restriction of the look- 
onts to searclLinf;; over  tho .forv7ai.'d quarter r/111  only r-ecbice 
the OTobabilitB'' of slghtin^^ by api?ro3cimately 3O;',     (In the 
exaFjnie considered here*  this woviM bfi tho viTonft, restriction 
to r-ial^e,  for two lookoiiis facing in opi>osito directions and 
looking out on eithc^r boa^i TTIII ovftJitimlly sight all ths 
target? r/Iiich all-around-lookint.' lookou.tK" eoiild discover^ 
rhy?) 

The d'Ktribntion fi^nctlon -my bo appllf?-^  tn discrete 
as W.931 r,s to contiiMoup stochastic variables.    The rollinc 
of a dlG5**J<:)](^*2)D?5fiTa'r^5':fe:!f«'^G.«'«V-.:i-;i%.of.i|rf^^ ^ei^ms.of a vari- 
able    X %.5'y^*rn21='^affei^->ea^^n'f w^: t'lo <^e. In^KlIfi d2.i3tributlon 
function'   r , relafoff t)^' m^- ^^-i^.tiom'a9^'rai\1Ms^ 
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• 
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lie 
• •• 
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• • • • • •••• .•• 
.1^ Z" '? "^^- tfX^ 2/6 

X %.: 3 2/6 i'<r ■ F ^jj^ 3/6 
"^■T r 4 3/6 •C F <■ 4/6 

■>r « ^ 4/6 ^ F < ?/6 

x ~ 6 5/6 <. F < 1 

It  slionlrl bo 3iot?d  that    i: ■ in n  single-valued fimction of 
F    (rilthorigh discontlmiouH), but    F    Is not a slnrjle-valuad 
finictloii of    X .    To tr'-r to exprons tho rsrobibilit:;,' density 
f 3 (ST/'^.-'A    in sue!"! canes involves wathenatlcal  difficulties 

T^hich :7ill not l^e rUroiisssd  VJ^TG* 

In eacl': rsrctleTi dcialt vsith in the theory of ;:)rol:>abllity 
we are dealing \7ith one or noro trials,    A i^iin is shot,  or a 
dG7)th charge is tested j  or a fighter nl.rme encounters an 
enemyj  or a search plar.6) tries to find an enenj" vessel*     In 
each case ■.?© are interested \n the outcoir.o of the trial or 
trials, which iisimlly tr.k'-s the forn of a n'anerical result. 
The range of the shell shot from tho gnn nay be tho interest- 
irjg quantitjrj  or the d^pth at which the depth clii-irgo exploded ^ 
or tho. length of tine- required to find tho'enore;/'x^eGsel', 
.'^^orietinof; the ansx^ar can ho a discrete ona| \?G ray be inte- 
restod only in v/hether tho fighter piano txas shot dov/n or 
r.'hethor It shot dorm the enerry,  or t/hothsr neithar v/as sihot 
do-jrn*    This muiiorical resultj which nay d.iffar from tx\ial to 
trip!'5   Is u»hat is called the" stochastic -vaiiiablej    x  .    V.'e 
arc u.s'aaHy Intorssteid in rlaterriining the r>rotability of 
occ"irrf?nce of different valiien of this variable for different 
trial's,  or else we are inter^-sted in dsterrdning itr, averrigc 
valise for a largo niijnbor of trials, 

"^n a great miriboi' of casos those •nrobsbllltlGs and 
average valii.-)^ can only bo detemined experii'iontnlly by. nah- 
ing a. ?n.i'gG mnber of trials«     In sono other- eases5   stich as 
the onos considerod proviously in this cha^jte?,  it ir/'nos- 
siblo to analyze the slt'nation conr^lotely and to r/orlr orrt 
ynathomatieally tho exTjoatod behavior of the- stochastic var- 
Ifible at fnt^iro trials.     It is rjossiblo to ma>o thin anr^lysis 
in a much larger ni?,nbor of oasof? than night b?^ oicpectedi and   • 
in a gre.at i?u\ny rnoro cisos it is t^osslblG to rcthe an apr)ro>:l- 
?!iato analysis of the? 3ii;«ation Xi}2i<^."'''ll^ .bo c«»ti.*»fs«o%orT for 
Kost roouireT5?^t .>:.•••:•••:..: :.• ..• : :..   ::..:; " 
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.>r  each die can be  thougnt 
M'lablej   F^ -for  the first die, 
y  cie6crlb*»ci in  the pre'ceciing 
'-'■» may  combine the choos.VnR c 

osinp a point  at raiid:: 
two  cooj^'dlnates ef   oht, 
divides into  %■ small 

inglfl  reBult of the   thi'ow, 
'■■■■■"■   to  1/36 (the ax'ea o" 

1.1 t,v  of any one ^h. 
^ro'^iablllty of ob'ia 

•./.  squares   in '^jhich twi 

1 '-"■- ■' 

Sine 

en 
SfcC 

f  F 

o  e 

e.B  deteraiined by a 
cl Fg for the  second, 
r,lor o     Fcfp tfce ' two 
}_ and Fg Into  the pro- 
quare, 'in which F}   ma 
B"lgure 5 EhowB such t 

;   each 'Corresponding 
ach-.of  't;hese has aa 
square being ruiity), 
It ts alao  3£i6y, to 
votal.     There ar: 
:i  the probabill ■;/ ,•:; 

(?i:iffon''s noedle probicn}, 
iGl- l-'nes a aiKt?>r: 
■■■"'  on the  r"   ■ ■'■   "' 

'"'-at t!io 
a typical. rcsnl'. 

r ;:}-:i-..ij.j,:„^ir   (ilstanr-   ''■■-■-■   '■■— 
3:'St r'.V.l5nK that th 

"■    "-■-^  af rul^:-"', -:,--■-■■■-'   - 

A sheet of ;DaT)cr is rulec 
ap&rtc    A uef.'dlc of length 

''■-   ••T'.lab'tofincT tb.e ' 
••—- of t!t<B r\?i:^nr:Si 

..;    I\et    X    be t-io 
jhe noedle to; th-; 

ad lot.   '^    bo th:) 
irall'^1 t3 the rvij 
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1 2 3 /\ 5 6 

21 22 23 24 25 26 

3    ' 32 33 34 35 36 

.4 42 43 44 45 46 

51 52 53 54 55 56 

6 62 63 64 65 66 

Figure 5.    Representation of probatility distribution in 
tvio variables.    Two dice. 
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 ^ A 
a i^y 

Figure 6. Needle on ruled paper (Buffon's Problem), Plot 
of distribution functions vs. numbers of lines crossea. 

• • • 

Figure 7,    Graphical representation 
r^t-^' •*•• .'•• :..bf etJiapojajjd 2>^^©babilities, 
       : ...* : *: :  : 
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that a?l valT'crT'o?   •?: ••feow?eOT\ •<»••&*«:•• <:!. ^::'e .!:iii:i;»ll,,*J--e- 
ly,   and  all valrios of    ^*    "botueon    o    and     <? tf are eq-aall-y 
ill-e3,y.     Tlio dlstribntion fimctions foi'    :c    and     ©    are  thero- 
foro sinply 

The throw'in,:; of tho needle :1s eajjiyalc-iit to choosing a point 
at r,indori In a unit squarn T7-iose coordinates are    Ti^    nnci 
F^*    Tho'regions of the square corresr.ondinc to O.ljSy-— 
rulings crossed are separated hy thfj ciirvos 

3: -t na ^^ sin© (n « .-'-j-Pj-ljO^l.,;?^"——) (2,5) 

The structure of th(- square for the special case A s 3^ is 
shovm in Figure 6'H<, Tha prohaMlities of obtainlnc 0jl,25 
or 3 cTOQsJnr.s  niay be fovmd analytically by integration or 
graphically by Pie.'i'.surinr; tho areas on. the sqiiare distribution 
diagram. The res'ults ara shorm in the foTLovrlnc,  tablot. 

I'To,, crossings  _ Probability 

0 OJG? 

1 . 0,227 

?        .     ■ 0.3K 

3 O..352 

CojjraouM Probab.ljities - If thore aTe  tr;o results. A 
and B , either or both of which raay arise from a ti'l-ven  set 
.of causes j ther© are a nuTaber of ■ orobabilities \?hich require 
expression a Te shall USG tho follomng notations 

P(A) = probability that A occurs if nothing io Imonn 
about B„, 

P(B) ■^ Probability that B occurs if nothinc is ^aic-wh 
abo^jt A* 

P(AE) ~ ■nrobabilitv that hoth    A    end    E    oeciir. 
P(AIB)s probability that    A    occurs if B is Imoyn. to 

' ^   ,       hayo occurred* 
P(BiA)s probability that B occiiX's if A Is l.mov/n, to 

hava  occuPi-'wdu 

17e  shall also.^i:.v   r'-v'i.r:j»..*:^;.^»c?^3, ifi.^ll* lyi    i^j';'** ::;':/• 
cA.iO.    noTc ]    5jb(> :;^:>'  ••■'. v"*l»'"'*;i.   ^•i*«2»»*««''^*» •■•••■'•••■-'-■'■v 
::/■   ^   -A    dooa not  !5c:m'; :^f '^3    ^Of^s  <)c;:-:;;. 
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... .... .;••••: •:• •", •••. ,••.     : •••. : .: ;  ; 
. : -; ;   --. .  .    ,'•::..:■•''<.:. :::::':r:-:::.y:by the choio? 

of -  i^:*,*...>. ,f.^... i.f^  ,?;v;,.i^'%j'c,:* 'yn.i^1*c:'y'f„ '^Chlp area my 
"DG d-lvicled Into ££lJ]!_£e^lons^^*    COTr^-^n-'Wil^'l^^ 
ll2MJi$^^M„Il:i}^l^"'"'^^ ratios of "t!is"'a?oas 
of thesT'Yoglnr.s  to tlir totrJ  -n^-a arc the foi7.r fundan^nta] 
probabilities P(AB), P(Xr),P(A^),  and P(/fJ?),    Obviously v;a 
havo . 

P(A)   r P(AB)  +  P(A^) 
(2.6) 

P(E)   « P.(AB) t -WE) 

T/e mnst now consider the conditional probabilities 
P(A!B)g P(B|A)j etc If B is icnomi to 'liaVe har)poned, the 
ramom point: is knovm to have fallen In the eombinerl area 
AB --^5 but is ^qtially likely to be anyT.7hare In this area, 

■while the result A occnrs if, and only Ifj the point falls 
in AB . The probability PCAIB) is therefore tho  5^atio of 
the area AB    to the area AB -, XBJ or 

, 'HA IB) « --^»j^^l££i.^^„»p «^- |^||i. 

P(AB) s P(B)«P(A!B) (2.7 ) 

j irv.!., ;is s    tho probability that    A    and    B    both hapDei. .!ls the 
product of the probability that B ocetips- if noth'Injfis known 
abont    A , and the probability that.  ' A    occurs if    P    is 
!rr;o\-/-n to nave baiopenGcU 

In sone cases    PCA^B)  = P(A).     In this easo X7e say that 
A   .i-*^ il3^iimMer)t of    B  .    In terms of the fimdamental OToba- 
billtif^s PO\PT„ "tc.j    A    is independent of    B.   if   . 

P ( C\ T'.) 

P(AB) -t P(XP)     "       ^"        ' ^^ ^^       ^*^-^ 

r> 
FCAI')   « fPCAB^l^   +   P(XE)?(AB)  + P(AB)P(AJ^) 

-+  ?(A^)P(;;B) 

P(/^B)  t ■■■(SB) i-  P(A|5)J>f(A^jj-3^^ 
••. .... ..) ••• '... 
?:..::   ..       •  *  - t..: •••?... •••   .     ..     ..   :••:       •       . .   . . .. •   •      ..::••.••••  •• ••• •••: .:. ...• ...• •„•     • ,„: :*.: :  : 

■} dravm a?; conyi3ct^(i regions I'f Fl;;*'.*'   •     .-'ire this 
'b/ays the case. . . ■ . 



: ! :. : ,*•• :    ,••, .••• ,••• •;• •  
THIS simMifi^.: : *: : . :    :..: -. ••. : :••   :!••:: 

Ai'j       r\r.r'; 

It 'Till be notpjA that tho condition t^mt    P    is:  ;'ndcpe^i.aenc 
of    A    redi5.c93 to tlie sa^o forjnj   l„o,j  that    3    ip ^ndc'Donden-;; 
of    A    :if    A.    la indsn*3ndent of"   B  ., 

Interesti^:.^ and non-'trlviai G:;ca;^T?lGs illvistrat^nG the 
rff^TiGTpl r.rinGlcies of rtrob^liility theory ai/o vorr difficult 
to obtain this e^-irl''^ in the rliscussrlm^*    Ey;aTf?.pl>3s t/ith tossed 
coln:^ or nice are s5^vile enough to jjatisfj fairly r/ell the 
slm-o?uO mt]ic^u?.tj.cp.l eonceptfj tffe are d i sens sing .^ \mt they are 
a far cry fro!,i tha -practical -oroblf^rsE r;s hope to discuss 
later a    On the other haM thos^j nractical r^roblens roqulre 
onnconts and riathods rjQ have not yet discuassd in order to 
solve then,  or else murt bo hedged about lr>' so nari;f -fostric- 
tions,  in oiV*:;r to fit tV^ari. to the rrathe">atleal ~orinelple.s 
b'iin^ clisonsiifld,  that thay seem qnite artificial«    The exa^.Dle 
pirpn ne-Kt T/'TI   illustrate the tirinoiple^ of cot^ponna proba- 
bility b^it ?vMl alfso illuKt^^ats t!;e dif:^icnlti.3s 5- ohtainjng 

'.iS suppose a  poi:il i';^ pj/v.>ir.l i:u raHticffl eaffiewliere witliln 
a Ptrip of vlcitb XQd.     In'"o2''der to meXe the  exarapXe illuBtr'at.v 
the principles  we ha've di^cuiF-seil heretofore,   x^-e lauBt, ■ iresagine 
that the distauce xi of l-i   from one' side of  nhe strip ie 
QhoBBB at ranQoL'u     As a p'^rtial conneetioii t'-'ith practical 
probleir.s which we i^hfe-'ll dieoufis In more detail later,   ¥e iiiight 
imagine P\ to be the position of .a bonib crater produc&d by a 
bombex' during area hoaibing,     lit  v/oul6 be difficult  %o  imagine 
the Bort; of area, bonblng vs-hich voald exactly  safclBfy  the re- 
qulreffl€ints of .Fj^ falling exaotly  ineide the  ctrlp and being 
completely at random inside the atrip,, hut it; would not be 
difficult  to imagine a. type of area bobbing ^/ftich %?ould ap- 
proxlmatijlx satisfy  these rsq'riremsnt.s) .     Inside thia strip 
aro""a.'Ter'i68 of oix etrlps of width a (railroad tracks,   pex'- 
hapiO  which we are interested in "bombing.     Thio  la  i^hoxru  in 
Figure Si.    The rancloai ifarlahle for point Px viH then bs 
ixx/lOd).     Ws cs.ri oay  that '.^hen the •^^•.ilue of lihls variable la 
between'0,3 and Oj+j   track No.   S will be destroyed.     The 
probshility  that  this  track yill  be detitroyeci v;lil  therefore 
be  the difference between  theofr; tva  quantinles,   which Is  equal 
t.o one. tersth. 

situation rail   : : .: : t,h* o::.; ■.:■.••   .••     :   :••     :   . .. '.H, dfi 
The 

5SUd 



famffsm* 

10 d 

-i *- 

d;; 

2d. 
 jfe-<^^--->--v-- 

•H-y»»v;:»*:-i»vi:-:---**i*v' 

• • •,• 
—»-V rrrtr- 

"N 

i    •   ••• 
6: : 

- • I .5. ... 

^2     0 

> 
Point P, falls at 
random inside strip 

X, and Xg at random 
Xg independent of x, 

00 01 02 03 04 05 06 00 

60 61 62 63 64 65 66 60 

50 51 52 53 54 55 56 50 

40 41 42 43 44 45 46 40 

30 31 32 33 34 35 36 30 

20 21 22 23 24 25 26 20 

10 li 12 13 14 15 16 10 

00 01 02 03 04 05 06 00 

0 
10 d 

)3and X| at random 
b = 2d 

P(00) « 0.27270 ,  ^ 
P(01) s P(10) » P(06) s P(60) 

, 0.04186 
X'(ll) • P(2E) - .... a P(66) 

• 0.01626 
P(12) s P{21) s ...* s P(56) 

s P(65) s 0.02007 
J>(02) s P(20) s P(13) 8 P(31) 

= s P(64) s P(05) 
a P{50)   s  0*02180 

;.       . ...   ,„   ... .   jp^aj^ £.J>(n).= .Q,l 
;     •••   •     ..     ..   .   ,      *      ..... 

Figure'8.**fixampre*bf *lifaspattdent»and fcou^-Ciiiiia fprobabilitles, 

P(00)  = 0.16 
P{on) = P(mo) = 0.04 
P(mn)  s 0.01 
fdn)    = P{n) = 0.1 
P(m/n)  * 0.1 
m,n = 1,2,3,4,5,6 
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ewiHlOiiiAk 

The second hcmh might he dropped  o?'- a different nl^ne corning 
over at a dlffSTcSriil* t?.'*;?;* tnci ]pf»T|';y'?«»?]*»*^»?.*r*«Vr^..tio..1;i,'Qi.*5T'st 
plans.   "Tn thi« Irws^IrS^? cte •n:v;tsl3iy sfgr l^h»A> tiX5 *lp6io^5;3i2ig of 
the second boril:r*is' indoffei^S*cfn*o (^fth.rararoing rr? *Ji^«- I:?irst 
bomb,  and  the  second randon vai^-iable   (:r2/10d)  is  iiiclGpendGiit 
of the first rancloif! variable,    T'h(5 sauaro area rerirGsentlng 
Tsroba'bilities r/ill tho^ be that shcran on the left side of 
Figtrro n«    Thfs mmbers 3n tha ravlons sraall squares indicate? 
the partlculas? strir> \7itbin xjhiich the tn'o bor?b3 fail.    Since 
tho t^?''0 variables B.T& eeijipletely randcjn,  these probab5-llties 
of cccircrencQ are proportional to tho areas involved.    For 
Instancej  the probability that the first bomb fall on track 
No, 2 is oi'iG tenth.    The probab5.1ity that one or the otlier 
of theborAbs fall on trjiclc IJc«  2 is the area of all those 
reetnni?les nhich havo a niirsbor tv;o insido the-i.  icO.-   n.. ~ •. 

The definitions c!1^;eus'-cd earllor  in .tii:^ s   section ca; 
alr,n be Illustrated.    For  instance,   the probability that 
trac'- "To„   '- r/i'V. b<-' h^^ t b;-?- the  SH"-'nd bo-ib.  if vie knovsr 
that the first bomb hpn hit trach  T!oo  2, ^-dll  be 

This is (squal to tho m^obabilj ty    'T" (i?)    that track    5' i-?' hit 
by the second borab ivhen ure do not "knm^ T-?hat happ>9nocl to the 
first bowb*    On further analysis it \7ill be seen that this 
slmrjle relationship corse.-:; about due to the fact that the 
areas Immlvecl in ths prassnt case are all rectangular j i7ith 
bcimdRrlGJi pas'allel to the edges of the probabilit-y square* 
This has cccjrred bocarise the f/cio random variables are inde- 
pendent of each other.    Eqr.iatlon (P.^) can also be vsrified 
in this casa, and again it is not difficult to see that the 
equation is satisfied becaiiso the. s\ib areas are rectangnlnr . 
5n sha.pQ .vilth their edges parallel to the -nain Kqimro, 

In contrast let n.s consider' ne:-tt that the second boi-nb is 
dropped a .fiiven distance    b = Pxl    array tTor-i the first bonb 
in a random direction (this caso is rolated to tha Biiffon 
nGodie ■■Drol^le-'ri)^    This is -nerhaps a simplified prlctiire of 
Yjhat haT^pens vfhen trio bO'-ib;3 fire dropped  in train*    In "the 
act'aal case,  of course, tho distance 5s not ejractly deter- 

The. t\7o randori variables a.T^. ^naT?ifo'/o (xi/lOc?) and i^/2rC) 
(sho"'m in Pig. B). Y.'o note that since VSB have- rrquirod, tl-at 
Pj fall at randon tr^thin th-s full str-lr^<, in ih5;- c^>'iv^t->lo it 
sbrnetines occvi^s. tka>««Tij.. vjij^X'Tal^'euis^^ii  'liailCtr'p; 

icordlng to ;oi|p:f?3!H:;?^:pitlon;!. 5i€^:;v^, Jt :«©/».:i^t«i l^ll roorc 
lan a dlstar»cf? '2d   T^fond x;!io CKiges^ 

Ac 
thai 
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••• •••• ••• ••  •••. .••-  ; •••, t ,; ; I , 

at the*^tfifii: .i4,Pi#itS^ 8^.. ?:.jiM<x**^]'*«»*'cfJo*vf:iriG"b!.er. are not 
inderienclent, we -see that the areas corrospondlng to the 
different tracks being hit are not pectanglGSj andj in fact, 
that a good imiiy of thein are raifising entirely.. For instancej 
according to our assr,?nptionf^5 it-Ir, i-.nposslble- for track ^ 
to be hit by- the saconcl bor;b If trr.;.ck 2 Is hit by the first 
bomb« The probability of tho first bonb hitting one  of the 
tracT's is still one tenth, andj. e.s raight bo expoct-adj the 
probability of the aecond bonb hiti^ing one of the tracks.^  if 
VG do  not know v^hat has happonsd to the first bomb 5, is also 
equal to one tenth*' The probabilit]?- that tr;o adjacent tracks 
be hit, siich as P(ly2)y is greater in this case than; it mis 
in the previous caso. and the probability thnt ttvo tracbs a 
'di'stancs 2d apart m  hit is sone#iat, largor still. 

Tho probability that the sGconS bomb ^rlll land on tracl- 
4 if T7e know that the first bofrib h&s  landed on track 2j is ■ 
given by the follor/ing equations 

p(4|p) ■£ HZi).    «, £«5?l5fi s 0„PlBn 

We see ,in this case that the Tesulx  is not equal to P(4)» 
To check Equation (2«8) wo cojnpute tho following quantities,, 

P(s-><)   =    1-  [p(20)-rP(21) -i-PCSa)! P(23) -rP(S4) tP05) 
?(2.6)-i- P(04) f P(14) 4 ?(34) -V P(44) -V P(?4) i" P(64)j -----. i 

P(24)   «. P(34)   .. P(44)" " P(54)   -. P(64)   •■' P(20) '• 
P(21)   -- P(?2)   -. P(23)^0.1^2180  « 

r(2f4}^ P(04H  F(14) -fP(34)-f ?(44)H-P(54} + P(64) 

.   = p(34)iP(44)+F0^4)-fP(64)-0«07B;?0=.P(2^)   . 

A similo.r conputatlon Indicates that .Equation  (20,8) does not 
hold and therafore that the riosition of bomb one cannot be 
independent of the position, of bomb tv;oi 

« 0.279  I    ftm)     '"" O'^^^^ • 

This is only natural^  since our nssurrotion regarding the 
■fixed value of    b    iRakes IndoTjsndenca iraifossible.,,  The fact, 
tliat the nosltion of the second bonb is not indepondent of 
the position of the first bO'cb sh.O'^vs up in tho noh-rectangu- 
lF,ir dixri^oW:).1*:thG jifaf^ic^M* :m5iv- v.n.|:J)^2.,p:fpbabillty square 
and in kh^ c?6S>r*3nft?^inff *«*;m«» '»*'tit^>C to :iia^|s/;0'. Equation 
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ar^-RlJoation to certain •f-^.*5**i^&> Tf»ol>^i»!i;;*»c.l trftltfi:*iiim??.g; 
- ■;'■'■.:. be fied\:!ced f^;wi fchls f?K:aftmls*    Fo- Incta'ie", ' r   noe 
■ll::,tit; the DroMbilitj P(00)  is larger vjhen the bc-.ts .ai\. 
d?0}VOGa in trai?x than uhen thoif arc droT^ped IndGpfinc^entlyo 
Tl3'^:-=' h^:^ nattiraii  of cours-'.  si?ieG if the first hai^ Kisses^ 
th« ?5.-;i>onfi bo-r5b is more lifelj to rd'es whon it is 5.??, train 
than vfhQii it is not.    Ho^/e^or, wa will cilBcusa •trja train 
iKJBililng prolilera in more detail lat&T ^ 

chastic x'Ci3<.o!o -Cor  Lr   '. ■< r?   c^-  -'>   H" <•! 

f^iiietiorrl  i   lafa    "    .   ^  ' i    MJ!^ .  ^i^':'..   •'_ 
and the T^nCo^n vfj/-' A'c   ^   \1 U': 1. £> '- > i"    t/ 
"being anr'-'' """ ^^'^ ^'-'-   ^^   C -"-   ''    ' 2:0 * ; 'p It  . 
to ^-naw:'^i  Ki. -vZ    ,   .     ,>.'^   n '       '«   '-    I" -   H2 
aifferem  va'^itc- of    r , '?    ^"!.?! c t" ^'ii T?: r*.   „'^ 
tation Ox   th«? I'-^-^d.^ "c  1 "   r -^ r>">^'>''f 0"  c: '  °, 
of ayerar':-„  or exv^cxxl.,  ■ff„.'.,.i.,..rjfi 

In ■!       TI-'^IW-^C^        ^I\1^ 

jimkiag a '^     ,    Ail:  i- cj  t-^"'  IJ r* t 7 c5   " ^    r  <■*    i 
a¥erage xtln^ CJ     >    •':'''( tli^ -^    "^ i 

tie of t?       a'^^i.  &5 "■ " th r   A    o"" It      &c: « 
ex* ideal,   J^      lin cl  1! ^ . / x   "^^ '   ^ ^^ 
valTie of    ^ ■» s'^cel .3  '*^    ^       '' 3        <■ ! 

this exp v i.^ i.1     Ij/     i a 5^1110 ' 
to dlralnlc 1        b'li i     ^       '>•' I, i'*'^ 
said concerning tais J.;:\:^'J;^« 

As all es:am-pl(j of thc?30 ?^e':ie:?al statovionts^  Lrh 11s «on- 
gidar the distribution fwnotioim aM profcabilitv itej/sities 
glvsYi IK Fifrm--;!: 9»    In tho first caso^ the  r-i-otabij ity aon- 
iiity is ecn5tp.nt* Inriepanclent of   x ^ so thct    :K    is ci'rectly 
i^mrtortioiial to -che r&nficssi 'milr/ole    F - ^ «    Go::~^ocru;M^tly 

s:    is equally lli:^!:"  to lyive a valivrj aiTv''..;bare ixi t;hc   ;?ti!;:e 
0    to    4  «    In a Large -niyiisor of trials one wo'iid Gi'.PGet to 

fiii<1 a value of    z    larger than t^^O- Jtist ns o:ften an a -mlxm 
of    3C    smaller than x,■'^;o| one caTi Guf; 5i:;t':-i-'5-;^-;rI;-r t* at t'-.€:: 
es:pested valiiG of   1. ,, x^dol} should co;i'rfcsp:.;3:a:i iiU>si-Jf to   '. 
the ftiToras© ^^° a large nuiubcii' of tries, woi'ld sq^unl t\vo« 

Glarielng at the s-seoni fipi?i'a^ i/e note thrit th;-? TJ^ol^-a- 
aility densltv has a  ■^.-.d^--. -,^^;; ti.^i ^^i.^.3r .;..;r*>j«K^5e for 

jyiBinstry Gf "siao fig"':??;,  G:'>2  :.70"<ik' l)"i-;i/'itiTol7 sse'that t>M 

d "^ / 
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Figure 9a.  f = (l/4) 

F(x)^ ̂ ^-"^^ 

y 
^^ 

^~^4(x) 

X ̂ y 
A^ y^ 

0 

Figure 9b. f ■ (ir/s) sin(iTx/4) 

Figure 9. Examples of distribution functions and 
probability densities with equal expected 

values of x. Yalues of J = F occur 
at random. 
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two cases? UQYJ' oov.'ld  v;5 "r^thf,  e*a£l"ly*«di^ij.^7aisl> lS«^'»:!iv" 
tho tT/o If T/© did not hf.;vo the curves for  probabill-j.; •::.-.'.'.;:lty 
in front of uo?  One 30=3S that in cas9 (a) the value of x^ 
taken from ari' 5-ndivldua?. trial, is raoi-o  likely to differ 
widely froEi thcj expcctod yalxis than is tho caso (b)o  In the 
aecond case the probability density ii3 la-'geat near x =» 2..-. 
and fall a off to r-ero at.tho two snda of the range ^ This 
moans that the valiioa of x vybich tut^n up in the second 
case are leas likely to differ i^idaly from the axpected 
value than the values vjhich turn up in tho first caoaa 

It would be a'ti.55©ful thing to have a numerical Tiiaaaure 
of this chance of largo discrepancy of an individual trial 
awaj- from the expected'vf?lu®«. The average valu'a of the 
difference between an individual trial and the expoctod 
value is not a gatisfactor^r measure because thiSy by dofini"- 
tion^" has positive volueo aa often as nogatlvo va3.u0s.« and 
the final avera^^o should cancel cfut. to aeroo If ffs 'ramovs 
the al'^ebraic sifpn of tho difference, bar/ever, by squaring^ 
we can obtain a nuEiorlcal neasuro, Sp©clfici?.ily wo corapute 
tho average (or I'athor, the oxpacbsd value) of the square 
of the difference batweon the result of an individual trial 
and tha expected value of the results Tho  squaro rcct of 
this avera(3;e square deviation ?;ill be called tho atandard 
doviation. 

Let us now try tc stato these concepts in a little 
more preciso nanner*    , 

If a» very largo mmbGr of choices_ of a randos vari- 
able is Ttiedej, we faol intuitively that" if t?no range of the 
variable is divided into lajiy iiutabor of equal intervals, v/e 
will choose values equally often in each of the equal 
intorvala,  In fact this is essentially what we aoan by 
our definition of a random variable* Thla  does not j.iean 
that this will be the actual I'ssult of a t;.dal -^e shall 
have more io  say on this later*, 

.... :  : .- :••• :..: ••> 
•••  ••• • 

«••  ••• ••••••• . ,••• ••• 
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Nevertheless we shal': call this the ex2£S.l§^ 
result. 

In particular, if vie VC^BJ  make N choices 
of a random'variable S'whosa range is 0 to • 
1  ^ the ex-ected manher of valtios in any infin- 

' Itestimal interval d s  is M I. 

If X is a stochastic variable deter- 
mlm'd by J ,  the average value o.f x , if tha 
expected result is obtained„ Is called the v 
expected..;:!alue of x    -, E(3t}.,. This is ob- 
viously" given 'by 

E(x)  = r xd € 

~ /'xt' (3r)dx  (if f exists).  (2.9) 

If there :^s only a discrete set of values x-« 
. possible for x ' , with probabilities Pi  » this 

reduces to 

E,(x") = 'S-.  X p 
-^  1 1 (2,.10) 

The oontinu',"!,-; case raay be evaluated graphically 
by plotting x as a function of f , E(x) Is 
then the area, between the cv-rve and the fe a:Eis , 

It should be noted that the ^exTjected 
value of a sum x-hj  is the snvi  E(.x)'t'E(y) . 
Nat'-rally the expected value of'ax is aEvx) , 
if a is a constant. 

According to our previous dlscussionj 
v;e will define the standjj;.d.,deviajy^ CJ of a 
stochastic vat'lable to be"tf-Te""expected value 

■ of the square of the difference between x 
and E(x)  . 

• ••• •••• ••• • • 
• ••• 
• • • •• 

••• •••• • 

•••   -. •  •••• 
• . •  • • < • ••• •••  •, 

• • • • • •• • • 
• • •• • 

••• • • • 



• • • 
• • • 
• • • 
• • • 

;•••: .••. .'••.— •:• 

• •• »•, ,:, 

••• • 

= E fx^ - 2xE(x)  4E(x)^f 

- E(x^) ~ 2E(x) E(>:)-fE(x)^ /" 

E(x2) ~ [E(X)] 

- /^ 

E(4 ■<) ~ 4^ i= 2 

E(1.6^) « .; (16 t^  )a% - 16/3 
o    \        <:; 

In the case shown in Figure 9aj x - 4^  j 

• •• 
• ■ 

• • • 

(2.11) 

> (2oi2: 

0"'^(4 S ) ~    16/3 " 12/3 = 4/31 c?^ 1.155 

The standard deviation indicate?; that the result 
of a single trail differs on the average by a 
little more than a unit on either side of the 
average value, 2.    This is often written as 
E(x)S(rix)     : in tMs case 2i l„l6,, 

For the case of Figure 9b the expected 
value and the standard deviation turn out to 
be 

f(x) -'^r/8  sin (^x/4); F(x) " 1/2 ~ l/2cos (?;^x/4) 

■JS(x)  »r//8,r'^    X sin   e77-x/^)dx = 2 
^ (2.15) 

• •   •   < • • •   " • • • •« 
• • •• < 

••• •••• •   • ••*, • ••   •• 

>     •  • •     .   .! 
I • •       * 

>• ••  •< 
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• •  »     • » • 
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E(x  )  zir/Qf^ r^ sin  ('•)fx/4)dx »-4,7578 
■^a 

CT' 0,7578    50- = 0,8705 
(2,13) 

i"Je notice t'^at the  standard deviation a- is less 
for this case than for  the case of Figure  9a 
f^iven in Equation  (2.12).     Ihls is to be expec- 
ted  since the probability density of Figure 
9b    shows a more T^rono^'nced clustering of values 
around  the    expected value 2. 

If a  point  is  chosea at random within 
a circle of radius    a     , we may find the expec- 
ted vali:ie of the distance fro^n the point to the 
center.    For in this case^  if    x    and    y    are 
coordinates v/ith origin at the  center of the 
circle 

E(r) 
7; 

-"!3—// r dxdy 
a    '* 

when the InteF^ration is over the circle»  Trans- 
forming to polar coordinates 

- 2 

We also have 

TTa // 
^drd© 

-  1/2 
••• •••• •< 
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The '^•' ■*• ' ?•-•-'^t'.'.i.t,.... .'•...-••• »••• •?• • • 

• • •  ' '..*•.:.: .:.:..,:„• 
With a trial or series of tx'l-ala involvinrj rtTicfoin ole- 

monts, 3TJch as cporatlons of war often turn out to be, tlie 
result of an 'individual trial cannot be predicted exactly in 
odvanco.  '.V^'iat can De 'liredicted, if XJO  can analyze tl.o pr'tbleni 
thoronshly. Is the pr'obabillty of cortnin oventa occLirringj 
Vfiiich can be oxpressod in terras of tlie cVlstribution fuiictlon 
©r the probability density.  I.f t!:e probabilit/y of G certain 
event occurring is larf.e, thoi-' we can reoaonablj oxooct tliat 
for most of the trials this event will occiir; nnloss tho 
probability Is unity, however, tli(;ro I3 olv/oyc t'.ie  chance 
t'-iat ¥/o will be ^inl^icky in tlie flrnt c. sacceeding tries.. 

V&en a larr;e nuraber uf trials can bo carried out, a 
knov;iodr,c of the distribution funcfcj-cn enables one to predict ■ 
Qverafje vnluoa with nore or less proclslcn.  As ViOre c^nd more 
tx'ials ore raa'de,   we can o.xpoct the avornge value of the re- 
sult to correspond closer and clo3er to the expected valrse 
v/hich has been diacussed in the previoiia section.  Also onf3 
can conputo the chance t^iat t-^o averaf-o result of nany trials 
will differ by a spooifiod nr.ount fror; the Go;nputed ox7.:.ected 
value.  If the general form of the distribution function is 
'-rnovrn, one can even coniputo the probability that the average 
results of 0 second scries of trials will differ by e. spool- 
fled enount from, the avora;;e result of o first series'of 
trials^ 

Such cnlculations are extreuoly inporiant ir) studylnr, 
operations which arc repeated Many times, sucVi as  borabing"' 
runs or subnierino ottacVs,  If the first fifty Gnti-shipping 
atrikoa result in ten eneuy vessels sunk, it rr.lyht be impor- 
tant to compute the probability thai the next fiJty strikes 
would sink at least eight enemy ships.. Thlr. can bo -done if 
the distribution corroapondlnc to the attach I3 \norm  at 
least approxirnatoly. 

Consequently it is Ir.iportant to compute tlio distribution 
functions for a number' of vex'j  /general statistical situations, 
which correspord raore or,loss accurotely- to aotunl situations 
often encountered.  In o ^roat nunber of casos t'lia correspond"-- 
ence is not exact, but is close enough so that statistical pre- 
dictions can' be r.'?,ade viith. roasonablo' success,  T!-:e noro usoful 
cases will bo dlscussod in this section.  It sliould bo enpha - 
sised ocain that there are nany situations encoiintored In prac- 
tice- where none of the cor.inon distr ibiition laws anply, so that 
it js not wise to enply the rosijj^s.^f ^lii*? ac>«t>w >>«*Lndl7 
to a new nrcK.".: : .*•' :*** ;••: .,• ..* : :.. ::..;: 



^.   ..:, :   ;..:;'iavi5iiM.«^ Ji^: ^iwleplsn^ffieeils nhere trie 
resiil*'^,5,:,.,,,;:.',:,,;;.a.;r,;.,Jjal>.bi#.««iix<3(]'*;»itt?^   'a *Si.T&l3es3 or a 
falltu".-?,,  sT'ch as the trial of tossing n coin to rot heads 
cr the firinc of a torpedo at an f;ncrn_y vessel,   ^In sonc^ o-f 
theso' caser;  it is possilsle to dotormino tho r)ro'l^ablllty of 
success at eacb trial; we c'\n cnll this p  »    The virobability 
of fall'iiro in a given trial is thcreforo    q ss 1 - p  ^ 

A tynical 'randon sequence of successes,    S ^ and fail- 
ures,    F ,  is shorm In Table 2.14 v;hero tJi.e case-of the 
T)ro"babi.lity of sriccess is    p s O^^. ■ fr   y 6 

^'"" ^^.^-gH-."^!}^, f^^!i^'^'P-^-W"^P'^ %'P^i'^g,,AL.Pifj';      ""     (2«14) 

FFFSS FFSSC FSSvSS SFFSF SSS.^F SFF3T S8FSF SFFFS .SFFSH FFSFF 
SFITF F3FSF FSFFS FSH-Sf;  FFSSa   SFS?'F  SSGSS  SSSTV PTSFF SFFFF 

Thin  seqvjence is tyT)ic?J   of'randon evont? and illustrates a 
mmbRr of thoir 'o^'opGrtleG^ 

In th« first place,  the average result of a SPiall nu^-n'her 
of trials VAQLJ give a coriplstoly e:c:eonoo\is -oieture of the 
probability/ of success of tiie rest of the trials.     In this 
case, the first three trials VOTQ all-failur-ss, \7hich Right 
discoviragG one :!f it rere not Icnovvn that the probability of 
success is  ^O Bereent. • "'e notice also that the seventeenth 
set of five trials is all successes.    If tliis were the first 
set of five trials3^ it riig^'t lead to over confidence* 

In the tv;entv sets of five trie;; each,  there is one 
with all five svccesses,  there are tbA^ce v/ith foui' successes- 
and one failure,  six t7ith tJiroe successes and tv;o failures, 
five T7lth two successes and three failures, five -vTith one 
success and four failuresj  and there is none t7ith five fail- 
ures*    It is often useful to be able to conviuto the expected 
values of the frequency of oceixrrenco of such ca-^es.    The 
expected value of the fmctinn of tr'nes a given -Droportion 
of successes and failur^-^s occur in a set of trials i.«3  of 
course^  the probability of occurrence of the proportion.-, 
VJe  shall compute the -Drobablllty of occurrence of . s    suc- 
cesses rin6    n«s    failures  in a set of    n   -trialsj- when the 
probability of su.ccess in a riinj^le trial is    p  ., 

Fully as iTTOortant is  tlio In-trerse ui'oblen ifnere T;e hcvc 



of trials (un! 
coTiipletJely by 
we can do Is to curApute'tao'Vios-? *pvo'd&bl6'\&luo*'(3£**p»mi4* aoiix- 
pute the probability t'^et p l^iaa otl-er vr. lues,  Ilowevei', this 
knowledge is sufficient to onable lu; to conpute expected 
values for nnotjior' sinllcr ser'.os of trialso This problem 
v/111 also bo discussed later in the acctiorio 

3y the low of compound prpbabilltlos, if each  trial is 
independent, the probability of a £;ivor! sequence of 3 suc- 
cessQS and n~f failures in a .riven order (such as PSFPF, 
for instance, or else B'PI^B"'S) is 

pS qn-s ^ where q a 1 - p. 

Correspondinc to any clven values of s ana n  there are 

___nl  ,_  

different orders-""- In ViThich the s successes and n-s failures 
can occur (for instance, one s'jccess and four failures is 
either SFFPP, PSPPP / FB^PF, PFPSF, or PFFFS).  It follows 
that th.e total probability of obtaining s succeasos and n"S 
failures in n trials Is 

P(s,r!) s _nJ   YiS o''i-3      fp T•^^ 
sHn-sT* 

If we expand (p q)^ by the binonlisl thooroi'.: V/G SOO tliat 
P(s,n) is just the voluo of the term containing p^ q^-^ 
in the expansion.  For this reason the distribution of the 
probability of obtaining s successes In n trials is 'mown 
as.the binomial d istribution. 

The oxpectod number of suc^iosses is, by Equation (2«16), 
E(s) s B,  a P(s,n) ' 

SsO 

sto  sTlj^sTr^^    ^ 

s p JL^ (P.^q)" 
0 P 

= np (iHq)"~"^ 

■i:- For a discussipn,o<'.,tba.lx!v;» »^f  p«rj^i-nj?ntion^'a^rc!*dli*f«Dl- 
nations, seo:i<>v:: t :"i  ••' •• : :•• : :" '. * 

fin 
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•     ••! 
K(s) s n-D   . (2.16) 

in 

x^,.,.-r,   „.,.,  ...,j...v.«ws, *x-„..,,u.w^    v.^  .-,^s...os3es in fivo tries TJ-OUM 
be 2^^S<^    In the sequence of twenty sets shoi;7n in Table   (2«14) 
all possible valwe^s of    s    except    s^o occnri'ed. The frac- 
tional rmaber of times a r;'>.rtiGiil?ir valxie of    s    occinTcd 
in the sequence of tests is given in the next table* 

-•■^'^fSSai'ison of Hestilts of Table   (^«,14) T7ith l^brpocted Vali\es 

s«5 
P<?rcent succass 
in f^ve trials 100 

ss4 ss3 s»2 Ssl ssO 

80 60 ' 40 20 0 

Ool!? 0.30 0.2? 0.25 0 
Frnrtlon of ti??ies 

conbination 0.0!? _ . ro -.-n 
observed C2«l/; 

Expottted value of    „  „,,      „ ,.^      ,, „_      ^ ,,_      ^ ,,      ,,  „ 
fraction,  P(s,5)    ^'^'-^      ^'^^      ^-^31      O.il      0.16      0.03 

Observeci TTean Sauare Deviation (s-2«'?)^ = 1*35' 
lU'tiauMit»igi*in*iiHiwi i,.-»jmaitfj'»M«c»»«aii*w»wattJ-jr»feiKjjaia«aamBay..wjLT;wr.'r-^ 

These fractions are also compared v/lth their expected values 
P(S|^). The ^correspondi^nce is falrlj close. 

The observed value of s.^ the nmaber of successes in 
five trials, mB.y  dlffes^ considerably fron the osrpeeted ^^alue 
2,5* For instance, in five casep out of tv/enty the valiie Is 
srl« This is reflected in th,e va3;ae of the mean square devi- 
ation coraputed from the actwal results given in Table (2»14), 
This cones out to be l#35j having a square root approxirmtely 
equal.to le2s, Ve  can oxpresfj the observations given in Table 
(2.1<i) b'"- saying that the.mmber of successes in five trials 
is 2^5-fl^2« The value of the V'^ot'-noan-square deviation 
g:fV3;i ii  measure of hcf:J tridely an individual series of trials 
T^ill deviate fr''>ra the exnectad vala.e. 

n•:::•:• ..:T ::•::• H••:-v : ••. 
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L'o find the* 4fc|.''l'r*r^i*''fevifit^.oK*** ,••• *:• ;  ... 

•.. ;, :%.. :..^r:.::.^::.^I^:' .' '-'  : : 
SeO 

a;\ii"3>. 

T3 .^    (rj+ n) 

B np ^ nCn-Dp"^ 

n 

Hence 

cr' 

us 

St 

nr.(l«-p)        ^  ■ (2.18) 

npq 

The standard doviation'is. of course, the esrpected value 
of the root-mGan-sqtiare deviation. For Table (2^^142 \IQ  have 
found that the root-nenn-sqiiare deviation nas__ VTTB?. The standard 
deviation for this case tnnm  out tn he A«255 v;hich is a 
reasonable check, Thooretical calculations T/oiild therefore 
have indicated that the number of successes in five trials 
would be 2,^ 'L  i.i^ which corresponds fairly clcsel;;' to the 
actual results of tlie sequence given in Table (2.14)", 

As an examr>le for the reader j j!t night be Instructive 
to analyze the following rando-m sequence of successes and 
failures for the p'r'obabil.lty of success equal to 0,3; 

FFFFF SSWy  FFFFT FFFiFF Sfl^'T 8PFFF SF<SFR FSvSFS SSSPF FFFFS 
SFFSF FFFFF FSSflS  SFI'SF FFT.SS FFSFS FFFFF PSFSF FF'FFF SFFFF 

Nox7, supDose v;e are given the sequeneyof results of 
Table (2,14) and ai-e asFed to find the value of p, the proba- 
bility of success jf an individual trial. This question will 
be discussed more comletely in  the section on sampling, but 
it is instructive to coriTiGnca the discussion here. The riost 
probable value of p i,7ould be obtained by dividing the niwi- 

■ber of successes actually observed by the total number of 
trials 5 which for as\T single set of five trials may differ 
widely from the true value, h  crude measure of ho?j v;idely 
the true value nij  differ fron the observed value can bo comi* 
puted by assurdng.-W^c^ ti;e»V4S5?eUif "p, Mt.t'ftS.'ily et^?a2.*3*t5l©, 
observed value of: (5/n):£5id icnuiitln^fa .iS^anl s5Tlhrc5 dS'nsitibn 
from this assuned'v^'l'de'of *-5 s  *  
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.st^j*»f:i;^i!if:?j5:^#r ••%.v'?*-:*rt:i -:i.^n:}:.*: :  :     (2,19) 
•   •       • ^j        ; ,;, •,,,   «•» •   • ••    •   •   •• 
fi/!'*cr'G**s**fs   the  olDSorved nuriber of  successes  in n trials. 

For exorriple,   if v;o porfonvied  only tl-ie  first  set  of five 
trials   in Table   (2,14),  we v;ould  t'lsn  estimote  t'lat  tlio ex- 
pected  number  of  s-uccessea   In  five  future ti-^lols v/oul'l be 
2 s. lol :\vherG  the  fX[;MV3 aftoi'  the   plua-'or-rilnu.s  3i,:.j)  is  com- 
piited  frojn Vie expression above. 

V" ■HI - 0.4)      . s i»i 

OvLV estiinatsd value of p frorl the first set of five trials  is 
thor-efora  0«4 ^ 0«2e     If wo wish  to nake  this  oatlnate r;ioro 
accurate,  v/o must  perror-ra a  lcr(_:;or number  of trlola  than  five. 

The fornula given abo'/e for obtaining a rou^'h estiriat© 
of it^ bre.aks  down conpletely ir. cortein coses.     For inatanoa, 
in  the  sovonteonth set  of  trials   (which turned  o\)t to be  a.ll 
successes)  the rou-'h estinoto ti.'rns  out  to be  zero,   since 

s  ^ n.     A r.:cre  setlsfoctory v/oy of estlnatlrc the  likely 
roni'o  of p con  bo  obtained  from hquritlon   (2,15)«     For ars  ob- 
served  nuribcr  of successes  s  in )?  trials,  v/o  crao  find  oi,:t . 
over v.'liat  ron;j;e   of   asEurnod  vol ucs   of p  tho  probability of 
occurrenco  of tbL,s result,   :''^(3,n),-   Is  ,;:^reatcr than one 
clinnce In three   (or porhaps  ono chance in ton if one v/ishes 
to be  finicking)*     If we have boon imlucky  enou;,h to hsve  ob- 
tained five  sv:cce33e3   In  five   trials v;hon   th.e  "actual"  valua 
of p was  0.5,  wo would not  hove be-on  QOIO  to   obtain a  vary 
[rood  esti;r;ate  of  tlie   value  of  p fi-oni only those  five  trials. 
All v;e could  h«vc  said from t^iis  one  sequence  of triaj.3 was 
tiiat  there v/aa  less  than  one c'lnnce   in  three  that  t^io  true 
value  of p v;a3  smaller than O.G,   and  that   the chances war© 
less  th.an  one  in  ten  that  t;ie  true vsli:e  of p ve3  leas  than 
0»-3.     The  difficulties  are   Inherent  in  tho  situation;   five 
tritils   are  too f ov; to yield  a dopondablo vol-ao  of j). 

An  instructive  illustration  of tVese ncnor-al statevnonts 
lies   in th.c critlciain of.»v^a] occas'.onolly-uaed procedure  for 
detorraininc the perconta,'-/? of duds  in a batch of s'.ells   (or 
torpedoes  or  [grenades);     to fire  t'lo  sholla  until one d\id 
appears,   and  t'ien to- stop tlie test.     Suppose n-1 SI'LOIIS were 
fired before  a dud appeared  and  t'len tlie n'th s}:©ll was  a 
dud,     Th.e predicted  froction  of duds,  based  on si;ich»  o  test, 
would be   (l/n),   -arsd  the  predicted  number of duds  in U shells 
would  be     (N/n). 

••••••••••       ••••    •••   ••••    •••*•••••    •    •• • •       •• •••       •       ••••       •       • •   • •   • • •    •••   •     •••    •••••••••••••• • •       •• •• •       •••       •       •••••• 
••• •••• ••• •••• ••• ••• •••  ••   • ••• • • • • 



GwrmrMTut 

obsei-'vatlon  of *sr3i.y Jjn'S.XSiWt^r^S .v'p* cpi»ld. bfc  qu5te:»?.Gijicj,i3i.y 
of:! _ 

n 3hel3.s*     Prorn Equation   (2,15),   the  probability/  of finding 
one dud  In n trials, vvhon  tlio expected fraction of duels  is q, 
is 

P(n-l,n) 'z  nq(l^-q)""^ ,     .  ■ 

vjhich opproaclies nqe'"'''"^ v^iien q is suiall.  In taia ease wo ,do 
not know q, but v^o v;lsh to dcterrriino tho ron^e of values of 
q over which tho T>robability nqe*"^*^ has reasonably large 
values (Is larger tlisn C»l for in3tarjco)o 

Tho maxlTni_an vulue of x(R"l,n) is e -^^ corresponding to 
the most probebio value for q of (l/n).  In other words, the 
most probable prediction from our series of n trials is that 
there is one dnd  in  evory n shells, But if we asaune tliat q 
is twice this (2-dads per n .oholls), P(rj~l,n) is 2Q"^,  which 
is sti".l larger th.an 0«1.  In, fact tho ronge of values of q 
for w^iich P(n»ls,n)i3 larger than 0.1 (ioO., for vjhich the re- 
sult of cur trlalr Y;ould be reasonably probable) Is from 
approximately (Ooll/n) to (3,5/n), Thereforo it is reasonably 
probable that the "most probable" value of the fraction of 
duds, (l/n), is n_lne tlmoa larger thrm tho "com'-oat" value or 
is too small by 'B  racTqr_ o'f _ n9.??^?-X ^'^'■jT.'  ^^^ othor v/crds, it 
is fairly likely tl'nt tl"re~noxt'rfalToXls v;ould hnvo four duds 
instead of one| it is also liVioly that thoro vould bo only 
one dud in tY\Q  next 9 n shells. 

The moral of this analysis is that if W9 v/isli to be 
"reasaiably certsln" of tho rriiCtlon of duds in n lot of ghella, 
w© niu3t fire enoitch shells so that raoro than one dud appears 
(in prnctico, enough trials so fat at loast ten duds appeor 
is adequote)^ .      , 

A much moro tr.oroucbrjoing analysis of tlicoe qu,esticno Is 
given later in thl.-s chopter. 

V/0 ere frequently IntorestGd in not t>ie probability of 
obtGlning exactly s successes, bvit rather u  riumbe"* of suc- 
cesses between two limits, s-^ and Sg* V/lien n, 8-|j and 39 K"G 

large, tho calculation of the individual pjrobabilitios for all 
the values of g between si and 33 beccmGS very laborious<, 
These-calc^jlations can be .sirnplif led by th.e use of su-nraatlon • 
formulas boaed on the bets-ft.mctionj Virliich v/e shall now 
derive. •• • • ••• •••• • • ••• ••• ••• • 

• • • • • • ••••  •  • • • •••••• • •    •    ••     ••     •    ••• • • •• •• • ••• • •• 
• •     • • ••• • ■• ••• •••     •••     •••! 
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Si s or 

k«0 

O! 1 

D  a n- 

Tho derivativi^ of r'(i:S5n) riith  rospset to n  (ronembering 
q is I'^-f))    is easily seen to 'oe 

• dp. sl      ^  ^ 

■rhe vother ter-ns In tho sun all cancel <,    Hence 

•s~l 
p 

But  if    r) K i/j  obvio'jsly    ^(<s,n)  » 0,    ll ence 

and 

■D 

IJo"7 the incomplete beta-fimctlon Is defined as 

B^cijb)   "    f    T)S-1  (l«.p)'^-l dp    ■ 

and  th.© complete betn-fi^snction as 

(2«21) 

r.5 h> j        r>» 

• • •     • • •     •••     • • • •     • 

'M   4     V,     ...    1  >  8 •••• ••• ••••       •••• 
<"■•      • • •           •••• •••       • •• ••       •       • •      • • •   •      • 

•      • ■ ■ • •      • •      • • ••   • •      • • •   •• •      • •••      •      • •      • 

(2,?f2) 



re therefore S«5G Ib^kfi ^!v3 c^lslr3^^?.wt:loi^{*K*^c■^ipn*!:'^^^ 
case is •;  •  • — :•.. :••: ...• ...• .:. :     .:. i;:. :..: 

r^(sjn)  - Pdsjji)  « 1 ". If^ff^Jp - 1 - IpCs-Klsn-s) (2.23) 

XThere    F^oCs.n) 5s the blnoralpJ. distribution function,  that 
is, the proTbablTity of o"btalning    s    or fei^er sriccessos in 

n trials. 

Tables of the patio 

^>      JHa«b) . . 

have been publishod  (Psarjson, I'ables of Incomplete Beta 
Ft!.nction, Cartridge Tlniv©rsi^j" Press) and serve as the riost 
conveniGiit Fjsthod of svalizating    FtjCsjn).    A short table of 
F^(sjn) is given at the back of the book. 

T7ith FijCs^n) knourij, the probability that the number of 
successes in n trials is between sj    and sp is easiljr 
fo'.rnd„ In fact 

-fej- kl (n-k)l ' 
^^^-    . (2,24) 

To illustrate thosj^ reniiltsj  suppose that a gnu has a 
T>robnbility of 1/10 of hitting a target on esch shot.    If 100 
rounds are fjrodj  tho eorpected rm?ibor of hitr, is 1/10 x IGO s 10« 
Thf?  ctAndard deviation is given by 

p fa 

/•-r ~ 3, 

These t^?© results.^s?^ s:>ii5t*liS?^ hiiM^flfl&t^ IV ksr^riM I^nU'tlie ' 
 ^ .      .^.      .      ...   . iri ...      ...   ...   ....   .«'.   ...V..VV vj. 

or    P-|3  (sjlOOj of obtalnin^T    s    or feneri" hits is Kho'im in 
FiGiirs 10s.. 
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iff     MU 

rnanyi tslaie ^W-i-ii jpQ;/i«pjicti,,i.cc OtJ'iia^i.e* J3*-ven •«imoor oi  sue- 
cesse'r" 'Tor'I;':ic probabi^.ity f.iot ri  or nore  trials will bo 
needod  to  obtain  s  si„icccsses   .Is  oxactly t'-c  sar.io  as   the 
probability  that n-1 trials prodiico s-l or  less  auccosEes. 
IlesiCG,  \jslnc  obvious notation 

r'(s,>n}  s P(^s-l,n-»l| (2,25) 
's P^(s-l,n~l)  3 1 - lp(s,n-a-'l} 

In the example- of tho gun, if 10 hits aro req-uirsd, the 
probability that n or nore shiots aro required is shown in 
Figure 10b.. 

Th'e Hornal ■'dstribution 

ViT.-.en tlie nurnbor of trials is Isrno, the number of suc- 
coBBea  in a series of repeated trials bocones practically a 
eontlnuoTiS. variable6  Instead of s, it then beooncs Moro con- 
voniont to use x 3 £_ as a noT/ variable, Tho axpoctod value 

n 
of ±  is thera p, and Its standard doviati^>rj 13 'i-iivon by 

n 

The probab.llity that t!'ie fraction of trials resulting in 
succeas is leas than x  is of courae equal to the probability 
that the nurtibor of successes is less than xn, so tliat 

I  ■      1 
P(<x,n) s 1 - Ip |nx, n(l~x)l 

if we neolect terns of  tho order of unity in comparison with 

It 13 sonetlnos convenient to U30 still another varlablo 
jf   deflfiod by 

■ y « ~iS'3 /n" (1 - p) 

Y.'hoso expocted vrluo is 0, and w^.ose sta:.7,dDrd deviation is 
lo  In terms' of y 

.... p «. ....v.jr.^.- .^^^   -J^^ ^h ..  ..   ...  .  ....  .''^. ....   i^n 

.   .     ■„.;:! .Decomos   iivrt'Oi'.a»id.lar.'e',rv *■ ** cMFves  of P(c^y',n) 
at;:ainst y upproacn a iinitmr:; curvo^  w,,iic;r  -s fronerally known 
03  tho norrnnl distribution  onrvc,, 

n4. 



^b(s,IOO) 

Figure 10b Figure 10a 

Figure 10. Binomial distribution function Fjj(;3in) for n = 100, 
p = 0.1. Probability Fi3(s-l,n-l) that n or more tries are 

required to obtain 10 hits, for s - 10, p - 0.1. 
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Figure 11. Normal distribution function Fn(y). Expected 
value of y is Blyl ? Q,.«iid:'3taR4CLr«'*enrI^tr^oi]: a-(yi»=;'li 

See T4b3te:3r:at baDk of \OffS., .••  : :*•  : :'• 
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F„(..y) « 1 - Fn<7) 

The cTir\m of y    as a fimct.lon of F is shorm in Fifitire 11^ 
and iA,   table of values is nivGii In Table Y at t'le bac!^ of 
th*^ bnc5l<-« By its definition, F is the randoy?! variable 
corrss'oonding to th^  stochastic variable y » 

The riornal distribtitlon I&TT is ri\ich used (in fact too 
mich v.sed)  as an approximation to other distribiation lawa« 
It is a'-^^'l?• f?d 5 for ©xamDle, not onljf to long sorios of r<:?" 
P'S)at(5cl trialsj but alno to fairly short series^ &nd also to 
renr^sent the riistribirblon of imanalysGd errors v.-hich OSCUT 
in 'ohysl-':ul  rrioaswrorients.  Its advantages is that if x is " 
any .stochastic ^arln^'^ln "''bosG ejcpected va'hie is m    and stan- 
dart' der'^^ition is (y= 5 we Tf&y  define a, variable 

and ass'tme for bettor or worse that y    follorjs ths normal 
distrlb^iticii! Invu    \7e thus set uri a distribiit'on lavj on the 
scari-^'" ba?lr.^ of only the tt/o constants m and ^g- ,    This 
ppcf c.:.°:'7'.-;r bn?;8ver^ i^3 dangerous 8,nd cati lead to very-ferron- 
eo'as conclusions imless tests are applied to verify the 
normality of tho distribution* 

A rmmber of feo.tiircs of the novmo'l  lar; are obvious from 
Figure 11^ The distrlbiitlon if? symmetrical in the sonse that 
the probability that the v"3,lue of j    lies between jj    and 

U Y2    i^ '^■-'® Sana as the probability that it lies between 
"jp    and "j-i  , Swall values of y   are vnore likely than 

larg?? values^ I?i fact there Is a 5^'^^ probability that y 
lle?i bettreen -<,f>7    and H-,67 and a 90r' Drobribllity that 
y lies between -1,64 and -f 1»;^A^ By definition,, for 

a normal distr'ibutlon 

o,. 

• • • • 
• •• • 



Table  111 ^.1^ ffi*ilr'.i{!^::'-r. :;/:> •i,i:;tV*''*:?s:'1'^-:«;!!^r:-t'*3*s^ienc?s 

l>3r considering the randon mmbers of Table I as five d-jglt 
decimal fractions,  equal  to random" x^ali^es of    I'a(y)   »    From 
thes€j I37 nso of table& of    y    as a. function of.   ?V^ , V7Q 

obtain corresriondino Tal)ir./: cf    y 5  the stochastic variables, 
A constant amoimt has beon added to each grow.r. of values of 

j   /SO that the avorag^s value of    y    for each group i.s ex- 
actly zero r.    This \7onld not be strictly'' triva for random val- 
ues of    y  , but-it. iTsalies the fable moTo tjs-aful for come of 
the si^nvlJcntlnnn discuGped in a latei* chapter.    TTor Is it 
-■yate that the actual valv.ss of the 'lean square dex^lation, 

{ir2).    fi>T ^pch group are ecfaal to imlt-y.  the standa-rd devi- 
ation*    Tho large? th^ sairo'ie, ho'T^ever,  the nsarer Trill this 
bo trim  (for instance,  the mean soviare deviation for the whole 
of Table  ITI Is  1.015). ^      " 

A glanco at Tablo  III shons that rriagnltiides of    y sniallcr 
r.^.-j-.n imlty are folrly eormTton? mafjnitudes larger than tro o,re 
quite uncoTt'-^.on,    This is typical '■"■£ normal dljjtrlbritiori". 
Some Jnterestlns and iisoful r.'-'^'plicatlons cf Table III tjlll 
bo given in Chapter    ?I. , 

Dex'-iations fron th©   'iOiJit-'Of~s.iPi of aircraft bombn TT3'.:,'illj 
•follov; the nornal clistrib itlon, v?it!i a standa'-:! -iGvi.-itlon in 
range   (along the t:^ac'k- of the piano) grer/cor than tho stan" 
dard deviation in deflect Lon  (perpandictjlar to the track of 
the plane)a    TherefoTSj  f   fjimole fixainple r/ould bo the case of 
the bornbirig of a carrier,  when the plane approachos on the 
boar*    In thin oase tho !sngth of the carrier is considerably 
larger than tke defloctii; 1 error5  so tliat 'iiisses are over or 
rmder  (Ic©*,  in range) rj ther. t'iSn right or left? and tho 
problem beconos a on^-.-K^yi onBional oase«    If the sto-ndard error 
of tho bonibardier -t bonb in range is <r $ and if the v/idth of 
the carrier is    a , thrm tho ii:)robability of hitting the car- 
rier T/ith (1 r.insle-brimb    roT) is 

.     Fj^(a/2c/)- ?jj.C" jo^) s 2Fy,(a/Pcr)  -1 

If the bonbrirciier ^s ^oprli> ti^^^img. ,ii.Q^^  tivs,eri^^ i^.ir^.. 
mich largf=?r than laDlH^in hStlvlSfi*: tl**'ari^crl t^liLl cJo^^ile rtlSs 
expected number .ol* ti^tsk '••CJn* tho*.(*•!;risir. f'afKl^I«il'«.»rw>.t'5>i*it5a3?#.j.er 
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 •• ••• •••. •", : ••*. I •• • 
is gc^ifj; r4#J^'« j ««• ^'1^ rioch^'arfj^LXs-r tjjian: ^ *J1 liien a fmother 
redn.ct^S^il.gr .C:*:roiS >;li»ll»'jio1?»pLTOdTia5*^/tfpot--o!--tf rjnal Increase 
in the ni-iS'iljer- of hits. Thin is another illustration of tlie 
general rule t'lat it Days noro to iriprove tho acc'aracy of 
the poorest in th-^ tean rather' than to invTove  .gtill further 
that of the best* 

The casjG TJliore more th--'ii one bo?ib is dropped is dis- 
cussed in Chapter ¥1. 

The PoisgoR Disti'i.biitio" «• In our discussions so far of 
random, points on a lincj we have considered only the ease in 
tjhich the length of the line Is finite. If the line is al- 
lowsfl to increase in length without limit, the probability 

' tl-at a f^iven rioint falls in aii^f fixed interval bbvlouely 
atji^roaches zero.     If5 bowe^:"^!'^ wc choose not ORGJ but a num-' 
ber of T)ointSj and lot this nunber gror; larger in proportion 
to the length of the linOj then the m'ob&bilit:/ of'finding 
any given nrmfoor  of .pointf? In any fixed interval rimy be ex- 
pected to approaeh a. finite lirdt* 

Suppose that on a line of length L , ItL points are ■ 
chosen on the line independently and  at randoru This proba- 
bility that any ono of these points lies in a glvr^n interval 
of length 3: is 

and by the bino??ii&l distrlbntion law^ the T?robability that 
exactly n of the MJ points will fjo found In th.s interval 

r is 

C\<L) ?      ..... X N '"^h-m       •  ■ 

a3 L approaches infinity it is easily sean tl'iat this 
approaches 

m ( '""""" 

The ezpectod value of    in    is 
00 

•    • • •       • • •      '•'iiV"' •       ••••••••       •       •       •• • • •• •••             •             •••• • •    •       •    •       • 
• • ••«       • •••       •          ••         ••       •• • •••••• 
• • •• ••               a^    !,;'»•• • •••••• • •• ••••   ••• ••••   •••   •••""•#«*^     •• • •••      •      •   •      • 

^a 



miHTfBBwrmC 

obtal 

P(m,E)  «   SS§i. (2.30) 

The Poisson distz-l'-nition occxira under more geiier-al con- 
ditions thr^n ths foragolrig dorivatlon wo-ald indicate.    It w£^' 
be, for exarirda,  that T30lnts are not distributGd miitoTmlj 
alons? a line, but with a density   .^(5-:)  5 whsra    x    is now a 
eoordi^is.te Kieasiired along the line.    In this case the esrpscted 
mimbsr of points falling in th© inter-vral    (^^is'^a^    ^^ 

E «      1      f (:r)dx 
J 

With this val-ae of E , tho probability that m   points fall 
in this Internal is still given bj (2,30). To show thisj let 
us Introdues a nQ\v coordinate j  5 definod by 

Y  ~ 

and change the scale aloni? the line so that    y    is imiforr! 
instead of    x .    Then on th;'s distorted line 5  the points are 
also distrib'utea pnifor-r^lyj  so that the expected mirribe? in 
the interval    (7x572)    ^-S eqml to   72^'7i 9 '^'^'^^^' ^^-i ^^ "^^^'^ ■ 
length of the int'.ai'Ts.l.    Hence the Poisson laif holds on the 
distorted line,  and £53ncs the transformation fTom   x    to    y 
is single -v-ali-edj it rnnst hava held en tlie- original lin3„ 

It is not o*/e:i nc3ces3arj tr- co?ifine the Poisson la?/ to 
the distribution of y^oirk^s on a rine.    If -ooints are iriclepen~ 
dently distributed cTer- a plane^ or tliror-gb m ^mluine, in such 
a -itray that the TirobabJlity cf any r)arti(?,\j,lar point falling in 
any given region is sj^iall,  then thf^ Pcdsson clistribivfcion holds 
in the form of IlquatJon (2.30)«    This result shc-\7S tiriat the 
Tirobability of    ■1    points being in e.n Intcvjs.l depends only 
on the expected m^TTibsr, and nothing e3,.3e.    This equation is 
the basis'of the Pofsson dlftrlbiition. 
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and the standard deviation Is f!;lven '03^ . 

cr ''^ » E're^) - R^fe) s R^ -4. f; „ £^ j. g (2.31) 

An important T)roT)erty of the Poisson ■dlstrihiition is expressed 
by this Gqi7,atioii! the standard deviation earia'ls thinsQiiare 
root of the e:jrDectGfi rmrabes'a If we choos-s r.r  'nterval ?'.mall 
enough so that t.ne expected mmber E in the intorva'.. Is one 
or two5 sa^plss containing ZQTO  or ?E xi?lll be frequent 
(l*e,, cr-i). If the interval ia largo enough to expect a 
hundredj then the usual fl'actimtlons about this esrpected 'ira.1- 
UG will be the order of tens tha ^iJLQ§^;S:Z& fluctuation ds- 
creasing as the ex-pacted yai.ue increases« 

As an e>'a.mr!le of the Poisson distribution we can analyse 
Table 2-3^) on Page 71. 

One Jronrlred points on a line of one thousand units cor- 
responds to a largo enough sample so that the Poisson distri- 
bution should hold reasonably WGII. Tha second r>art of the 
table shears the distribution"of these points along a line, 
as discussed in this suVv^ection^ Vl'e note the seeming tenaency 
to "bunching" x^hlch is alwr-ys evidenced bj randos events* 

If -WQ  cou.nt up the nuabG-r of intervals of ten units 
length (000 to 00^^, 010 to 019j —3 990 to 999) which con- 
tain no point5 we find that 34 of then are so charactej.'izef' 
(for instance 010 to 019^ C40 to 049 -"-^•- contain no point )j 
we find 44 contain one point | 15, two points 5 and so orit, 
There are one hundred pcints and one hundred intervalsj so 
the expected nunber of rtoints in an interval is unity* Me 
can therefore eoYdparf.- th*- -Vaetion of intervals having m 
points \7lth the probability PCf^jl) given in-Equation (2,30) s 

ra, no. points in interval   0    12    3   4    5 

Computed probsibii„ity, PCn^i) 0^37 0«3'7 O.I8 0.0-6 CGI? 0^003 

Observed fractioK. of cas^   0,34 0,^4 0„1!? 0,04 0.01  0.02 
••• •••• •••  • ••• ••• ••• • • •••• ••• • • •• 

^*  ••   •<-•   •  ••'•  •  •••••• 
•••   •   •  • 
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^■CfiiRSPW»' 
As an example of th© PolsBon distribution vm  can analyse the 
following ta^lo.;  ••••••      • •• 

• •   • * •••• •••• •   • 
T4BI-E 

• •• 

• •• 

• •• > 

.        -id 

•••• ••• •••• • • • 
•••          • ••• • • • • ••• •••• 

Randons sequence of oae hundred n'mb-BTS  bet-jeo: 
>ical of the behavior of a random variable* 

COO aad QQQ 

577 
737 
170 

059 

<.4-0 
000 
B7d 

131 
646 
680 
'\-\% 
699 

146 

C.<5 

60S 
257 
6'^4. 
255 
586 

673 

984 

360 
939 
089 
5'36 
193 
'592 
734. 
170 
947 
851 

359 
736 
318 
415" 
784 
760 
807 
346 
028 
293 

716 
701 
B3 
S63 
663 
094 
552 
205 
55'? 
313 

352 

3vo 

983 
129 
669 
491 
192 

423 
934, 
720 
838 
274 
790 

510 
364 

3&6 
337 

393 
17*^ 
187 
417 
187 
550 
P86 

032 ^.' •••. 

O '> '<-'. 
c. i. i ,■ 

74 t. 

110 
733 

960 

Tho«?^'  Es.rae hmidred nyirsbers shown in order of Increasing 
to shcr fluettiatlng beha'vior of success']ve differf^nces« 

000 
0?ff 
02 B 
Q\2 
059 
077 
OB9 
0C)4 
110 
129 
131 
141 
14-6 
170 
170 
j~t i- 
182 
187 
187 

25 
193 
205 12 

3 212 
228 

12 
4 11 

27 ??5 27 
18 257 2 
12 263 ^ 

"? 274 IJ. 
16 286 12 
19 ?93 7 
2 
10 

303 
313 

10 
10 

5 31» 5 
24 327 9 
0 32S 1 
1 
11 

^■J7 . 9 
1 

^ 346 . 8 
0 "Se-p 6 
5 355^ 3 
1 4 

3?9 
360 
384 
386 
39.1 
39s 
41^ 
417 
423 
430 
432 
491 

533 
541 
550 

5*56 
557 
557 

1 
24 

2 
7 
5 

17 
2 
6 
7 
2 

59 
19 
23 

8 
9 
2 
4 
1 
0 

20 

577 
586 
586 
59? 
608 
634 
640 
646 
to4sD 
648 
661 

669 
673 
680 
699 
/ U.L 

720 
733 

9 
0 
6 

16 
26 

6 
6 
0 
2 

13 

■7 
19 

2 
15 

4 
13 

1" 

734 
736 
737 
737 
744 
753 
760 
734 
790 
eo6 
807 
83B 
851 
B70 

947 
960 
983 
984 

2 
I 
0 
7 
9 
7 

24 
6 

16 
1 

31 
13 
19 
63 

5 
9 

13 
23 

■i 
16 
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stribrtfclon 
In the ■ 

The ,^.i§J-,r-IfjitJii-n.JiiJriAtloM. for :ti»?J?,I-p-XS^^o!-J 6.1:, 

intr*..:"...: .:.     ' •••  ••• '^" '" 
C 

^;,(^,-)  -  >]  ^H.n,E) ^   )     POn,'x)dx (2.33) 

■77here P(pijT'j) is given In Bqnation (2„-30). This interesting 
relationship v<?ho\7s that the T^robablllty that m i3o5nts or 
fe'7er- ara foimd in an interval with expected ramber E is 
eq;:!al to the probability that m points are foimd in an 
intert'al eaiial .to pr .lai'j^er. than one which T/oiild be expected 
to have E points. TM,s duality beti^een m   and E is 
another pecmiiar property of the Poisson-distribution. 

The '^oisson distribution r;ill apply in a very large 
number of lr,'!-!^o2*tant situations^ It is particularly coririon 
v/hen the, variable x is tirae« For-exariple the mmber o-f 
alpha particles emitted by a radltim Dreparation in a ci'ven 
■';;lme interval follo'JS the  ^'olnson lavi^  because the i^artlcleii 
v-iP- er-itted independently ?md.  at randors tlm©s» Tho number of 
teleplione calls rscsived at a largo exchange is also nearly 
?'n.n.d'j?ri over short Intervrals of tino, and tht5 Pols son law again 
"■nplics*  ' , 

This distribution Is also useful in studying problems of 
• ■■ "*~,al search (see the volur-ie "Theory of Search .and Screening"). 

. enerry mritB  are dlstrHmted at rand on over a region of 
t,:ie ocean of area A j and if a plan^' can search over Q 
square rdles of oce«^ Tjf^-^^ hour of flight, then thc^ expected 
miraDor of unitn sighted for a flight of T hours is 

E SI (KOT/A) 

In actual practice the enenj. units, are not ustially dis- 
tributed at rando7ij each independent of the -oositlon of the 
other« but in many cases (such as for the search for subma- 
rines) the results are sufficiently si-^iilar to those for the 
Poisson distribution to M?.ke a, study of this distribution 
profitable* 

For lr,stsnc€>5 .supi,u:;;-« i:,'iis.t the exoected mmber of enerriji' 
units slshted is S per  hour of flight5 and suppose that the 
naxlnium range of the plane used is 6 hours5 -s^lth reiximuB loaxl 
of gasoline^ For purposes «.f illustx^ation cf the method of 
Jinslysia., \m  v/111 assume that the T)lc.rio is supposed to attnck 
fnch,un|i^ltj.ee^;7:'^|i .^np bojib^..an^ t^.t ^ar.h  boril,> TOlghs the 



'^^ 

v^ith   5  bombs jcfLi'.r:*" •:•, i"i ."• .;/•:• I'T' *v ;?tfi;.:-«^ith 
2    boribs conld'«l^^«;:;■*-:'•..*; :..^.. :••:,...•.,**' .j..;*5 tSxli'i^ytrfmely 
slrr;ipl5.fled case rias bec^n dlscusseci  it xrJ.l.i'iiot B?f c*!L*f.f5,t?vilt 
to find raethoclr. for handling riore conplicatea cases ■:?'hich 
accord more closely nith real, conditions,, 

If the T5lano carr:Ies    "^   I^OKOS,  the Gspectod nrimbGr of 
sightings -nar flight is    E - S{6~M)  . aM the probability 
that the plane slghtf^-    r.    valto rier flight is 

|Tis(6^n)|^   ©s.K--^) ^ p [n,r(6-.!0J 

If m    is less than T'^ , all si -anits are boiTibcdi biit if 
la is larger than H , only Tl raiitji are borsbea because 

the plane has only ?! borsbs &long» The problem is to deter- 
iHine the valixe of ^T so that^ on the average^ the greatest 
mimber cf fsnemy  units vjill b©'bobbed per flights 

One could approach the probl-isni iTon a naive point of 
vi©'.?^ asp'.'uming that the plane ^JMX§. B7ade the erpected mirsj- 
bar of sightings per flight. In this case the.number of 
bombs ^1    should eqiial the expected number of ci^-htins- - S(6~LI) 
so th^t ?! should be tbs n.^arest integer to 1.63/(1 iS)^> 
This result turns out trt in- p.aarly the correct one, ^^^^ 
lh^lL„J«»gJj.»JS§IlA ^^Q^^ **"« expected number of sightir4gs 
per 6 nciir flight is less than 2  Cs<:l/3), the siuiBle for- 
Mola-would indicate that only £|20„bu.Tib shonla be carried * 
This naive reasoning, howeverj" neglects the fact that there 
is a- clmnee txiat Tnora than one unit wil3 be seen di-ring a 
flight, and if only one bomb is carried this exbra chance will 
bfi lost. 

To appraise this possibility in a.quantitative manner^ 
^7e use th«! Poisson distribution t^ compute the average j or 
expected, valtje of the nmiber of bonbs dropped ps? flights 

B a   >"'^   iiP   [n,S(6-T0]-f  IT     Z.^, ?\n^S(6-^)1 

^t r 1 « n »- _^ (l!-»n)P[nsSC6-T!)J 

* Vfc J-^V# •-■       WJ. -iJ Ji.  V,.' . ■.,■-.,..•.,.1.   :",■.:  ^ -^ V..' V t,",,;..', <.t^ ' J ,'■.''. '-^ '.:,■; ^'^-i, S'.'.i^t.r        •:  -•^■'■^lii 

'Ivy    ^!Q^'^1.•^     (O    '>A "■ J^il    J.C&UJ,^-      %'-».3-' ••       •       •       •••    ••«•    •       •    •••       •«•       «••    « 
•      •    •      •   • * •••• • •      •      « •      • • •••• • •      •      •• •• •      •«• •      •••      « •«   •• • ••• • •• •• • 
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»'. ««A'«nu w:At«M r x> ji.taRMatW.-au<Kui uiam^ laaVKt.iiv.-^Jt^Kmrjaief^siiM. 

s    « *        2 1 0«6 o»3 

^' as 1 1.00 0.99 ■  Oo95 0.78 

2 2.00 1.89 1/^0 i»a4 

3 2*92 2.33 1«64 0.88 

4 3.22 1.92 1.19 0.60 

5 1.98 1.01 0»60 0.30 

(2.34) 

\7e see that the na-ive reaecnins discussed above is good 
enowgh for    S s 2    or    1 ^ for %ho values of    T!   gi\'ing the 
largest expected vviltie of    B    are    4    and    3  » resp?^ctiv9ly« 
which are the ^/s,*l.lK5s given by the slrrole forraula      6s/(l+-S;' . 
But for    S    less than unity tho effect mentioned above ooraes 
more strongly into play, and it often tin*ns out that It is 
host to carry nore bo-Tihs than the simple formula, would re- 
quire ^   just to t.ak@ advanta:'j3 of the occasional tlries the 
plans 3ncou.nters more eneifiy yaits t'^an the s^xpeeted niinj'ber* 
For    S » o«,6    ?/e shcald ear.ry    3    "boTabs instead of    2  ^ and 
fox^    S r. Oa3    we should carry    2    hotifos instead of    1 « 

As a sonjevfhat jytoreQ-jJpllcated Gaiamplej  let ns consider 
the case of a. newj]boy rrho is roqiLlrecl to buy his papers at 
2 eents a.nd sell theps at 3 centre a'-id is not B.llo\~md. to re- 
turn his iin.sold papers.    He has roijnd by experience that he 
has on the average    10    ciistonrcrs a day, and that custonjers 
appear at raiido?'U    How tm-nj papers should, he huy7 

By "at rand.cT3*%  it is here -.neant that in the first place 
'the neifshoy has .no rsgu.lar cMstoners^ nho can bo cou.nted on 
to appear rertnlarlyj and secondly,  that as people pass him 
on the street,  one person is as likely to "buy as the next, 
Under these conditions \m may expoct the Poisson law to hold. 

HOT/ suppose that tha n0"?sboy buys    k    papers, and ths.t 
ra    customers appear,>     If    m    is equal tn or less than    k ^ 
m    papers are sc.l.d.*    The newsboy's profit is then    3ra-"5i'-, _ If 
n   .1^ ?.n:EtJ?r timr Jfj ,6rfl:t,,ik"-^^^i'!t ^^TQ-*%B .SOMJ,  and nid 
prcSfiii: r^ oSmcf^ly: k*!.   m^l&tp&cted t^?>£ii-t^ Ithsn is, 

• ««*A««««««Ma*«**a** «A* AK SABA A AA'A ' 

t/" 
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It   is,   easily seen  that 
k 

KsO 

.". .••• .••• •:• : •vl'.'ii^P 
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,m. LO 

ma 
E--kfl 

But since «© 

2tcO mT' 

This nay be written 

If me imagine the rsewsboy ,bu^!ing his papers one by one, then 
if he has already bought k papers, he shortld buy tlie (kTl)st 
only if 1S»{..,^2_ •- B. is positive. The nuraber he should buy is 

therefore t?ie lowest minbor k for wliic)! E^ 
C4-1 

E,., is 2iegativ0o 
A. 

Table   (2»35)  shov/s the calculation in detail „    Tlio flrat 
coluian gives  the  values  of kj   th.0 second,  the valuo;!*  of 
itfV^    for mskj  the third,   T;he values  of ^^     itfV^j  tl-ie 

ml . m~t)   '    "mli' 
fourth,  the values of S. ,,   ~E^j  and the last oolumn,   the 
values  of E^^.     The table shows cleorly that  tbo nowaboy should 
buy only nine papers,   end that his expected p>roflt  is  6*6  cents. 
If he mede the obvious purchase of 10 papers, his expected 
profit v^ouid be Gfj leas*     In this,  the losses he would incur 
Y/hen fev/er tlian the expected  10 customers bu3r, nore tljon off~ 
set his  Cains  if more  than  10 custonor cone  alone*    The two 
examples  shov/ the possible  errors  of the "naive"  point  of 
view,   and  indicate how the  difitrlbution f\inction  can bo  used 
to obtain a better ari.^?.f0r« 

• ••• • •• 

75 



£^J 

•   •      •   •       ? ••• •••• •••      * 

••• •••   •••   ^••. 
• •      • I   I 
• •      •      •••• •••   •••   ••• •   • 

TABLE   (2.3 
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5) 
. The NeTVsb<32f F 'roblGsn 

k 
msO k -J-1   K \ 

0 e00005 .00005 ,99935 0 

1 „ooo5 .0005 .99^5 «9999 

2 .0023 .0028 .9916 1»9984 

3 .0076 .0104 .9688 2.9900 

4 .0189 .0293 .9124 3.9589 

5 «0378 .0671 .7987 4,8715 

6 .0631 01.3 02 ^6094 5^6697 

7 ,0901. .S'203 *3394 6.2784 

8 .1126 c3329 »0013 6.60BB 

9 .1251 .45BO -o73? 6,6195 

10 .1251 . 5831 «/;490 6.2435 

11 .1137 .6%S -1.0904 5^4962 

12 .0948 .7916 "1.3748 4.4058 

13 .0729 ,8645 '-1.593!?' 3.0310 

<Eutg.»cuw.i2ui^'lM^L£Miw% 

.Sup"-303Q that a ^.mi too 'been fii'ed at a target 100 times, 
and tliat 40 hits ware obtained« V/e wish to make the "best 
estlrmtes" of the Drobability p that another shot fired 
fro'H this g^in- under the sai-^o conditions ^111 be a hit* MQ 
comi(»M«*i«dii«;'usal'*¥? thl-  ^wekS*c*L-si.«e.,;iilii^-'.ia.,tliis chapter* 



The crux of tnis problem llos ir.  the intorprotation oi' 

to deduce the exact valna of p. Airy formtaa v^hio^i o^cpressea 
t^e value of p In terr.13 of the n'oiiibor of hiits and nissea ia 
3ubJoc-c to errors  All we can cnlcalote ia the probability 
tiiat p has some given value. 

In spite of this difficulty ve  feol IntaltiifQly that the 
valu9 of p 13 "probsbly acmswhoro around" 0,40, That is to 
say, wo are quite sure that p is not 0.01 or 0.99 altho-agh vv3 
wouldn't bo prepared to deny that the valye la not 0«39 or 
0*4i«  In other* words w© night say that OeOl and 0,99 are 
"ur-reason&ble''' values of p* while 0 = 39 and 0.41 are "reason- 
able" velu3S,.  If '.V6 are asked why v;e feel that 0.01 iff an 
unreasonable value of pj, v.'e micht point out that tha prob- 
ability of gottinc 40 hits in 100 Bhots with psO.Ol Is, from 
Equation (2.15): 

IGOl  («01)''^0 (,99)^^ ~ 

which is about iC'^'^^j and is so snail that wo &an "rGasonably'' 
assume that such an improboblo event has not ta'cen place. 
But even if we toke pss0«40s tlie probability of obtainlnG ex- 
actly 40 hits in 100 shots is 

lOOS  („40)-*^ (.60)®° 

Which is only 0»08«  It Is not iriKiedlately obvious that this 
is large enouoh to make 0»4C a "roasonablo" value of p. 

In order to obtain a bottor criterion of "rcaaonablonoss./' 
or "goodness of fit" it has beco-ie usual to adopt o nbt?iod 
suGSested by Pearson. This method dooa not aim at obtainine 
a def:nlto value of p fz'-on the trials (as we have soen, this 
J3 rot poaslblo), but rathor soaks to detcrnine a ranc© of 
values of p v.-ithin which it is ''rea?onablo" to. find its real 
value» To test an ossuned value of p wo conpute just the 
consequent expsctod result of the experiment (in this case 
the expected nxornber of hits, 100;p)o The acr-ceniont between 
the octual result and tb.s expected result is measured by the 
absolute value of the difference between the two (in this 
cose I 40"-(100sP) ;). We now corfipute the probability that in G 
secon'd experiments similar to the originals Y^e Yi?ould obtain a 
result v;hlch is as far or farther fron a^reein,^ -eith the ex- 
pected result as the actual result of the first oxperlrnent 
differs froi.i th,1?s,»:<pf?c*:«»d;c*»sj-UO»» W®.4-/'i»¥» ♦:ot i».i-»*i«i)j>y. w!:ich 
ia equal to 1 ij? f';^«f frst; oxr5Dr|.!^ent ,fi«vo; ej-^^ct^iy ;V«.o je^sjioctod 
result, but oth^r?v?sa* if5'*L»3s W.an'i% •*?ht*f ??if!r.bwf rlrs* l^a'sen as 
e measure of the "reasonableness" of the velue of p tosted^ 
end if it is-too arriO.ll (usually loss than .05)^ the value is 



called 

be simplified by lislng the normal lav; as an 
ulation may 

approximation to 
the binomial law. To illustrate the process lot us calculate 
the "reasonableness" of any value p in the case of the gun. 
The expected number of hits is then lOp p, and the difference 
between the observed and expected hits is flOO p - 40|<.  If 
v?e 3}iot another 100 rounds, the agrecnont with the expected 
n\;imber of hits v;ould be as bod or v/orse if the number of hits 
Y/as equal to or more than 100pf»|l00p - 4:01? or if it was 
equal to or less than lOOp - | lOOp - 401=  If we approximate 
the actual distribution of the number of hits 1" the second 
100 rounds by a normal distribution ?/lth a mean lOOp and a 
standard deviation 

tx   sVlOOp(l-p)   (See Eq. 2.10) 
then the probability that the second series [^Ives a worse 
agreement than the first series is 

ijf   .^(|4O-lOOp|/0)® 2-^ dx' (See Eiq. 2.26) 

The values of this intogral are easily obtained from Table V 
in the back of the bookj or in '''Handbook of Ghonistry and 
Physics" or Burington's "Handbook of llathematioal Tables and 
Fci^mulaSo"  In the general case v/hero m successes have baen 
obtained in n trials this bocomea 

fi" r ir,-   •'(im-np i/ef 
wherecT'is equal to^ np(l~p) 

dx (2,36) 

Plots of this "goodness" of fit acelnst the assumed value 
of p for the cases nslOO^ ms40 and nslO, ns4 are shown in 
PiG. 12o  If we take C.05 as the limit of reasonableness then 
for the case n«100, ins:40 the values of p between 0.31 and 0o50 
are "reasonable" values.  In the case n:;10, ras4 the values be- 
tween »16 and ,69 are "reasonable" values of p^  It may be 
pointed out here that for such a small sample the normal law is 
a poor approximation to the binomial dis'cribution. Nevertheless 
in this case the range of "roaaonablo" values of p is so large 
that for most purposes it v/ould be necessary to make further 
trials before actlno; on this r03^jtltJ, while in the few cases 
where even the vagtie 
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can 

_ „ ^ - - - u    P 
that the r;oxt sliot^ f ir-ec! rrori th©  r;:'oin h5-t the  targob is aost 
likely equal to OJiDg  but  it corjld reasonably have a x'-alue 
betv/con 0.51 ar-.d 0.5, 

There is <.me cerioun disadvasita^e to thie nsthod of 
testing trial -:raluei3 of a ppobabfJiity;     the jnathod effoj^da 
no vic^- of tald.ns into accoijist any knoulodco t^xe nay have pos- 
sesiied before tho triefe which migjrxt have raacle  one'value  of 

p    raore_likely  than  another<>     If.   for example^  ?/o knet/  that 
tho  gun being fizzed xvas  one  of a lot all manufactured together 
in exactly the  aains way^   lancl that previous  trials  on' the  other 
guns  of the lot had all given values  of    p    noar 0^33   then  it 
is  obvious that in the  situation of Figure  12 the  value     Oo3 
is nore  "reasonable"   than the  value    Oo5    even  thougri the 
curves  ahem these values   a;3   equally reasonable o     In most  appll^ 
cations,' hoiuever,  ve have no such  information,   and although^ 
there  exists a real logical difficulty with the nethod it'is 
ordinarily safe   to Ignore   itc, 

,P« „,lLjS{^^pa£eiLlesi - A gr«at xmmbeT of trials 
ree^il'c in liiere than ,iiist jsiieeass or fail-jreo    For instance, 
a shot from a gun vaay hit the Irall's ©ye or the first or 
sscoM Ting as wall as raisis the target entirely^    Similarly 
a toirpsdo fsay miss the shl"o. may damage it,^, or^miy sinlc it^. 
If we lmoi,7 the geometry of "cbe -Difoblen comBletely* we sowa- 
timss may "fos able to commite the apriori probability    px 
that tho    iM;h possibility oceiir when &. trial is 'm.d&^ for 
instance,    p;|_    eouM ba the probc'billty of hitting the biill's 
i5je whereas    pg    ^'otild be the p,i''obabilitV' of-hitting inside 
the first Ting^ and so on.    OT^  to  ctike snoUier eTJxmple^ 
probability    pi    conld bd the nrobabillty of shooting dow? 
n lEcoraiAig plans vrS.:th a   "5"    anti-aircsraft battery when t 
lane is between   -65000 a,;id    4501)0 yards awiiy from the bat- 
BTf  (the gV-UB opened up at    6jODO    yards*' range)j    p^    the 

an lEcoraiAig plans \rl:Y,h a   "5"    anti-aircsraft battery when the 

te} 

pro'bribillty that the plane is shot doim trhen the range Is 
betwjen 4,s000 and 2^000 yas'ds, end p^ is the proba- 

bility of shooting the plane dovm. whan the range is less than 
2j000 yards. 

So gsnerslise from these examples3 we can say that a 
given tri&l rmy  result in s mm'iber of differeat Hpeciflc 

and 

stjnfber of diffeifent ways so that the valwe of the integer 

30 
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degreo of deta'i? -Il;* ^ki?.ik.«75*^l£ai'ii^.!iU£l3: thi?:^ciyilfi?i«    • 
The cmantity    s    is usM&'J.ly eallsct th?  '^w:7)beT.of clegreos of 
freedom" of" the trials«    In, order to co-nipl8t€> tho emirfioratlon 
of the resultss '7'^ m":s.3t aliJays inelncls tbs nogatlve results 
in addition to the    s    cliffsr^eiit sp?>ciflc rfJHults which may 
come froi^ a trial,  that is. v& -\BJ also obtain i>£|jg of thase 
specified results*    In other TrordSj  it is a?:-jays possible for 
the l-illet to hit neither the i.nill^s eye nor air/ of the rings, 
Imt to mis? the target entirely*    In the case of a die5 not 
onlv mv the faces    !« 2^ 3§ ^j or 5 turn up. but none of 
these-   (i.e.. 5  the face'sis;)    nay ti:.rn up.    In othar -^rords.  tha 
total nuixter of possible results for the treiel tiirri oirt'GO be 

1    plut; the nuK^er of degrees o::" fref^dora,  that in5    s + 1  ^ 

CciVj'esponding to each possible resiiilt there is an apriori 
pro'bf.tility    P'^j  Pp~,   -•™'-, p^j  —j Pg-f-ls whern the sum of all 
these  probabilities mJBt equal miity*  If now we riake n trials the 
Qjtpeete'd numfcer of trials which result in condition No^  1 will 
be'  m-: 3 and so forth«    The srm of all these Gxpected values 
must eqxml    n « 

But tha case vie are consMoring at present is the reverse 
of this» we  have Jisst m&d©    n trials an-3 we wish to find 
frori.thC'K "reasonable" XD.1UQB  for the protiability of occurenco 
of-each of the different res-ul.ts. In the n trials:, jf!^^ 

trials havc; res"altad In occii?rcB.ce I5 ^2 b-avereE'iilted in 

occnrreiice 2, etc= The SIM of all the m's i-nist equal n « 
From thifi wc* wish to deduce >?ea3ona'bls valuGs of the proba- 
bilities- p^ , ■ 

To "be rnore pre-^lssj we tiish to know whether the observed 
result is reascnaole on the hypothesis that the probability 
tlist a single trial falls into the i'th g.?o'ap is p^ " ^^% ^-^^^ 
!rhis Judgement can be m.3.c,  by calculating the y>robal>ility tnat 
a series of n trials with the given pr:;babilities \70i>:ld give 
a resmlt which deviates as much  or raoro from the- expected te" 
Bult as dees the obcorvGd result. Tho principal difficulty 
here is  in the question of wciMn one  result dexdates KOX'C from 
the oTf-eoted ret5i;ilt than aiiothor* For- example 5 consider the 
follotJiiig results* 

Group       1 2 3 

Expee-^e?!, SFoji,,^^* :*•• :;> •••, •••-2 •:• : 
,„ ^ ^ • • • •• • • • • •• •• , • •< 
?T*1?3 '   •'?•••••  .'! • •! ! •   • •      P,     •      • 

Tvial 2               5 '■ 12 2 

*- %■■■'' ' 



liliilHttiKir 

^5:?^!!^l:1•TJ^2 •L:fl?f?.Z|I«.5^;tei ac«\^5*^i^t ^rlth the  oxpectad 

asiae,. .     . 

The probability of getting a-particular set  of niffiibors 
KijL     in  a glvan series  of    n    trials  is  foxind frora the nultl- 
nomial eicpansion  of     (p^   -*   P2  ~-- ■•■ Pz/'^'^ v/here  the    pj_ 
cQntain i-he probability of failure  us vnll  as   of  success; 

p  ~ —. . .-      p^     -"-i^y \c:»^o; 

where 2/   = ^ "^ 1=      , 

It   is  easily shovm that  (treatirg ai-j   as  a coxatlnuoaa 
variable)   this   iB  a }VjB.xlr>-^vin. for    xdi   ~ rp.,',     Piittirg 

^^'-      fnpi)l(np2)l»..^Mnp-^-}l ^ "^^ '^^^ 

?/e have . 

Tills is a product of toras  of the fora 

ITOTV' if    m    sm.d.    np    &ro poasonably lEpgOf  ne raay ptvt 
(np)l =^ (EE:)^P    end   jnl ~ (S)^.    CUP typical tern tb 

® © 

canosj  aftop suitable exisansions? ftnil ■Gpp2/'o:dmatior:s  (for 
dotai-ls see PY-y "Probability and its Sngineerlng Uaea") 

(n 
[ion be- 

*,2 
e   * Sip '""' 

a i»93ult valid \v;'ien    a.    and    np    ai'o r;.ot too 'araull.    The 
quantity 

/^ f"; -'     ^     J"                           f p 7.t5 \ » ,.«„«^,...«v,.—».«.,»^..„                                          >^ /_s^y I 

• ••   ••••   •••          •   •••     ••• •••   •     i-'I*4 ••••••••• • •         ••           ••• •         ••••-••         ••••• • •     •••     •       •••     •       ••..••     •     • •         •••••     • ••         ••           ••           • •••         •         •••••• •••••••••••••••••••• •••       ••            ••••     •     ••     • 
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PAilGMICftiaClA I wwirnjci^^mfc 
I'm"'       ■   , .v,?-^t:!fj^| 

is called the hiAdm^ ^^ ^^i -^[^^[j^r^T^^^ t^ :": 
expected value•...•■'"!? :]«#«.;c!:?Ji :*•: .„• ,,,• ,:, ;      .;. ;,,, ;,,. 

■    1   ■ 1     p 

XJh.QT<i 

X' 2  :J.Jf    e^J—    (m^-np.)^^ ,.(2.40) 
/^D^.^ 

is tlie total dlve'fj'eysee of the' series of trials* 

rJe therefore see that excepr. for the constant factor 
^raax    "^^^ -Drobabll-it;/ of getting a given resiilt is a function 
only of   :x^  $ i?-nd rapidly decreases as   x^    incraaseso    We 
may "ise thla result to ssttlo the question of whic'i of txio 
results c'eviates inorff fTcm the expected resiilt:    WG shall 
state  (by definition) tlia-^- ^of tt'O given resvilts, the one 
Yiith the grentar ¥a.liJ.e of ,K^ de'tjiates the riore from the es:- 
pected results« : 

The probability of obtaining a resjtilt which deviates 
more than" a given resiilt fTom the expected result rmy iiovi 
"be calculated by direct swmn.tlon^    Appro:j:l£natlnn this sum 
by an Integral leads to the answer  (see Fry^. loc* cit») 

GO 1 r, 

V'h«3rs s 5 the "nuKb??!' of degrees of freedonr', in equal to 
2-^ "1 6 Tables of this fnnction are givon in-Fry and other 

worlds on statistics« For rcngh work 5t nay ho poi^nted out 
that V'(y7-'''-)   .is s^mll ^^her?, ;x-^ is.gin-iater than s $ and 
larger  (near 1) when x-    is njuch srsaller than s , A con- 
tour plot of this functi<*'n is given in Flg-ijre 13^ 

We can nor? return to Q'^able O..?)?)?, to point out that 
the trial fits the cownv'ced ov  expected VGl'aes hev'it 'which 
g5ves smallest va7!.-aef; of y- ^'' ,    In (;3»37) t-je hava s ^-2^ 
ni-^a^^    nP2'«12, ■ and npns=4 ,, In trial I.5 %®'^«i H2<105 

and wi-j»»5 » Thsrsforis., ly 
• • 
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*«• •••• ••• •«•• • ... ..-. ,.. -.-- .--  ,. 

?C^  a |. (^'«.3)2 +1^ (12^^12)^ ^1 (2-4)^ s (7/3)  . 

Therefor© trial 1 agrees more closely vith  the eyjpectecl 
values than does trial 2 * In factj cornraring these results 
with Fiv^ure 13* \?e see that the ehanee that the x=esults of 
trial 1 "really" corresDond to the expected  ease (the dis- 

■ cTBV&ncY  beinf^ s-^*mply chance fluctimtion) is ti7o In  three | 
'xfhereas the OTobability that trial 2 corresponds to the 
expscted cass Is only half as graatj ona in three. 

Usually only the resiiltn of a trial are knov/ni \w  have 
to asstiTn© valuer, for the D^S^ and compute? the chance that 
the true state of things ie no farther afield than the as- ■ 
sumedpStates The asstinption Tihich g5.ves the smallest value 
of X is the most prohable assuTtiption* 

Spjsg^-i^Svgje^ .. In a rocl^-et firing test the target con- ^ 
slsts of tvh  concentric Tlngi^^  one--10 feet in radliss, the 
other. 20 fe@t in radi'ds^ In a trial 25 rocl-'ets are fired* 
Of these 10 hit inside the smaller ring^ 10 , between the 
rings g and 5    outsida the riiiga« We expect from previous 
experi.snce that the hits are distributed according to the 
circular normal law, whose probahllity density is 

I¥^^     e ? /--^ 

We wish to test the validity of thia lawj and to determine . 
a value "of j* . 

Oiir method of procodin's is to apply the :^ *" test to 
these results nsin;;^ various valusT, of <r . If P('7^'^) is 
always smll for all values of a ? VJG  have an indication 

■ that the assumed distribution do^:i  not hold. If P(>7:2) 
'is large for some valnes of cf'j we than Imow that the re- 
sults are reasonable for those \'^alties. and the data are not 
inconsistent ^Ith the norrfial distrihiition. 

It is easily seen that the prcfcahillty of a shot hitting 
inside a ring of radlns r is (assuming the prchahility 
density gi^en above) 

• ••• ••• ••» • • •••• ••• • • •• 
•      ••••      •      ••••< 

••     ••   •   •      •      •••••   i 

1 " e '■ fffi?"-    •      • 
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Figure 13, Pearson's Criterion for goodness of fit 
P(>x2) contours of probability P(>x^) that 

fit is good, plotted against degrees of freedom 
s and against squared deviation x^. 

85 
C-6170 



••• •••• ••• •••• • 
*     • «     • • 

^ence   •   •      •   • 

I   •   • • 
A • • • •   • •itting in- 

uAce   •..:  .   •„••••- •••.,.,? .'ntc'ic'r- the obiter 
•ia*^; tbG  iraier sing5  bet^Cien tne ran-'ii,  ^^.^^^ ...utoiGc t-.f> 

IS i - e~>^':' ^ 

V' 

,;neBe mist l>e cotrmnrod with    n-^   «10,    '^g"*^-^* "^3"^  ' 

c,,^7,^gg  ^Vi^t -ere liei^in t7ith the hj? 
Then 

5:' s that cf ^ 3L0 

^t    «394 ^^1 
15,,  «.     .471 

P3 

r,   not" -^roceeG 

•K '^ fr 

in. the fal3.o^?ilng table 

,--   »    10 feet 

asaim    ^^ImLmM    l^s^st^^Iiia    mm^^sj^ 
9,^84 ^-oa.6 10 

ir 11.80 

, 3v36 

1.60 

r 1.64 

.003 

,800 

Total 
fvtta»Maf»i>^«'i» 

25^00 -•v 

PC^K^ 

1.077 

0.,53 

Kilr'i.e  3:^3 we  look ^.lp P(>'X'^)   lij  tr.3  table  for two dc:f;roes  of 
f ••..nilc'Tn.     It   ^s   aesn  thatfj'w 10 faet  gi\-e3  a  reaaonable r'S"- 

'  that  the normal law is reaaoxiebleo 

• •• •••• •••     • •••   •••   ••• •   • •••• •••   «   •   a*..-,  ,.rt  '>/> ^^ ^ 

•    •       •• •« •       •••       •-••••••00 oino 
••• •••• ••• •••• ••• «••  •••   ••     • •••  •  t •  • 



COftPfKNTIKfc   ^ 

(foet)      ^v6    ?^.7     :   ' 
• • •      • • • •   • •     • • • ••••      •      • • ••• •   • •••   ••• ••< 

• • •   t • ••• •   • • • •   • ••• •••• ••• 

•■' K -^ •        «03     .0^      „07 77    o77!>      .76 ,(:t5 U~J 

This  t-^.tile  3hoT7s  that-the riost rear.enable v?.Itie of (f   is 10.9 
foot, brit  that all valtien between    '\B    feet and 14»3 feet 
are reasonable 

iP(>A )> »05). 

Statistical aatr> on anti-subnarlne flyipc^ for three months 
gi-;re the follovrlTir^ f1,?:nreSa 

Month Homrs Flo\vn Contaets 'Mcurs per 
Contact 

2600 

3500 

40ro 

520 

66? 

Total 10,100 17 Av. 595 

The hoi^Ts 'Der contact seen to be rising-and r/e wish to "knov 
If the increase is significant. 

To testi  this let us t<9st the hypothesis that the hours 
Tier contact has I'emained constant at the average ^-alue 595'-. 
''.'e may then calculate _*■'(> ?<:'') as in the follov/lnn tablet 

:I^JMII ^SBtasla -liSBisisti coBtjisiii SMX§zsiiS£ ;aJj;§2:£gi3S£ 
•1 

3 

4»4 

6.a 

0.6 ,08 

0 .(X) 

0.8 c09 

A" .17 

S    ^   ^:^       ■''>X'^)    «' 0*9^' 

Obviously tho (^•ffW.r.-j-jovtj .^..^ 
• •    •    • •    • • •    • •    •    • • •    •        •       • • • 

• •    • • • 
• • • • I • •       • • • •    • 

*       '•'•■•■::. • '■■■ 

» •        • • • •       • • •        •        • 

B'? 



rnM,ci^f^i Klil 

••• •••• ••• •••• ••• ••• ,« (• •• • ••• • •••••• 
s     » •     •     IJ.im ii*'i.i *Ui.'.i.'.-«j   -JJ.'***.* i'r.-'-«.i.X V Itiif: i.J«> •__• 
•••   ••••   ••• •   •••     •••     •••   •     •   ••••   •••     •     •     •• 

'The material in the preceding chapter, and much that is 
included in the following chp.pters., are in the nature of 
tools which the operations' resr.F..rch v;orker fii:.d.s useful.  A 
fr?ailip.rity with these, techniques is necessriry for the workerj 
but it is not in itself a gur-c \;, i-oe that the worker infill be 
successful in operations res-.i en,. Just as with every other 
field of applied science, the improvoment of operations of 
war by the application of scientific analysis requires a 
certain flair Vthich comes with practice but vhicli is difficult 
to p'dt into v;ords« 

It' is important first to obtnin an overall quantitative 
picture of the operation under ST.udy»  One must first see 
v/hRt is simil'>r in op"rr-tions of a given kind before it ivill 
be worthv;iiile ^^^eing how they differ from each other.  In 
ox'der to make a s'cart in so coiiplex a subject^ one must 
ruthlessly strip away details (vfhich can be taken into account 
later) j and arrive at a few broad/ very ap.jroxlEiate "constan-fe 
of the operation". By studying the variations of these 
constants, one can then perha )S be^in to see how to iraprove 
the oporation. 

It is vvell to eraphasize tiiat these constants vt-hich measure 
the operation are useful even though they are extre.uely approx- 
inate; it might almost be spid that they are more valuable 
bc'Ciluse^ they are very approxiin&te.  This is because successful 
ppplicp'tion of operptions research usually results in iiaprove- 
ments by factorsVd" three or ten or raore. Many operations 
are ineffective cowpared to their theoretical optimum because 
of 3 single faulty cov^ponentJ inaaequate training ox^  crews^ 
or incorrect use of equipnentj; or inadequate equipirient. 
Usually \7hen the ''bottleneck^' has been uiscovered and removed, 
the iiaiDrovo-lents in  effectiveness are Pleasured in imndreds or 
even thousanus of percent-  In our first study of any operation 
T;e are looking for these large factors of possible improvement, 
They c-n  be discovered if the constants of tlie operation are 

^ given only to one significant figure^ r-nd any (ivester  accuracy 
' simply a..ds unessnitial detail. 

One miglit term this type of thinking "'-leT^ibnl thinking" 
A bel is defined as a unit in a logaritlinii., scale* eorres- 

1 • •'?■»; »,••.-■' •  ■•»♦.' »"■-. ••-,,••■ ',»' : •' o:« n::■>iJiit* 2.c5ts.5:'itiiniic graph papei' 
in *t5*.c?*ti'L-V* •'^•'••;t*' ¥•?.:.\?^**i:i ••• ;;:"o «5:ift*!MD<elfti^ .j« is 1 hemibel^ 10 is 
■^ henibe.s, 30 is 3 henibels^ anu lOjOOO is 3 iioiaibels.  A hemib 
is five aecibels.  An appropriate Bbbreviation v/ould be hb.^ 
corresponding to db. for decibel a, 

U   ■ ' 



ponding  to  a  .icHA'.:.:       I       :   : •..   •„. \ :- ti^^--^t-^::„   y^^i^o^as 
to n  frctor ■of 4i*oI ::;;-:%^% I.... r*:.-..,V^..*-.:.i:'roiSftii:,,.-:,.^^i**;-* 

It 
a  ract'- 

Ordinr!! lly  in  the preliminary analysis  of  an ooerntion, 
sufficient  to loc^e  the  value of the  con£t?,nt to within 
of three.     Henlbol thinking is extreiiicly usefiil in ?ny. branch 
of science,   pnd most successful ■ scientists eiaoloy it h-^bitu-lly. 
It is  ofa'ticularly useful  in operations  re.senrch. 

Having obtained  the  constants  of  the operation undei-'  study 
in units of henibels  (or  to one  significant figur^,   '.ve  take 
our next  step by comparing, tliese constants.     We first co.:pare 
the value  o£ the  constrnts obtained in actual operations v/ith. 
the  opti;aui;i  theoretical  vnliie,   if  this  can be coiaputed.     If 
the actual value is ?athin a nemibel   (i.e.  within a factor of 
three)   of  the  theoretical value^   then it is extreiaely unlike].y 
that any iraprove^ient in  the details  of  the operation will 
result in significant iraprovei.ient.     In tue usurl ce.se,  ho.-ever, 
there is a wide gpp between the actual and  tiieoretical results. 
In  these  cases a hint  PS  tc  the possible ueans of iKprovement 
can usually be obtained hj r  crude  sorting of the operational 
data  to  see whether cb^r.ges ir personnel^ .equipiuent,   or tactics 
oroducs a si-nlficant change in the constants.     In nany cases 
a  theoretical  study of  the ootlffiuiii values ox   the constants 
will  indicate possibilJ.ties of :'''.i'-^r^v«=Tnmit. 

The  present chapter Vsdll give  a i'^-x:  examples of  the  sort 
of constants v,-hich can be looked for  ^nd thr,  sort of conclusl 
ivhich may be drawn fro.,  their  study. 

sions 

7.     Sv.'eep Rates 
An important function for   some naval  forces,   pRrticu. Ri-iy; 

for sone n^vrl  aircraft,  is  th.'it of  scouting or patrol,   that 
is,   search for  the enemy.   In  subi.iarine vrc'U''.are   search is 
particularly i'-iportant.     The  submarine must find  tiie  eneray 
shi'o-jing before  it can fire its  torpedoes,   end  tiie  anti--sub- 
iriRrin'^  cr.-l't nrast find  the  eneiay submarine  in ord'M^  to attack 
it or  to route  its convoys- evasively. 

P^-'trol  or  senrch is an operation v;hich is  peculiar;iy 
^men'^.ble  to  operations resr^arch.     The action is  simple and 
repeated often enough xmder  conditions  sufficiently sii.iilar 
to  enable  sritisfactory data   to  be  accutnulpteu.     Fro;a  tnese 
data   Tieasures of  effeetiv^^jiess  can be  cofaputed p-riodicaily 
froK which  a  great denl  can  be  deduced.     By  coiip-^ring  the 
operational vplues of  the constaiits with  tiie  tJieoreti cally 
ootir:iui;i v'=lues,   one  can obtain an over^xll  picture &..  to  the 
eiiiciency oi   c-.-t-  «.«:> •'».''. ■••■ -    ,,,..jjn■.i-.i ■.,i^>«,'.f,.-.,-, .■-.^^   j-'--» '.•..Ji.-^>§aj...t« 
without change        •       ...       •        .   .        .   .       .   .it; 
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Cnlculr--.tio.n^_pf Constaj),J;.§..   In the  simplest case a iiurataer 
of  se-'^rcii units   (.e.g.,   eircrnft or subiinrine)   are  sei.t into  a 
certain are--     A    of the ocean  to  search foi" eneny craft.     A 
totpl  of    T    unit!  of  time   (hours or days)   is  spent by one 
or nnother of Vn^;  search cr^^ft in the area.,,   and'a number of 
contact'     n    -tvith an enemy unit are reported.     It is obvious 
that  the  tot^l number of contracts obtairica in a laonth is not 
a  significant me?sure  of  the  effectiveness of tiie  searching 
crsft because  this figure de/enas on  the lengtn of  ti:ne   s.^ent 
in secirching.     A nore useful constant i/oula be the average 
number of  contacts iiaue  in  the area per unit of tiiao  spent in 
searching.   (C divided bjt-  T) , 

The number of contacts  per unit of  searching  tine  is a 
sinple nerr;ure  vvhich is usefu.l  for  some   purposes  and not use- 
ful  for others»     As long as   the  scene  of  tixe  search remains 
tiie  same,   the  quantity  (C/T)   uepends on  tno  efficiency of 
the individual  searc/ilng  cr-u^t ana also  on  the nuiiiber  H  of 
enemy craft  which are  in  the area on  the  averat,e.     Consequently 
any siidden  chr^nge in  tliis qunr.tity would  indicate  o   change in 
enemy concealment tactics  or else a  change  in  the number of 

' eneiny craft present..     Since  this quantity deoenas  so  strongly 
on  the  eneray's  'actions,   it is not a  satisfactory one  to  co  pare 
against  theoretically o itlinuM values in oraer  to  see vpiether 
the  oearciiing effort can be appreciably iiiprovea or not.     Mor 
is it an  exi)eaient quaiitity  to use in co!,i,;'£ring   tht;  i.eaich 
efforts  in tv;o  di.t'ferent areas. 

A large  ^rea  is jiore difficult zo  search over than a   small 
one  since  it  takes laore  time   to covvrr  the .larger area  witii  th 
same density OL"  search.     Consequently  the xiuinber of contacts 
per unit  searching  time  should  be iiultiolied by  the area 
searched over in oruer to compensate for  -c/iiis area effect, 
pnd- s j  that  tne   searching effort in  tv/o  aifferent areriS  c:-n 
be  CO n=):red  r.n n raore or less  aqu'U  b-isis. 

0pera11 ona..'^,.,Jjfc'aui-.Ea.te.   One  fartner ,3f^rticularly  .•rrfitab.i.e 
: tep can be  tRkev>,   if other  sources of intelligrreoe rliovv' one 
tT  f^stirn-te   (to '.within  a factor of three) the  average-  r-iunber 
of enemy craft in the aren  v/hJle  the  search was going on, 

, The  quantity whis-h can  thei. be  eoMpUteS  IE  the nuTnler cf 
iarciied 
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ailos   pnr hour>   it-i.s i^uajly calltrci  t/ie  effective,   or opera- 
tionRl,   s^v  ep  T^y^l^^^ 1^^^ 1^^^ 2% ^°% T i°°     ^   S''-" n 

Oo^-rationnl  Sweep haterCon--  (HA/KT)  I^dkrejnlle^ '^^ 
^        hour(or day) 

C = I^o. Contacts; A™ Arer searciiea over in     ('i/) 
so. Mij.es; 

T = Total soarching tiuo ii. hours (or u'lys) ; 
K = Probr.ble Ko. Fneuy Craft in Area. 

This quantity is a neasure of the -'bility of a single search 
craft to find a single oneiny ur.it unuer '"etupl operat\--.al 
conditionvS.  It equals the effective area of oc an sv?e>t over 
by r single seai'ch eraf t in "n hoiTr (or day), 

!Sh.^M^llS^3l-3xi:i3JLjl3,^'^  S^-vee-o rates ca'i be co^-.nared 
Trom area to area and frc^ tine to tl-^e, si-.ce the e-^fect^ of 
dlTavent si ?,os of areas, and --'f di-fferent nnmbers of en*^piy' 
craft are already balanced ont,. Sxiest)  rates can also be' 
compared vdth the theoretical optimum for the craft in Question^ 
In  tno vojnme"Theory of Search and Scre8n^^R" it is shown that 
the fe^eep rate "Is eona"^ to t'.7ice th'- "efi-ectiTre later?^! range 
of detection'* of the search craft eqrjpnpnt, "!^7n-^niled''b-' 
the sn'-edof the s<^arcb c-nft. . '   - 

Theoretical Sweep i;"te Qt>^== SHv .Siiuare mJ^es 
hour (or aay) 

('3.-. ) 
R = Fffective Lateral Range of Dection in 

miles; 
V = Average Speed of  search  craft in ..liles 

per Iiour  (or uay), , 

A comparison of this swoep rate with the operational value 
\7iH provide U3 with the criterion for excellence v.liich we 
need. 

me ratio between Qgp  end Q-j^^ is  r.  factor v.hich  depends 
bo til on  the  effectiveness of our side in using  the  search 
ecuio' ent  av^ilabj-e,   rnd  the effectivone ^3 of  the er.eny in 
evnding  lietection.     For  Instance,   if  the  search craft is  a 
olane equipped v;ith radar,   and if the radsr is in poor opera- 
tional  conaition on  the averaire,   this  ratio v/ill be  corres- 
pondinLly di^ilnished.   Similari / if the  ei.eray craft is  a   sub- 
marine^   then Pi  reduction of  ti a  average  tiice  spent on  the  sur- 
face  would  reduce  the  ratio fc r  .i:earcii pl'^nes usini^  raaar or 
visual  .sighting.,o "^h^o raJy.Q, j^,] §o ,vp^ulc|_,pe ^^i^educed ^ifp^the ^area 
v/er'-^ covered bye tlie? sS£§rciUtn,j; ?:.¥ift ;in ,55;^ nbniprdh''prEi Jraajinpr, 
and if tb.e  ene.'iy h^i'ft'Uai&.ec "U^'c^iSigtfB^^t^o Iri.M'epiS^oV^^i^Tn.:^ 
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sabnaf-irfd li! tn-  -nres  ana during  tti'^ montii ..n ^ues-jion.    Fi-om 
these ant?^   the value of  the oper£„:,ional  sw-io  late,,   Q„,,  can 
be  coi3pu!.ed and is  expressed also on a h-ml; jj.   scKla.   'From 
these figures a mimber of lnter8;/,iri- concl;.3ions cai. be urnwn, 
and a miiaber of useful  su^,gestiorf.'cnn  oe :■■-in for tht  iwprov- 
ing of tho operational results, 

■'■e  first cOiiVDare   the oper?^tional  sv/eeo ir-te v;ith  ttie 
theoretically optimun rate.     Th-^ ususl anti-subDiarine  oatrol 
nlane flies at a  speea of about 1«0 knots.     The  aver-'j'e  range 
of visibility of a  surfaced U-boat in flyr.lle w-atxier^is 
about 10 miles.     Therefore^   if  the  subi:rhrir='s  i„'ere on  the  sur- 
face,   all  of the  tine during -^lich the   iU^rA:S were  se-rching, 
v;e  should expect the  th -  retical  se-va:' rcta  to bo 3,000 
squfire niles  oer hour,   Recording  to Kqtvtiou  (3.2).     On the 
henibe     scale  this  is a  va3.ue of 7.     If  the subiaarines on 
the. average  :^pent a   certain fraction oi   the  tine   subinerged^ 
then Q^f-i would be   oroportionrdly diiuiniihea,     V'e   see  thnt 
the  average value  of  the  sweei:)  rnte in legions B  and C is 
about  one  tenth  (two hehiibels)   s:sailer  than  the n--=xiiaura 
tiioeretical  value  of 3^000» 

Part of this uiscrepancy is undoubt;:.ay cue  to tne sub- 
mergence  tactics of  the  submarines.     In   ;?ct  the   suaaen rise 
in  th^  sweep rnte in r'^fzion H fro.; April to Llcy was later 
discovered to be alnost entirexy duo  to i  change in tacrics 
on  ti-ie  uart of  the  subrunrines.     During   the j.atte::* month  the 
submarines carried on an all-out attaeic,   coning closer, to 
shore than before or slnce^   and staying longer on the  sur- 
face,  in order to sight raore  shipping.     This bolder policy 
exposed  the  Jubmarlnes  to  too many attacks,   so  they returned 
to more  cautious  tactics in June.     The  episode  serves  to in- 
aicate  that at  least one half of tiie   two" h(.';aibel ciiscrepency 
betv/een operational and  theoreticplly naxiD'ora sweep rates 
is prob-'^bly due  to  the  subinerj^ence tyctics  of the  submarine. 
The  other factor of  three  is partially attribut-ble  to a 
deficiency in op':'rationai  trnining ana praecice in anti- 
submarine lookout keeping,     Anti-subnarine patrol is  a 
monotonous duty.     The average plane c^n fly'   for hnnf.red3 of 
hours   (representing rn elapsed time of  six i.onths or nore) 
before a   sighting is iiaae.     Experience has shovm that unless 
special   competitive  practice exercises  are used continousiyj 
perforn?nce of such tasks can easily fall belov/ one third 
of their :iaxiiru2m effectiveness.     Data  in  sinilar circuiistances, 
inenjFJj^rpsdj l?!l:er ^iF^^t/^i^s <0hPt|t<'g^/"*fi'^'^>%t.gJ.o j; „.*»(diversion of  ten 

■ym% c%r:t'ptl thf^°^o)g?ra^or?sl j;ef^ort in-|o°°Qg::?efxilly planned 
prr'Cftltfd'^Sfi" ffitfrft?--'°sr°tK#'-'ov^^J'all 'ori"ec'ti^<#ne"5s by factors of 
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We have   thus partially  exolained  the  ciiscrepaiicy  between 
the operational  sweep  rate  in regions B ana C anu  tiio  tiieor''t- 
ically optiraiun sv/eep ratej  we have aeej.  the reason for tne 
sudden incrense for one month in region B.    We raust nov/ 
investigate  the result of region A v/hich disolays ^  consistently 
low score  In  spite  of  (or  perha-- >>cxcnii=!«  of)   the lar.^e number 
of p,nti-subraarine flying hours in the  region.     Search in 
region A is consistQiitiy one henibel worso   (a lactor of  three) 
than in  the other tv/o  regions.     Study of  the  uetails  of  the 
attpc5cs  indicates  thnt the  3ub;rtarines v^ere not i/icre v;ary  in 
this region?   the factor of ttiree could  thus "not le cxpipinod 
hy assuLiing  that the submarines 3,)cnt ono-thira rs much time 
on the  surf nee in rc=tion A,     Ivor coulu  tr-ining ertirely 
account for the differenc'^.     A r.uinber of r^e'v sai^rdrons  iverej 
"broken in"  in region A,   but even tho aore experienced  squadrons 
tiirned in  the loxver rverage. 

Distribution of Flyijj>^ ^ffort, JL.    Iii  this  case  the  ?>cuial 
track pirns of the anti-subraarine  .iptrols in reoion A were stud- 
ied in oruer  to  see v/hether  the   )atrol   O'lr"" ^s cot'^ontroteu 
the flying effort in regions vhoro the sut/osrincs vere not likely 
to be.     This indeed prove^l to be the  case^  for it was found 
that n uisprooortionF-tely large frrctlon of  the tot-1  'uiti- 
su:marine flying in region A was too ^lose  to shore  to have a 
very large charee of finding a  submarine on the  surface.     The 
data for  the month of April  (and also 'for otiier i-ionths)  vms 
broken down according  to  tlie amount of patrol  tiiae  spent a 
given distpnce off  shore.     The  results for tae  one iaontri are 
given in Table  (3«5).     In this analysis it was not neces/.ary 
to compute the  svi-eep rate but only  to co.-pare  the nuiaber of 
contacts oer  thousand hours flo^vn in various  strips  at aiff- 
erent distances from  the shore.     This  simplification is 
possible since, different strips of the saine region are being 
coinoared  for  the   same  periods of  time;   consequently  the areas 
are' eaual and the .average distribution of sifomarines is, the 
sBiiie, '  The  siraplification is ^..esirpble since it is not knc/vn, 
even aooroxinately,  v^here the  seven submarines^  v.'hicn were 
;-)resent in the region in that raont|i,  were distributed among 
the off shore zones. 

A c'omparison of tho different values of contncts per 1000 
hours  flo'.m for the different oxfsiiore bnnds iiiuediately 
ex )lf^ins the ineffectiveness of the searc/; el fort in region A. 
Flying in the inner zone,   vvhere three ciiarter?: of tiie flying 
was iAone^   is or^y jojie;wnlri- BS.*>MFK;^*i.x;e. as  .jiyxn*' .».n  t#n^. 
outer zone,   \vh-?e :1^3 •^^fi: on*,per,j;e*:^,q,i, i^i^^, fjJ^P^ r^« ^one. 

or 
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Due pGiiiap^j  to   the large, ar^ount ox  flying ±ii  the inner zone, 
the  subm-Tiries did not cone  this close  to  shore vory ortou 

'•vhen they cnrif ana, 
zones,  hov/cver 
region B in the r.onth of 

ke;)t \7ell   EU./merged.     In  the outer 
,   they appenreu  to have b.: :n  as unvinrv PS  m 

riay. 

SiRhtinf;s of Subraarlnes by Anti-Subiaarine Planes^ 
Offshore Effect 

Distance fron Shore 
Flying time in sub 
region (in thousands T 
of hours), 
Contacts made in sub 
region C 
Contacts per 1000   .C.^ 
hours flovm        ^T^ 
Contacts per 1000 hrs 
floATO, in henibels 

0 to 60 60 to 120 i;;0 to 130 180 to P4Q 

15.50 

21 

1.3 

0 

^ o f u 

1 

C.60 

5 

3 

2 

0.17 

2 0 ^~ 

12 

2 

If p redistribution of flying effort would not have changed 
submarine tactics, then a shift of tuo thousand hours of 
flying nor month fi'on the inner zone to the outer (which v>?ould 
have raade aractic'^^.y no change in tne density of flying in 
the inner zone but v;hich would hsve  increased tirie density of 
flying in the outlar zone by a factor of thirteen) would have 
approximately doubled the nujiiber jf contacts r/.ade in the 
whole region during that riontji. Actually, of course, when 
a more uniform distribution of flying effort v/as inaugurated 
in this region, the submarines in the outer zones soon became 
more Vvary and the number of contacts p :T  thousand hours floivn 
in the outer region soon dropped to about four or five^ This 
still represBnted a factor of tliree, over the in-shore f-.ying 
yield, hov;over. V/e therefore can conclude tuat the discrep- 
^ancy of one hemibel in svjcep rate botv/een region A ana regions 
^B and C is primarily due to a naldistribution nf ,:)Ptrol flying 
In region A, the great proporid^jrance of flying in that region 
being in localities v/here the submarines xuive  not,  V.hen 
tiiese facts \:=Te   pointed out. a ceroain arao' i'l ed;.stri~ 
bution of flying was made (within the li..iitation3 inpos 

c"t«   xt xs a  i.ooc 

^44iufi^ ^?;>'.t:it* Qf'^uprovenent was 
in 5:cc.  I I',I I   :J unique  onej 

'oT'a *si*odat?ion often encount** 
ered  in operations  research.     The planning officials,   uid r.ot 
"nave  the   tir.ie  to make  the detailed analysis necessary for  tne 
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fillin.i in of T4II bh)'.' JTherin^i: tu.jj; i-|i1:i|;!.?ol5? ^f^f'^ 
vere "being i-mde o*i!  :i*dl^?ua^»w■i•■o•cJ*c?£a•il ,ti*->il; f'•i8-i\:-42-^^^ 
out.   and  t-iej" did not iirve nt h^ncl  the data   to  show  ■^afthis 
^?ns'entirely" vtue  to  tho fact that nearly nil  the  flyintj Vijas 
close  to shore»     Th=? dot?  on cont^rcts^  \;h,ich is more cons.dc- 
uous,  night jinve  actually p-'^rsuadea   the operations  o.:ficer 
to  increase  still  f'lrtner  the   rrojoxtlon of flying  close  to 
shore.     Only a  det.'-:iled analysis  of  the  a..iount of  flying  tine 
in  e?ch zone,   resulting in n   tabulation of  tne  sort given in 
TaK.'--  (3.5) w-s p.hl.-i  to give the officer a true picture of 
the^ situation*     rhen this had been uone^   it v/as  possible  for 
the  officer  to balance  the dj scernibl.-;  gr-ins  t-'  bo  obtninod 
by incresfiini^  tho .oifshox--^ flying at-ninst otner ooasible 
aetrimonts,.     In  this  c^se,   as v/i'th nost othors  ci..C0'interea 
in  tais  field;,   otlior  fnctorr' enter;   tne usefulness of  the 
patrol   plruies could not h'i nieRSureu  solely by  tneir  collection 
of contacts;,  and the other factors fe/vored in~shore flying, 

AnJiisubMarinG_Flylrig:„ili,_.t^^ An  examplo of 
tho  uie"'"or  aw ■ep'rrte"'for foilovdng   t?5ct;ical cnanges  in a 
phase of iT^^rfare '-vill   be  t^ken frou  the KAF Coastal  Ccuiiaad 
struggle r-igp.inst Ger:j:ian U-boats in  tne Bay of Biscay.     After 
the Geraans iind c"ptured Fr'nee,   the Bay of Elscoy  port;-: \^ere 
the  orincipal op'^>rfi tional  bpsos  for U-boats,   _Kearly all  ex 
the  G;?rnan Subi;if.rineB op ■•I'^tinir in  tlie Atic.ntic  went out and 
c8'-ie back throufli  the Bsj of Biscay,     About the botiinning of 
19M2 v/hen the RAF begr^n to h?ve enough long ran[,e  plan^^s^   a 
nuMber of  then vroro  assii^ned to p,nti~submarine uuty j.n the 
Bay t--. ^--T?S:J  these   tr-nsit U-bcats.     Since  the  subiaarines 
had to  be discovered before  they could be attached^ 
and since  the.::e planes r/ere out only  to attack, aubiaarines, 
a Liepsare of the" success of th ••  caiipaign was  the nuifiber of 
U-boat  sightings made by tne  aircraft. 

The  rel'wrnt d;^t?   for ti'iis  psrt  of  the operation are  shown 
in Figure 14, for   the  year?; 194<  ^nd 1943.     The nmnber of aours 
of anti-submarine   jatrol flying in  the Bay per uonth,   the 
number of  sightlntrs of U-boats  resulting^   and   the e;.tln?-tea 
aver-ge mnabcr of lb-boats  in  the Bny arer.   durir-c  the nonth, 
'ire Dlotted in  the up;)er  !)art of  tne figurCv.     From these  valises 
;--ne. fron  the  area  of" the Bay  searcned over U.30jOOO  squcre 
liles)   OX4.C  cpn co..iputG  the valu-^s of the opr^-r'-tional  sweep 
rate which are   shov;n in the  louver half oi   the  filigure. 

The virroh  for GQO  indic;ate3  tinat  t\<o  coiupleto  c:;cles  of 
-t;—-t*^'  ■■ ^-"<''-"^ occure'-' aurirf:  tn-v   two years  sho".vnv.     Th?:- first 
oal'X   OI    lyht^   '■Yl'^* u*.S* ,L•(,.'*■;.-; u   «a,i-,-.,»«i4   .j. 7»v>   i:*^~V  i"^'^--^i .i jj,. (;■., ,.^, v,,^, 
th^ ord"r of   ^pO* S'»i>-»r«u «'niA • ■■'    ••n-»ij»jor^  .vnj.i,sji»»n.<ix*..;E,ji.ii'.   • 
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•  i f*.: •'" •     •'*• •**' •**' 't* I  •••• ••• favorably ■ ith  1tj§i« li/ffeS  rafces jQi)j:'!ir;ea»%ri ;rej»ionJ iJ.sncJ d 
in Tabl-;  (3.4).     Ta^- i*ac*l?6r**c!!"icr (7,lTfSVer.r?« ijeti»«er?.fciit36^? v-i..ues 
and  tho  theoi-'eticplly maxinurn vnlue oi' 3,000  square miL-js p ;V 
hour c?in be expl'^ined^  as before,  partly oy  the Icnov.n aiscreo- 
'-•Rcy betv;een looliout practice  In ?ctur-l  opvr-tion rnd theorem   - 
ic?illy optim-'ra lookout effectiveness,   ?na in?:inly by  subuarine 
evasive trctics.     It v/ns known at the beginnin^i of 194''^-  that 
the  Diibraarines  came  to  the  surfr-Zne for  the u.osz part at night 
snd  st-yed  siibiner^i-ed duririfj; a  good part of  the dry.     Since 
most of the snti-subrar-rine  patro.LS v/ere durinij, dr.ylijjht,   these 
tactics could  account for a  pyossible factor  of  5,   leaving  a 
factor of 2  to be accounted  (p'^rhaps)   by lo-ikout fatigue,   etCr 

Diring  the early part of 1942,   the air cover over the Bay 
of Biscay  increased,   and  the   ti-ansit subraarines  began  to 
experience a  serious nui-iber of attacks.     In  the  spring a fev; 
squadrons of vadnr plpnes v/ere cquippeu for night flying;  vriUi 
search lights  to enable them  to laake attacks at night on tiie 
submarines,    V>?hen these rent into operation,   the  effective 
search rate for all  types of planes increpsed at first.     The 
night flying planes caui-ht a l^rge niunbcr of subniarin-^s on 
the  surface  at night.     These night attacks  caused the  sub- 
marines  to subinergo raore at xiight and surface more in the dajt- 
tir.ie;   therefore,   the day flying planes also  :'ounu more sub- 
marines on the surface. 

Ttie consequent additional hnaa.ra to  the U-boats forced 
a  countermeasure from the Germansj  for even  thouga the night 
flying was  a   suisll  percentage of  the  total  air  effort in   tiie 
Bay,   the effects ox  night attack on riorale  vvere quite  serious. 
The Gern^ns  started equipping  their submarines  Hitx. radnr 
receive' s capable of hearing  the L-oand rr-dsr  set'carriea in 
the British planes.     Waen  these   sets were operating prop:irly, 
they would give the subnarine adequate vvarning of the approach 
of a  radrr plane so  that it could submerge before the plane 
joould r:iake  a   sighting or attack.     Df^spite difficulties in 
getting the  sets to vrork effectively,' they becaiie raore and 
more succe;-:sful,   and the operati.>nal  sv/'sep r^-^te for the British 
planes dropped abruptly in the late su-jior of 194'',  roaciiing 
a value about one-fifth of that previously attained. 

■^''hen  this low value of'sweep  rate continued for  several 
raonths,   it was obviously necesi^ary for  the British  to inti-o- 
duce a no-i? measure.    This v,-ns done by fitting  tlvi anti-sub- 
narine aircraft v/ith S~band r-drr which ooult; not be ue toe ted 
by  the L-' and recelvec^^rsjc^a ^al:**-. ^»:Hti«nr» s*.>ibi.i<*»iiK(»€ jat  tk*' %»«i^i|iOj 
Cotni'iencing v/lth  the •rj|r|,^;05.' l'.^43, :l'^^,W"^.i^_9* r»t(:»»ftccjr<jiri;:',5^y; 
rose ngnin as more  '^ncir jri0]?e •?i'*ne3 ?vtjre*^it»tescf»?.'?t>fL* tht'•S}?o?*!?er 
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,    The  obvious Gerrirn counterra .'asure WPS  to  equip  the  sub- 
narlnes with S-b-ind receivers.     This.>  hov/ever,  involved a 
great ra^iny Uesigi. pnd namif^cturing ciiixiculties^   nnd these 
receivers ^vere not  to. be nvnilable xjntil  the fall of I943. 
In the. interim the Germans  sh.-^rpiy reauced the nuLibor of 
submarines  sent out^   and instructea  those  ivhlch uid go  out to 
stay submerged as nuch as possible in  the Bay region.     This 
reduced  the op ■rational   svi/eep  rate for  the RAP' plnnes   to  some 
extent,   and by the time  the U-boats had been equipped v/ith 
S-band  receivers in  the  fall^   the  sv/eep  rate ro':chea tehe 
sane  lov/ values it had reached in  tne previous fall.     The 
later cycle,  v;hich occurred in 1944..   involved other factors 
v,rhich re  will not have  tir.e  to discuss here. 

This  last exaripl---   shows how it  is   soraetlines  possible   to 
wntch  the  ov-Tall  course  of a part of -■•:.T£:^re by watching  the 
fluctuations of a measure of effectiveness„     One can at  the 
same  tirr^-  see  the  -ctual  benefits accruing from a nevf measure 
and also  see how efreceive ar-^ the counteri.ieasures.     By keep- 
ing a month-to-nonth chart of the quantity,   one c-^n time  the 
introduction of nev/ measures and also  can  assess  the danger 
of an enemy i.vvasure,     /•   number of other  exaraples of  tnls  sort 
vdll be given later ir  this chapter. 

8.  Fxcliango Rates 

.a  useful measure  of  effectiveness for  all  ferns  of v;-';rfare 
is the  exchange  rate,   the  rrtio between enouy loss anu your 
ovm loss.     ICnov/ledge of its value  enables  one  to estiraate  the 
cost of any gi\'-on operation axid  to balance tills cost against 

other benefits accruing from  the oper--.tion.    Here again  a  great 
deal of insight can be obt-ined into  the  tactical  trends by 
comparing  ex^^hange ratesj   in particular  by uetermining hovv 
the rate depends on the  relative  strength of the forces involved. 

\c!rien  the engr-genent is between  siiiilar units ps  in  a  battle 
betv/een  tanks or betv/een fighter planes,   the units of  strengtih 
on each side are the  sane a3::d the :)robj.era is fairly straight- 
forv/ard.     Data  are needec. on a  large number of engr;ge.nents 
involving  a   range of  sis'^^'S of  forces   ir.volveu.     DPta  on  the 

•   str^ettgfii  oij cle ^ppi*£edj«*»rce€  al> th.i> be^mnxng of each 
•.iSnaiii'^J^yuIS'i;^. ^^••tij^*5-^?***i tir^ J^^^ both   sides are 
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These  clm^ Ihr^p.ibe «ut)^eclfc^wu, t'^,.stf:tij{fic|.i •|n*p3IS'*^s needed.     The; 
to deternine  the*t.iei^o3;fde^-ree*'<si'itf»»i*o's«<i5 iJu tfche .'jjyj^j:; i^ ators 
involved. 

Suppose m and n are the nujaber of your own  and oneny 
units i3;volved, and suppose k and 1 to be tu-e respective 
losses in the single engrigeiients.  In generrl k and 1 v/ill 
ue'er.d on m and n and the n'lture of the uejenuence is 
ueteriained hy  the tactics involved in the engageiaent. For 
instance if the engngeiient consists of a sequence of inaividuBl 
coi.'ibnts between single op;)osed units, then both k and 1 are 
oroDortional to either m or n (ivhicnover is snaller) raid 
the cxcjiange rnte (l/k) is independent of tho size of  the 
opposing forces.  On the other h'-^no. if ench unii on one side 
gets fbout an equal chance to shoot at each unit on the other 
side, then the losses on one side v/ill be proportional to the 
nvDBber of opposing units (thrt is, k will be proportional   - 
to n, snd 1 v/ill be proportional to m),  These mottors will 
be discussed in further det?=il r>nd from a souev/hat different 
point of viev/ in the next chapter. 

Air-to-air 6oiibpt. The engagements between Aiaeric-n and 
Jap?nes^ fighter^ ^-ircraft in the Pacific in 1943-4^ seen  to^ have 
corresponded nore closely to the inuivicxual cora;..at type of 
engagements.  The data which hav:; bee2n nnalysod indicate that 
the exchange r-^te for the U.S. si.,e, (l/k) was approxinr-toly 
independent of the size of the forces in the engrige/ient.  The 
percentage of Japanese fighters lost er eng^i:;er.ient seens to 
have been independent of the nuiiibers involved (ie., k was 
DroT-rtional to n) ; .?here?s t)ie percentage of U.S. fighters 
lost oer engngenent se':'r'iea to increo.se with pn increase of 
Japrinese fighters find decrease v;ith an increase of U.S, 
fight'^rs (ie,, 1 "?^s also proporti .nrJl to n). 

The exchange rPte for U.S. fighters in tlie Pacific during 
the years 1943 and 1944 regained at the surprisingly higii 
value of approxiriately ten.  This circuiastence contributed to 
p vety high degree to tiie success of the U.S. Kavy in tae 
??cific. It v/as, therefore, of import'"nce to analyse as far 
as possible the reasons f r this iiign excuange rate in order 
to see the iinport-^nce of the various contributing, factors, 
such Rs tr-^ining and cojibat experience, the effect of the 
characteristics of plsnes, etc.  The problem is naturally very 
comple::, and it is nossible uere only to give on inaication of 
the' relative import"nee of the contributing factors. 

•       • • • • • ••• •       • • • • • • • • •• • •       • • • • ••• • • • • •    •• • • •      • • • • • • • •• • •   • • • •      • • « • • 
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Ion.j;?,*e«iraxiLlng vinian. the U.  B.  pilots undeTOant comtja^'ed 
to ^aie jcipanese pilots.    A thoroughgoing study of the 
results of training and of t^Ae t.ropej> balance between 
primary training and operational Br'^ctiea training bas 
^2; ^f^ ^1®? -^!^?^  ^° '^^--^^ a qiiantxtativ© appraisal "of th« 
©xfects of  traird-ng is as jet impossible.     later in thjg 
chapter ^e shall gi7e an example which indicates that 3t 
someoinies is worthwhile even to ?JitMra^>? aircraft froa 
operations for a short time in ord-a? to fiv.-j them in- 
creased training.    There is ooiisiaerable'neecl for furthar 
operational research la such pi-ol^lems.    it is sus;i39ct«d 
tnat^  in general,   the total effectiveness of mamr'^orces 
i?ouia OS' increased if somov/hat more time were given 
to refresher training in the field and slightly^less 
to operaticns. 

ThB comlsat experlarice of the »ilr,t involved 
i^^ S, P ^^^ ^-^^ J^'^^^ ^-^^ *^^® ^-^"6^^^ exel-:.aiige rate.    The 
RAP Pigiiter Commansi OperationB Research Gronn has 
studied the ehajace of a pilot being shot dovm ©s a 
tunetion of the mirabar of combats the pilot has beeji -Ui 
Ihis chance decreases by about a factor of thrae from 
tne first to the si:cth coralaat,,    A study made \rf the 
Operations Rosaarch Groupj U.- S,  Array Air Forces    •?n'?i™ 
cates that the chance of shooting down'the eaeay^when 
"^^l® P a.combat increasas 'by fifty Bsrceat or iaor© 
with incraaslng experience,, 

The exchange-rate %'ili also depend o.n the tv-pca 
o.i_plaries entering the engagement,    An analysis of'" 
Bntish-Geman engagements indicates that s^rftf-ir-e 9 
SS^ a-^^fxchange rate about tM?ice that of Spitfirc'e ^, 
The difrerence is probably mostly due to the d^fv^erense 
in speed, about 40 knots.    liisrG are indications that 
the exchange rai;e for FbF-^ is cons icier ablj? larper 
than that for the .?6B'»3.    Since tha factors of'tralvi- 
ing, escperiesice^ EM plane type all ai:;pear to have ieen 
in the fawr of the U.  S.,  it is not "jnirprisliig that 
the exchange i-ate tui'md out to be as large as ten, 
Ijeverthaless,  it v^ould be of intarest to cai-ij-'if out 
further analysis to deteimlm ^mioh of these factors 
is the fso3t important,, 

•• •••• ••• • ••• •••   ••• •   • •••• •••   •   •   •• • •   • •   • •      •      •••• • • •   • •   • • •••   • •••   • ••     ••   •   • • •••••• • •• •• •      ••• • •••••• 
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■betrmon v.xr ts of  ("l<T'?T'e^'^*^r*t«!* •f.^o•ff-■■oTfJ•9^! h&^f)--'hs* •*•* 
noxe  complicated» For one thing, a complete balancD 
of gain and ?^ofls can only be obtained when it 3 n •oossible 
to co'^pare the value of one nnlt with one of a difre- 
type« The question of fe relative valuas of differ- 
ent units in an engagement will be taken xvp  later in 
this chapter. In some cases of nixed engage-^ents, how- 
ever, it Is posf-ible to gain a considerabls Insight 
into the dynamics of the ■■"'arfare without .having to go 
into the veiclng question of comparative valiies. 

An interesting oxa'^iple of a Tnixed engagenent is 
the attack on convoys hy  siibnarlnes. Here an additional 
■factor enters the picturej the nurnber of ec^ort vessels. 
The-^efore there are three forces entering . ach engage- 
nent, the nanber of nerchant vessels In the convoy5 
n, the number of escort vesr-elsj Cj ana the    nunber of 
TJ"boats in "the attncl^ing packj n* The two losses 
diirlng the ongage'-ent x^h^ch are of interest here are 
K'j the nii.nber of merchant vessels sunk per -oask attack, 
and I5 of Interest here 5s (1/k), the number of srb- 
"^ar5nes sunk per ^.erchant vesr.el sunko 

As an escarnple vie  will consider the data on the 
attack's on TTorth Atlantic convoys durl.ng the years 
l^'^l and 194P0 The tJne is chosen after the Gar'-^ans 
had introduced their wolf-pack tactics, and before 
the Introductir-n of the escort carriers, so that the 
nerlod '^n&s  one co"r)as''ative ft^.billtye The first^ 
and nerhaps the rost i?v!port-nt asno'ct of the f'ata- :• 3 
that the nuriRber nf nerch.&nt vessels Bxin'-  per paelc 
attack ti!rned out to be. Independent of the mi^ber of 
i^'^^rchant vessels ^n  convoy. This is sho\?n in the 
table on. t^iO following pagee 
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1 niiiii I hi ijii yir~ 

.,.:    ;^-;r;™-|p-;^j7-7., -     ^-«^ 

m s TJo, ^yv in Convoy, c = No» Escorts ^ n - :Jo^ U/B in Pack 
■'" " li/V sunlr per enf^ace'-'ent 5 I « u/B sunk per engagonent 

IndepsndenceLof TV? §imk on Cnnvoy Size 

m 
Range 

■fean 

"!oa Tsn^^age-ents 
•^, 

n, 

ean 
^ean 

15-24 25-34 35-44 45-54 

.20 30 39 48    (3*6) 

8 

7 
7 

11 
6 
7 
5 

'I 
6 
6 

7 

7 
5 

Hsrs the data are sorted o^t accordln.r; to sise of convoy5 
a'^^d spreads nver a ranf-5;e of nearly one henibel„ never- 
theless'the nean valne of 1' for each valwe of in is -inde- 
pendent of m \7lthin the acc'-^racy of the data* The nean 
values of e (\nd  n are also r.iven  for the drta rhosen, to' 
shoT7 that the-^'r ave-ages are fairly constantj and there- 
fore that the restilts aro not due to a counter-balanc5-ng 
trend in these quantityes. As far as the data show, no 
more vessels are s'anl'  on the average from a large convoy 
than are sunk from a snail convoy when attached. In 
other words, the Dorcentage of vessels sank  froi a larf^e 
convoy Is smaller thaTr^tfie t)ercentago of vessels sunl' 
fro'^ a snail convoy, This is the fnnda^isntal fact vjhich 
na^-es convoyinc -orof5 table» 

The number of rtercSiant vessels nunk per ennage- 
tT*'ent does flonend nryon  the mmbor of escort vessels and on 
the mmber of U-boats In the 'oac^'y howex-era The depend- 
ence of ■■ on T^-boat -nac^ SIJSO is sliovm in the follo'-dng 
tables 

•••• ••• 
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n 
1 3.6       7 

• •••• 
• *• 

• •••• 

ean 

Tlciwber of 

I'r^ riean 
o, ^Gan 
(iSfi/n) 

0.9 
6 
5.4 

-^2 

3 
7 
5J 

22 

4 

4B0 

14 

6 
8 
3.4 

Ave"ages 
(\?elghted) 

.^8 total 

6.7 
5.1 

(3.7) 

Here the data are sorted out, accorcirl ng to'   n    oirer a range 
of rnore than two hemr^bels*     %e quantity    k    Itnelf 
cha-'^es by a factor of txTO henibels over this range? 
br.t the caiaiitity  (k/n)  stays constant vjltlinn tho aeciir- 
acy of the data. 

The dspeyidence of ths quantity    :c    on the m^nib^:: of 
escort vessels in the convoy is  shown In the pert  table. 

Dependence of n/V SimK on Ho». Kgcorti^. 

Banne 

Tfean 

No. Engagements 
k,    ^fean 
n,    '''©an 
(fcc/n) 

1-3 

2 

6 
4«5 
3 
3.0 

4-"6 

42 
3.4 
4 
4«2 

7-9 

8 

10-12 

11 

25 13 
3.0 1.1 
4 . 2 
6.0 6«0 

13-15 Averages 
(v/elghtecl) 

14 _..„   -■ 

2 88 total (3.8 
2.0 

10 3»8 
2,8 4.9 

Hero ths data are sorted otit according to c over a range 
of nQHTly-  tT7o h0n:ibels. Unfortunately a sorting 
according to c has also raeant a partial sorting 
accord-3 nr to n, so that the valne of k flnctnates 
rather widely. It is nerhaps alloT/^ble to say that "k 
Is inversely nroTOortional to c, althotifijh this inverse 

• •• • • • 
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dependenqe,,t40s;^.n.Qt .seoM.^o »)qlu  Jeff's:; iV^lsris.!!  »y- unity. 
VJeiniye l^ire: lOAnrS;.  S®1r i*i<J9j;.:caa}jge4 :noJ:4vr;r,   Mid fizie poin ts 

Consequently we can soy that,, .vlthin the  nccurncy .vhich ^^ 
are considering here,   and over  the intermeaiate ran&e of ■VV?LXLOS 
of  escort  size  and U-boat sizo,   the number of merchant vessels 
lost   >^T peck nttnck is propjrtional  to  tue nmber of U-boats 
in  the  ^osck cna is  roughly inversely   rrooortiou,?!  to  thp- number 
of escorts. 

MMk^!XmLlMMnj^G..MiS^  A  similar analysis  of  tne  sub- 
marines  sunk during thes-.; pack attaclis  show^  that 1,   the nuiiber 
of U-boRts  o-ank per attr^ck, :.is  ^^roaortional  to the nunber of 
U-boats in the orck,   n,  and also proportional  to  tiie nunber 
of escorts protecting  the convoy,   c.     To  txie ap.,)roxiiuation 
considered here  ,   tlien,   the  two quantitlea  turn'out  to be 
ae-iendent on  the  forces involved in  the ninnner  siio-.-zn in liquation 
(3.9).     The  corresponding exchange rate is also given in this 
equation: 

k-5(n/c)}      /-(nc/100) 
(3,9) 

P^s pointed out before,   the dependence o.: k anu 1 on n and c 
does not  oxte: d  to   the ILiaits of very  small or very Isrge vnlues. 

Nevertheless  the equnti'ns  seen  to be  rersonably vnlid in  the 
ranges of practical  interest. 

The iraportPnt fncts  to be deaucea from this  set of equa- 
tions seem  to be   I   (l)   the nuraber of  ships lost per  attrck is 
indeoendent of  the  size  of  the  convoy,   anu  (2)   tiie  exchange 
rate  soeris  to be  proojrtional  to   the  square of  the nuinber of 
escoi't ves-.els  per convoy.     This  squared effect comes  about 
due  to  the f-ct tiiat  the nwiber of uorchant vessels lost is 
reduced,   and at  the   s^^ne  tine the nuiiber of U-Borts lost  per 
pttack is ircrensed.   v/hen  txie escorts are  inci-easea,   the 
effect coning  in tv/ice  in  the exchange  r^te.     The  effect of 
[jack  size  cancels out in  tiio exchange  rate.     Fron  any point 
of view,   therefore,   the  case for large  convoys  is  a    jersur^sive 
one, 

7."hen  the figures  quoted here were presented  to   the ap iro- 
.^•^!i?'•u^ •ItltiioJ'f t* fiSV gtfCittfilv'JtfS: tf.f:st  t'J.nrvcreas^:'  the  nversge 
Is5ze'*>if ;cor!-0'4-)yS.,   tfierlfiy: ?iJlso S,nsrr52 5!i:;n:-   tne average number 
01   escort vesse.is-per  convoy,     AS oiten occurs  m case;-: oi   this 
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sort,   the c cventiiajj £f^3;n; IVR;> nuaii jGiffLl!ii tijai-^.^Ciific _jroultf;ea 
by the  above renSTjnlnf,, •bf5c»-»-K«-?*l»y.£ri*cjiQ?i.,l^^£; covypjJ*5.n|:,^(«£cort 
size   the   vxciiai.g^   rnte   (U,/3  sunK)^;i/V  sui.k)   v;rs  iiicreo.soa 
to  p  point  ■,vh<=re  it  became TU.,.irofitnb'i.e for 'tue Geruans  to 
attack Kcrth Atl^^ntic Convoys,   ana  the U-Bonts  ■:Gnt el3G.,iiere. 
This  liefept in the Korth i^tlRntic  conti-ibutea to   the   turning 
point in  the  "Bottle  of  the Atlantic". 

9.   Conoarntive ^ffectiyer^ess. 

In many cases  of ii.iport-nce  it  is necessary  to  COL.pare 
the  relntivo offectiveness of  two different \7^-^;ons  or  trctics 
in g^ii.ing sone stratet^Jo end.     It is pos/iib'j.e  to Ccostroy 
on'^my shipping,   for instance,   by using  stibu'irines  or  by using 
pircrnftj' it is   jossibie  to combat onoray suor/inrines  oy attacJ:- 
ing  then on the hi^jh    seas or v;hiiG 'tney '^r-: in harbor,   re- 
fuellngj  it is  posr.ible to us-; aircraft in ntt^ckint sneuy 
front line  troops or in destroying munitions laccoriGS.     Such 
CO. p-^risons ?re a.lw^ys difficult,^    It is  often uoru  to find 
a coKuaon unit of /nensure,   and irequei.tly political  pnu other 
non-cu-^ntit' tive psp^--cts raust enter into  the aecision,    Never-. 
thelosG  in   ohese  CP^OS it is important r^nu useful   u.at  the 
operations T9^<.f-:Prch worker be  able  to .aake  n.i objective ani.; 
qurr.titativ^ a coriparison ns ;'.ossib._e in order  to  Insure  tlLat. 
eriotional and    ersonal argi..iiients do nor cariv   tiie uocision 
by default. , 

In such cases an iM;iortant pprt of the   ■robieui lies in the 
choice  of an e-,;uitf'ble and usable unit of coi:ip' rison.     Cra'e 
must be  taken lest the  choice of  sont- units prejuuice  "Che 
rp'^ults by onittinj  iraportant aspects  of the p.roblen.     In fact^ 
it is   sometines  pltTiOSt irnposiible  to find r-:  practicaDlo unit   •' 
of neasurehvhicti does not prejuugc   ti>.e probleu  to   some  extent. 
It is  therefore important for  the  opor-tions research   ;orker 
to  estinr'te  'S objectively os possible vmau aspects  of  the 
problem must be laepsured and what_ can be n"gloctea  ivithout vit- 
iating  the  results.     Sorno importont iraponcergoios must bo left 
out be'cause  they C'';n  t be expressea in e^uentitative  terias. 
These onissions must be  recognized  so   that  tney ury  be given 
their proper v/eitiht in the final  decision.     For ins-cance,   the 
effect of bo; .bini: or of  area gun-fire  on raora.:,e are WRtters 
which cannot be  adequately   ^x.-iress^jd  in numbers.     It is  best, 
tiierefore,   -.vhen discussing  tiie effects  of boubino or oree   fire 
til  coiu'ine  the nirabers  to phvsical results and to point out 
tliat  the  restating ninabers  do not incluue   the  efiect on morale, 

Vliere  diso^rate.'Csc:tir:.'^fr^ri;o:jii: V^i.Llf^^id.f tt i'^'nt^'tr*. 
be exoeeted  th^t  the »^Y**S^>KV^I^"  ^i-^*'^;t^^^L'iL--|!^i^.:l'^:H^^:..* 
-"ccurflte.     Kence,  unles's   ti.'"result's  for* tx'" 'I'ter*'-t'ive'**e'ci*oas 
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diffsif* fe».*»i'R;:*l!!:.»;** *.J* •••;'^:»''lJi'i1*.o:':' ;So*i*e.| tiXfiJ; Jiiijould conclude 
thai ^i-»nlt^ri:^ii'I-'^'''*^'"»*'    •••r-i-jd^-J4.^^^"-y^i^^^ One night 
s^y  tn'^?,*Thfe*'nori-qV'';Vii1?il-SiVo  Rspects oi   tne  decision woulu 
often be able  to counterbalance differences of  factors of 
two or less,   but shoulu not outv/eigh oraer of ripgnituu,® 
differ "'nces^ 

Effectiveness of Anti-ship '.VeGoons.     In m-ny n?.val probiens 
it is  inportnnt  to be ?ble  to- rissess  tiie relrtiVG importnnca 
of  ship dv.iapge  to  siiip  sinking'     Ii^* such cpses  a   )rofitr-ble 
measure of co;-'pari3on is  the  pvnount of ti;:e  a  docicy-ra will 

, take to make up s  los--..    A aaangea ship rcL/aires  so nuch uock- 
yard time for repair,   rnu a  siiip sunk rec^uires  so much tine 
to  build a   repl--cement.    Until  this  tine is mace, up,   the  ship 
vvill not :i& bnc'c In t'er-^icc,   and no amount of money or trained 
p  rsonnel cm provide its-etuivaleiit neanv/hilo.     A conparison 
of  tho vrrious methods of attnckinc  shipping can  therefore 
be  given in  terms of  the nuiiber of  ship-months lost by tiie 
eneny,   and a  conparison o-   different defensive methods can be 
,/:iven in terns of the nunb-^r'of ship-months gained by our 
sice. 

An interestin    exanpi':  of  this  typa  of comparison is  given 
" b;-'  a   study of  the Director of N"val Operatioi^Research, 

Adniralty,   on the relative  i;iportance of different  typos  of 
Trotectiv^; r:;rnor on British cruisots.     In Y.'orlo. War II Engl-nd 
had a nunber of her cruisers uaxiia^ea or lost by various causes: 
shells from oneny naval vessels,   bo;ibs,  nines,   and torpeaoes. 
The  purpose  of  the  study was  to  assess  the  rolativ-? ii.iport-nce 
of  tiie unnage aue   to  these  four causes and  ti.ereby  to  show what 
it  ■•/as nost inportpiit to defena  agrin^t. 

In thi^;  study of effects  of  the danage were neasureu by 
giving   t}!,e nunber of nonths  the cruiser was out of service for 
repa'. rs.     The equivalent value of a craiser sunk was taken to 
be" 36 cruiser-months since it ta'ies about tids  tine  to buila a 
nev: cruiser.     In  addition to  giving an inuication of tha  cost 
of reoairing  or r'-:placing the  casualties,   tne  cruiser-ronth 
loss iieasure  refl'^c::'^  t.i.- degree   to wrach ti e lia'.y '•.•as immobil- 
ized as  a  result of  tlie attack* 

Tiie  uata  in  the  table No.   3.10  shovv  a nunber of interes:.ing 
■oints.     In the first pl-co,   the niunber of cruiser crsunlties 

(sunk and damaged)   as a  result of bonbing attacks ^ ore nore  titan 
fifty O'-ircent of all casualties,  but the nunbor of cruiser-::enths 
lost' oer casvalty due  to  boribing  attac: wrs loss  than    for the 
f*i.M<t««.rft.»PS r.s«*!t,%««ck«s»» iDmS'ikuit ,^)t.  1ieu!-;S..of  cruiser-nonths lost. 
It   ..: T     ..:   :   .•^rf^Vi^rfl.er-ciiv * '•» ' '   Jortmt:   a  torpedo 

*.»• ••••••• .•••• •••s-,«f» t-«»>pi! ;*»ii-+  *-.,•■•••■■.■•. •: • „»ins  serious  as  r   Doi.io 
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casii-'lty.    A furS^hti: ^rtir-y fi   tjy^.bcjii'ola,. cr3^iVt:.:'^s:,.u:v.iCj tejj 
thot most oi   the •5riti:i^'rs»r5rim <>y* Wi's.iii^ajat;,: coi;^§i^.i9i.(^l^     to 
more  than hPlf of  the  cruis.:>r~nont.j.s lost hy  bo:.bii.ij,   .vcre  sunk 
by  th-^    b    tho  effect of underv;::ter u^,nrt;i-v  'jnuS'^a by IV.^ST riis:;es, 
Cor.soqueiitly,   a   t;ren.t aenl nore   tiimi n'-lf o-   tiie  total  crulser- 
nonths los-. due   to  '-n-^i y notion iias  co. e frou unuerv/'-^ter i.^ri.,age 
to   the  ship's  structure.     The i.iost of  txio ros-c  of  txio  crul;^er- 
iuor;.tj::.s lost uue   t ■■  borsbing V/-.TO  tho rosult ..f  _iros  stnrtcd by 
direct hits of boiabs. 

Cf,susliti :s_ tvv Gi'Uisf^rs__by Enemy Action 

Cnuse Snell Bojnb fiiiiG Tsarpedo Total 

Ships sunk 
•Shios dam-ged 
Total C'^sualties 

3 
IB 
21 

9 
56 
65 

1 
■) 

10 

11 
19 
30 

-'4 
102 
126 

(yd 
Cruiser-      by sinking 
Months          b.   dPi-isge 
Lost               Total 

Pereent 

110 
30   ■ 
140 

11 

320 
90 
410 
34 

40 
60 
100 
8 

400 
180 
580 

47     - 

370 
350 
f f «WW 
100 

Cruiser-, lonths 7 6 10 19 10 
P'^r Cr:!surlty 

The conclusions indicated fron above t-nble are not aifficult 
to  reach:  nore  attention  should be  giv-n  to  firo  control  evuip- 
n<^nt and  trrining,   and nen^ cruisf^rs  should bo aosigned x:±tu 
better und-'rw^ter protectionj,   oven if it raeans  the sacrifice of 
sorao  above water  .^rnor. 

Bornbin.; U-Boat ?en;i. ys_.^3scs?i:MnK.3orjoxs,  A sliiillar,   though 
nore complicated,   analysis cpn be used in studying tiio ci>ostion 
of  the relative v^lue of usinij; aircraft to  escort convoys,   to 
bonb  suDnnrine base  f'lcilities,   or  to hunt aoxixi  tiie  suoriarines 
in  the B^y ox   Bir^cay.     In  thir>  cfise   tae unit Oi.' effort is  sortie, 
nn indiviaual filgiit by p. plra.e.     The unit of ti^in is,  oi  course, 
the  reduction in  the nujibf^r of  snips  sunk.     The   tiirie cnosen for 
trie ex^rnpi'- is  the  lasc six nonths oi' 194''->   '"'i^'-^  t^^'-   pl'-ce is 
th.e waters witiiin aerial r-''a:ge of Grcnt Britain. 

During  thiii  tiine  convoys frori ^'ngianu '.rere'att-^c^iea or 
threatened vdth att^-?ck r.bout one  tenth of  the  tiue.     Soiaeof 
tiie  threate; ed convoys '/.-.re  given air escort protection,   -na 
O Ui 
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la$l.sl^:nc:ntfci5:or 19^ iorj^cjnstjl  CfciSJif^r.t Aircraft  sho^-. 
Zn^p,loyi-,rj,tmx-<ll&(U sat^t.iw flc?-.1f'to^'iroto'ct'^iirentei.ed  convoys 
Sf'ved  PDo-ut  thirty  ships fron bein^:  sunk.     Conseauently ir  thp 
nircrnft v/ere used only  to  protect  threatenoa  convoys,   their 
anti-sufev-^rinp  (or "shio^nL'-prot-ectlve")   efficiency v/^.s ^xtr-^-^'iv 
high,  for  they saved -bout tJiirty ships   oer hun..red sorties flonri 
if,  ho'-ever,   ali   convoys hnve  to  ce   protected all  fcio  tine  in 
order t^ insure, protection   vhen tn,e convoy is  tiirentened,   tner. 
tne  pl-ne's  effectiveness  is  uilutea,   -nu  only about  tnree 
snips -re  s^v^d p-r hunured  sorties of oruin-ry escort  ilying. 

Turning now  to  tiie use  of aiicic.ft in  bonbinc,  the U-bo-'^t 
repair nnu  refittin^,:  bn.s-s  in   tie Bay of Biscay,   we must rely 
on  the  -ssessraents of a^nr;ge  obtined froii   Jiiotogrr-ohic  reconn- 
aissance after each bombing  rnid.     No  subnarines  ^vere  sunk in 
port,   but  there v;as enoUi:;h aauage  to  the  bases  to  slow uov,n  tiie 
refittinij  of  the  subraarines  ano.  taerefore  to keep  tneii off  tne 
ni^h  seas.     It was  estiirirtca   that about  fifteen U-boat iionths 
were lost due  to  the uauaging effect ox   tne raius.     At  that 
tine oRch sui;.marine on the  -verr;ge sanlc about o.3  shios  oer 
Month on patr.a,     C :>nsecuentl:   a loss of fifteen U-boats' 
months due  to  dara-^ge of re ..air facilities re;oresented a . rin to 
our  siae of about  tb#;lve  ships v/hlch v/ere not  sunk.     This  v/as 
accomplisliod  by a  series of  rnias v/alch   totalled about 1100 
sorties.     Consequently the  gain  to our  siae was  nbout on°   ship 
Sfved per hundred  sorties of effort against  tne U-boat bases. 
Tills effort  is not as effective  as escorting-  convoy anu  is  far 
less  effective  than protecting co..voys  ^.iiich  are  threntened 
■rith sttPck. 

The use of aircraft for ar.iti-sub.rnarine patrol ir; the Bay 
of Bisc^^y is  an exanple of  the use of offensive  tactjcs  for a 
aofenslve  strategical   task.     The  imedis te   result of  tiie   oPtrols 
is  a number of  subnarin^s  sunk   uus a nui:.ber wore del^yec/In 
passage through tiie Bay.     The final result,  hov;ever,  is in 
savin;: our  ships fron bein;-;  sunk.     The average life of e   sub- 
narino on patrol  --t that  time was  about  ten nonths.     If it were 
on  patrol  In  the Korth Atlantic  convoy ra^^ion at  the  time,   it 
sank about eight s,.iips bef ..)re it wns  sunk.     Fron this  ooint of 
view,   therefore,   eacn subn-^rine  sunk in  the Bry of Biscay 
represented a net  sg,vini.> of  about eignt  snips.     Frou anotner 
point of view,   however,   it  is  perhnps  better  t)  est_Lur-te   the 
equivn^cnt  amount of thn^  lost, by the Gemans  in replacinti  the 
sunk  submarines.     In 194-''   tuere  were enough  subnarines being 
c-nstru.cted  HO  th.?t the bottleneck was in   the   train.:.; g of  the 
9J^:^^i ,J^'i-^.\^§^^UPS,^'J^-qo.,i^.c^.^ ;n .th^ Br^ltic)   took about 

:s.:v(^:nc:ntriS5   :o •iiin*.pn:;"<:oulSi  sa;':i;I^'t 5  suDLisrine  sunk was 
•^;'ii;4*ij5it».tC' .«t)fi-wJ^ SCJ^efi.,.;ubraJ.iiiK%i-;;;.ittiIh5 lost.     Therefore, 
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from tills point fcr:^^.(*r,^ n 5-:onjnrwi-..sif2i£ ^v^s:i^Jln^^•^rl■i> cc 
aboixt six ships s'tive'd,'v'£*il*olvvorre3»i>4fiU*.*isJ.rly '''*?*!•:;;-It»i,» 
the other  estiian te of  f^lj^ht  saips  saveu. 

In th? l?st hnlf of 1942  aircrrft patrol ii. tao Bay of 
Biscny  sighted about  six lJ-bQ?.t3 p ::r hunL^red  soriiies nna  s.-^nk 
about one-hBlf o. U-boat  oer hundrea sortieSo     In adcitionj   it   ■ 
is estlranteu  thnt a hundred  sortios  orouuceu  ?■ nut ...■-laying 
effect on th---  subiiarlnos in tr-nsit of about one U-bont nonth, 
correspondin;^":  to' '.^i:e  siiio  snved.     Therefore  trie not effect of 
offensive  -^Ttrol  in  the Bay of Bisc-'vy aren   correo,)ondeu   to 
betv;een,  lOur ana five  ships  saved per huncireu  soi'ties^   an 
effectii'-'='^'='^'^ "''"Icli is soi.ev.'hat larger thrn contiiiUous escort 
of convoy,   v/hich is consiaer?;bly lart/;er  turn  tiie  effectiveness 
of bonbint,  the U--doat b'^ses^-   but which is  consiuei'"bly sualler 
than the ;'-:>ifectiveness of protecting  tnreatei,.ea convoys,     i'lSturrl..; 
these  relative  effectiveness  valu:-o daiij^eci  as  the v;a'r pro^iresoed. 

The above co. iparative figures are not tiio whole bnsis upon 
V.Mich a  decision as  to en;?loyj :ent of  aii'craft snould be  reached. 
Keverth^less  they are  a  part oL   tne uaterl'1 v.liiCii i.iust be 
considered,   and  the decision woulu be less li.<:ely to  be  correct 
if  these  figures "."ero not  av'-'llahie.     PresiLacbiy if  there  were 
a  very small  amount of flying effort whicii  coulu  be expendeu in 
anti-subnarine y/ork,   then  the  planes  shoulu  be assi;.;neu  to  the 
protection of   threatened convoys.    v;ith a   somev/nat j:reater 
number of  pl^'nes  available,   it prooably vroula be  -dvisable  to 
spend- part of that effort in the Bay of •i.^iscay.     Axiother 
consideration also entera into  tiie prob^en;   tiio  i'--ct  that It 
might be possible to divert  bonbers irou otiier missions  to 
branb  the U-boat bases  fro,.; t:uie  to  time,   vPnereas  it v.'oula not 
be possib'-e  to use   tixese  same bombers   to  escort convoys .or 
patrol  the j3ay of Biscay. 

5l:,bj;?/;;rin,;.\, ys .^.. Ai rcra ft ^as An ti-:3hi o \.'eapQns.._    A compa i'... son 
betvv'eon sukiarines and airc-aft in  sin-'cint.' enemy snippino is 
onotiier question of  considerabl--  interest,   but one vaiicn raises 
still more non-apjantitativo consiu'^rations.    V-e  can  a Lten'ipt to 
compute,  ho..'ever,   tne  e;:,)ectea nmaber  oi   nneny  snips  sunk by  tlr« 
average op-'Tational   submarine   "■nu coiapare it v.'ith  tiie nunber of 
ships   sunk by an airci'--it used as efficier.itly -^s  possib e in  tiJ^e 
s-'-ime  region.     The problen in both  cases uivides  Itself  int.i  two 
qu^^sti-.-ns:   the nuuber of  Siiips  sighted  p-:rr operational no th, 
••^nd  the  average number of ships  suiik :)er  sig;.htin(,;.     The first 
question involves  the values of  sweep  ra-Le  -..aich iiavo  been 
discussed in Section  7.   .For in-stance,   tne  average  co. jaisoioneri 
suoriarine  sp'-n(*s  ab.>uT> v«r;;>-4'..i.:iirc!.  .,)i««!*,«us   t^xme ^ir* uie   ,'at»ol  ».;■-■ vy, 
so  that on the  -vevi:^ Hi «^^: ^■"^.*^''*iV4 ^iQ^i^.^JlL ^1. ^SQl-i^i..* 
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ar^*: fc».o9^«300 •s'lrar^fniJM'ii? ^^'''1:1''^ %   sv;-ep  rate of 6000 
scir-re ^niles  per asy)   unlos^' the   ;n^'My  ;iuti--subu"rin^:  eiTort Is 
too  sovere.     In U.S.  -submarine attacks  against Japanese i.:ei"chnnt 
vessels,   one ship out of eight sij^iiteci '.vas  sunk.   ' Tiierefore 
in an  area v/ita PH ?.V'^rsge density o-j  ship^)ing of one .lerchant 
TP-ssel p-r  thous.^nd square   .iles,   an opei-aVonal sttb- "' 

marine would sink about eight ships^  on tho average per 
operational month,, 

Long mnte aircr^^t't "^aitraoZo for aLti-shipping work nvorage 
about eighty hours in the  air  ;>;-r iaonuh.     If the patrol  c -urses 
v/ere v/ell  laid out,   it would be possible  to  spena a hnlf  of 
this air borne tirae in the  shipping area,   so  t'av.t onch   )lr.ne 
inigiit be  expected  to  sj^ond f\bout forty hours   ;:er i.aontJi  senreh- 
ing for  ships.     According  to Tibbie  (3.4.)   a  reasonable  sweep 
rnte for nerchant vessels might he 400   squ^^re nil ;s  oer hour 
since nerchcnt vessels rre wore •■■r-sily sighted th?n submarines 
so that ench  olftne coulu   rjearch over  -.bout 20,000  squnre miles 
each nonth of operation.     In an area where  there v/ei-e on the 
aver.pce one  ship   ):-r thousand square ;dl',s  tnls plpne vvould 
sight 20  shios per month on  the nverr.go.     Data  from Coastal 
Cornri.r^nd anti-shipping planes inaicate  that,  v;itii .'uie(,u.';te 
equipment and  tr.-in:ng  a  plane  siiilcs  about one  si.iip out of  every 
forty sighted  (using bonbs or rockets.)     Tiierefore" in  tne 
.^rea under question eacii   plrrne w iilv..   sink about a h?lf r 
ship a month.     Comparing  the  two one  sees  tiiat a single' subnarii.e 
is  equivalent as far as  sinking enemy  shipping goes^   to  a 
squ?^.',ron of lonii r=inge anti-sjiip;)ing planes. 

A  great deal more  than this nui.ierical  co^.iparison must be 
rp-nf^  into before it is possible  to decide v/hether  to use planes 
or submarines  against enemy  shipping in  any given area.     In 
addition to  tho question of cost of outfitting a  subnarino as 
compared  to  the cost of outfitting a squadron of planes,   tuere 
is also  the point th.-^t the plane can be used for otxx'^r ourposes 
besides  sinkin,,  ships*     The exchange rate for tne  two  types of 
effort must also be taken into account, 

Anti-Ship vs Anti-City BorabinK^ The quantitative  •-■nalysis 
of th-^- relative effectiveness of aircraft in boiabing  the enony^s 
factories  or in sinking his  ships,   takes one still further into 
questions  of  economics.     A pos...ible unit of neasure woiild be 
the .^onetary v.'^luc of  the  destruction c.";u3ed.     Qliere is   some 

.*,^W#*i-'..5.n   t^;.,*,  /,v*ev*ir',   .ioj:;.t^yi,i! ;na^^i.i^ vnluo  of fi   building 
:-!f^,yefy»dlVji':relt flv. ? f :: lvalue   to  a nation at 

••• •••• ••• ••■• .It'V'ftl; •.iVclcti's i:% •!»«*: I:.*I.» .•':« cities f^re  the aestroye^ 
mnvitions or Kunitions factories;   the d.-rstruction of housing is 
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Work on tliis generfil  stratejiic l;ivel c?n oi.ly be aon ■ 
adeciu'-tely if the opor-^tions re.T'^r.rc'h worker has nccess to a 
grent vprioty of  recoras p.nd intelligence  reports.     In f'dct it 
is often inpossible to obt in aae^^uate aatr- on slitho ii.iportant 
i'sctors  froi.i the  records of one  service alone.     Unless  the  -.'orkor 
is  op"rnting Pt a high coiuvmnd j.evel,   it ii; usunlly futile  to 
atternpt  such broad  sc^le quai.titntive  couporisons. 

.l:0.i™.I!xy;Xi§JiiPlLOiL.E92-iil^ 

It has often been  sni<i  that iioaorn wars  are  tocnnlc?,! \..'ars. 
If  this  statenent hns any raeaning  at rll  it incLiC'tes  th?jt 
ne'7j   specialized    SP ■■ons are (ievelopeci and in"&roduced into  oper- 
ntions'unrinc  the v;sr°,   that ',ve  end   the iv^r fighting   •'ith diff- 
erent v,'-=a;)ons  thnn we st'^rted v;itlu     Indeed^   in   blie last x'V.r 
tb.ei'e v/ere many cases where  the  flghtlnii forces n' a not y-;t 
learned  to use  effectively the ne'v '.veapon before   fchr?,t   ;ea .;bn 
bedamo obsol-''te.     This does not nean that an effort should 
have been mntie to  slow dovn the  Intro-uetion of ne-./ v.eaponSv. 
It means  thnt  technical  thoiU:;at in learning how and vyhere  a nev; 
v;e=tpon should be used_,  and in teRchin^' tlie Anued Forces  the 
best use of new equipnent,   la ;-s  iiaportant fs  is   technical  c.'fort 
in  the deslg], and production of the n/.v    -.■;:p)n3.     Here sgain 
tlie qupntitrtive  ap,3r ach of operations rese; rch CPn speed up 
the overall learning  time and make it possible  to  use  the new 
v/eapons effectively  oefore  they  become obsolete. 

First, Use  of .liev/_J^"jjilsLiex]L£.,._ A  ^reat aet'l  of  tixou^iit iiiust 
usually be  s~3ent~*on  the  possii^le  tactical use  of nev,   ecuipnent 
before' -blrlr. ef riipmont g^'ts   Into  opera-^ion.     Sowoone  v/itii 
technical knowledge,  eitjior in the anaea forces or in -n 
operations rese-rch grou;) or in  the laboratory,   sees  the  tactica:^. 
need for a nev; v;ea >on and sees   th :>  tecnnicnl means  by which 
this need can be  satisfied.     If  tnis analysis  ap. v-ars  to be 
rec-^sennbie^  a l-^boratory commences uevelopnent vork,   oroauction 
designs pre grpdunlly -vorkod out,   and,  eventurlly.,   orouuction 
connences.    Unfortunately,   there  are Many slips   betv;een th:; 
itatial iuea  p.ml i^s i['1»'-'*.c^MfM.yiryyb«i?i^j;j r'ft, i!?t?leo*:^CJttf*il^^^^ 
tactical  analysis:m5y|j»^f:  bfjen  :f?s^gr«7,.«5r Jtr;^ i>5^4Ju'i^.*^^ 
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•olji' lies;.!-^ipooji-i^' ^f»  uy**   :,,:       :       I V I in(>t.ical   s3.-tu?;tion 
;.,'■^s.Jl»¥*• «J:K3ngecl**i5y*«the*l'-,i!!t: •i.i!.t**ii^7 iAiUlp'i'mt t^ets  into 
oper-'^tion.     It is  extremeJ.y important  therefore^ ' that operations 
reserrca workers^   '..ho  are in touch ?/itu  tho ciinngina   crctical 
situ"^tio'n,   fke an  ^^ctive port in evciluating epch  stage    in  tae 
dovelopraent and production -'uid use  of new ecruii-inient.     It is 
"sarticularly inportant thnt  tlio; first fev; operationnl. rasulcs 
with   the nev: gecr be   scrutinized  closoly  to  see v/hetner it is 
necessary  to improve  on  the original  iuen   for use of  the gear. 
Det-'iled analysis of  the v/orking OJ.   the equi,)i.ient nust he nmae 
so  as  to de  ise  ^u.-curte men sure;;  of  effectiveness  for furture 
f^rce  rec.uirements,   and  special  action re.^orts raust  be ieid out 
so  PS  to have the oper'^ting forces  proviue oats  with which  to 

n .'VJ efpiip- 

Devlsinr^ Op.-'^rational Practice Trrininf;.  It iisijplly turns 
out that the op^iP-'-itionai forces at first hnve not the necessary 
training or undeTStandin'-"' in the use of the rr--.-   ..enpon.  The 
operations research worker nu"t ther-ofore, devise methods 
whereby the figiiting forces can learn to use the nev; weapon ;hile 
they a-re fighting with it.  Practice on the battle field is usiial 
not the most efficient "my of l-^arning to use n ne^r piece'oT 
r^ear.  For rapicity in 1 arning^ it is necessary that the pupil 
be- scorea gg rapidly as he /lerforns the operation, otherv/ise he 
will not r^-'nenber what he hss done wrong if his score turns out 
to be low.  Such scoring can s-?ldoi;a be ]:troYiuoa on the field of 
battle, -liere usually the operator cannot see the results of his 
actions.  Consequently, a practice routine must be set ^■"^ -/ith 
means of scoring. -These scores, of course, are measures of 
effectiveness v/hich c'^n be used' to checlc oouipaent perforrr^nce 
a^s well PS  rapidity of learning. 

Fcui,gr^ient_,^g>^^luation.  At each stage in tlie ae'velopiaent of 
the new ■..-•apon frohi'the first idea to its final operational ei;;- 
bodiment, the op'^rations research worker must evduate its over- 
sll usefulnes;; in terms of the following general questions: 

(a)  Is the nev»' weapon worth-vrfiile using at all? Is it 
better tiian some alternative v/eapon alreauy in use? In 
v-,rh?^t vmy is it better, and is tids a different and iuport- 

'■'•' Does the cost of the cnanije pay for itself? 
••• •••• ••• 

•  • • •-i- ,«. •••..! ••^,Q,,., i:'v-'-*'',w*. 'vi? ■';■"'■'■. ''^' '■'"■'''^'  be used? l^hat 

'..: /.'.: ,'     "*   '     ", ^iV^t      :  • •• • •   '»       -^ ^'^^^  llkely to 
 '*aiiy **/ie*er!5?hy'!? T, ••*  I '"i^.; d^Jo: v^^npon easy to counter 
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and if sc,  wijalj faij jve cfo r.|oxit*£«-c?*,J:io^,: c«^p v/^ .*iri£i.'*'*'-5tx.Er 
the   iivixy Is  5t)ufit^rir« ?3f iso^?...* ...' ,:. :       ,:, :'*, •,,! 

(c) Is  the nerv equipnent easy to iiaintP.i:. in oovration? 
Are the mainteri'^rice crevs proporly trained and are there 
undGrstnndahle naintenance n?:nuais?    V/hat  siiaple oporatloiiEl 
tests  cnn be  devised  to  ii:;;-ure  triat  the  equipii^nt iy  being 
keot in good repfiir'? 

(d) Hov/ iiuch tr."ining is neodea in oruor ta-r't tiio ne-.; 
v/eaoon be nore ei'i'ec'civo   than  th.e old or.e?    Cr.r.  the  results 
obtrin'^d by  thf;  ':enpon be  notice^ ensily   ii. b.""G-cle or r.rust 
op'^rPtional  trninin^^  prop^^rly scoreu,   ..G  carrieu. on con- 
tiiitiously  to Insure effective use of  the  ge':r?'   Tfuat pro- 
portion of  operatianal  ti'.le nust bo  soent in   u^is  pr;>tice 
J5nd how lono wil'   it' take  before tne fig::.tin:, forces  can 
use  the i:ev>' v/oapon more  effectively thpn  they uid the  old 

,-•,*? on 

Such evaluation ,is often extronely uiificuit_j     particularly if 
the nev.' r^^pon involves radic-illy ne'v principl'-^s.     Fxperience 
gathered close  behind  the front lin-'i'S is  extreLiely valuable  in 
making suci^ evaluations.    In many cases the evaluation cannot 
be  complete without  supplenenting  the operationnl aata by data 
collected from operational exoerinents perfornea unaer controlled 
conditi -:'.s.     This aspect of the problem -./ill  be aiscusa'ed in 
Chapter VII, 

In the   present s-^etion '..■e v/ill give a number of oxauples of 
the evpluation of new eqUipuent coiaing into operation^   sho^iiiig 
how some of  the questions raised  pbove can be ans- erv:)d, 

Anti-Aircr.Bft Guns,„for i-^9?:chant.JVusSfeljs.   At tne beginninjj, 
of the v/ar,   a  great nuirtber of JSritis:. IJeychant ves.Teis   ,ere  ser- 
iously dsnagod by aircraft attack in tn    Ivieuiterraj.e'>n.     The 
obvious ans?;er was to equip  the vessel' 5 v/ith anti-aircraft guns 
and-grews,   and   this was (.one  for  so: .e  ; lips.     The protjrrm was a 
3orae'vhat expensive one,  hov/ever,   since  anti--aircraft guns   /ere 
needed in many other places also.    Iloreovor,   ex_)erience  soon 
sho-.;ed that single guns nnd crov;s v/ith the little  trrin.lng  ..'hich 
could be  spared for rri'-^rchant vessels^; lind vory littl*^- chnr.ce of 
shooting down an attacking plane.     The arj^Uiient. for ^nd against 
installation h-id been going  on for nearly P  y^ar  witn no  ap,.arent 
conclusions reached.     The guns u'ere so ineffective  that  they 
hardly seeried ;;orth the expense of installation;     on the otner 
hand^   they naue  the nierchant vessel  crev.-s I'eel   so;:iev;hat uore   safesj. 
In  the meantlne,   op;t^aj:ignfa. uaika.h^-juWiootj'p^iSiilg ifir'i^riJori^ke 
ex )erience of  ships ^liMitsJid ^5ith5ii% ^"^ ,T?ot*ci:$')n^: rjjfi* il:  ias 

•  ; ;• ! •... t      ••    •••   • "•• *  
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n'^it7«?^S5«j<J.ea«:t©:«an^4j-'^^.^i'^. ti- t^'*^^. ^lilJitrt'npt to settle 

It v;as soon found that in :^nly about four percent of tue 
attacks vias  the en-i.ay plnne shot aovm.  Tais was mdeea a poor 
shov-in;^', flnd seemed to indicate tnpt tae guns -'ore not ^vortn tne 
orlce of installation. On socond thougiitj however, it bocoue 
i.O)srent tii?t the percentage of eneny planes shot do'^i V;RS not 
thp correct measure of effectiveness of the gun.  The Qun  v;as 
put on to protect the snip, and the proper luep.sure should be 
Y'hether the sxiip v^as les- d-i:i.age*.i if it .j.rd a gun r:nd used it, 
then if it had no gun or did not use it.  The important cuestion 
was whether the anti-aircraft fire affects tne accuracy of the 
pl-'^ne's ott;"ck enough to reuuce the chance of the shi. ' s being 
•1.11. Figures for this v;ere collected ana tlie results are shown 
in the follov/int-': t9.V)le. 

££„sualJ^1^tS™Jo_ile^^ 
Bonibirtf^jlttiUQJSSjL       U^T/ level  attacks.) 

Bomhs dropped 
BoFtbs which Hit 
Percent Hits 
vShips attacked 
Ships Sunk 
Percent Sunk 

Fired 

632 
50 
3 
155 
16 
10 

■Ah 
Kot fired 

304 
39 
13 
71 
18 
25 

('^ // ) 

It is ap :ar8nt from this table tnat for low level norizontal 
attacks the accuracy of th.e pl'-^.ne's attack was consiaor.'=biy 
reduced v:hen pnti"?^ircraft guns --ere fifing, nnu the ch-nce of , 
the ship escaping was considersbly bettor \./uen anti-r-ircraft 
VJPS used.  These sane results v.-ere obtain'-^d for eneay uive 
bonbing -ttncks.  It ;v?-s obvious txierefore that tne ..'.nctsll-tior 
of anti-aircr^^f t guns on nerchant vessels v.ns sonetiling ^'/iiich 
would definitely increase tii' 
thou.;;h such guns did not .'-'fio 
often. 

iurvlv"l,   even ship's  chra.ce  of 
uo'-n  ti.e-atta'cking  planen very 

This numerical  analysis finally  settled  the  question.     hoT 
the  anti-'-'ircr-ft guns nor":  than i)eia for tiieiisoives if th'=>y 
red^oced the chance of the  ship beint^  sunk by s  factor of nore 
th-n ti^?o..    Jittacks ^-ere coming o.:ten --nougn.and  ships v/ere  beir,g 
.--Vink  fRSt '^T.ougli by ■-'noi:iy planes  so  tihat reiiucinfe;   tne numcer 
o.sJ'rfii^^i.£i;nk b     this fpctor v/oula more thnn pay for  tne 
^ : .4 I^J'-UK' »#:..: -: -. : :.... 

lib 



fiftfinnrniTm 

This fipp?ars to bo o   strong argunert in i"vnr of Gquiippin^i; -^li 
r:;erc::.ar:.t vessr^^ls -i-dth nct;^.     But tie  cos-': ^;'?;>  :yxtrQnely high c.-;:a 
tlio ?;^LB  slowed do\.ri tlWi  ships,  :-;iskir,t-  'u. auoltio::;.^.!   Cv)st for. I'-^G]. 
and tine lost.     Aji'^inst  soine oposition,,   aboiit 600  ships were  fitt- 
f^d i.vith r,et3 . bef or? .-nciTiiii   Pperation-'^l   -^xperierice unu been  obt-^ii.- 
•id  to inak'v R  r(5;^p ir?ii;>r^l   pO;53J.bli^.     T^Ss  reappra... n;~l  -^^'as cu:lte 
broad in  sco^e,   as it  ii:volV9d:   1^   a  cost in uollnrs  ^s  a.-,a...nst  ti'.f 
cost of  ships  saved  oy   :;he net,   /::)   cost  ii>  tiw; anu  in  car^o  space 
3  cosb in uani)ov/er  to  tanild  2na maiiit.'iin  tne liots.     -'-ne  r-searcii 
on th'^  cost  in doi:Lars  founa  that  tne -net  crojircn aid not  j??y for 
itsoif.     Ttie  op'^rationrtl  untn  on  tho 25   ships which  were  torpeuorc 
pnd v;hiCii   v/'-re  fittea with nets  snowed   the lollowingi 

Sunk_ hai-ifw-,ed    Undana^-ed 
1?   shlps^   nets not  in -'.se at  tine 9 3 0      • 

of attrck. 
10  ships,   nets in use                           -'4           3                    3         (3«1'':) 
3  ships,  use of nets unknovrn _.2. Q . „.„Q  

16 6 3 

If  the 10  ships with nets streamed haa not had tueir nts in use., 
v^c  should exoGCt 7-^   to have been  sunk and r.j dnrargea.     The nets 
iiad   thus  s-'ved  t'le  ecuivr^ler t of 3j   ships ei.a Cc!r.<;oes,   or %.i: fbOu^'XX^ 
But •''   tot"'l  of 590   ships ii^^il bceix fltteu witn nets  at p.   cost of 
C'11,800,000 - not  to nention  c:>sts  of mainteiicnce,   -:!tc.     Tiius  tl'ie 
progrrsra hao, not  pr^id for it:..olf,   and  the report of  tiie  finuinps 
recom-iended  thnt no  further ships  be equippow \.itii nets. 

The  previous  two  exf'nples were  C8„ses  viici'e  tn.e   answer was 
?   si;r3le  "yes"  or  "no";   the anti-aircrcft i^iins  v;ere wort?i the 
cost   u"   installation but  the anti-torpedo nets were not '/orth 
the  cost.     In mariy other c?,ses  tue  answer :1s nt-t s.)  si..pie.     It 
nay  turn  out  th^t  tlie  n^w vveapon has not as  ^•en'■:r■:■'.l  a  us^;-fiilnos.-: 
9S ^KPS  at first trioinjirt,   but that it is extrenely iisefiil in 
cert«=in  so'^-c'-'''   '"irc-jnst^jw-■:;-;■;:.       '■-ive. rese-ii-cii on  the r:ier5sure;^  ;>: 
effectiveness of the vjeapon can produce a t?m~fold fc©nef5.t^ 
general efficiency is increased because the new ?jeapon is not 
used in places vjhere it is not efficient, and the effectiveness 
of special operatidns is inci^eased consider ably hy using the 
nei?? weapon in places vjhere it has a decided ailvant-s^®^.,., ... 

:  : :•*:'... :     •..* •— •••• -'" '"" '" •— •- 
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iini>orvfc;^j»e,5:il' ?:5:g:£r^Ufc %., :*': ***tv4>.,. ..   *   ...•)i ■; .-a.surste ^vltn 
their* 'bilitl'^s is  nfforca  by tue cn;ie oi   the Ungnetic  Alrbon.e 
Detnctor   (!'AD),   -..evelop'^u  to cir-tcct  sub. or tied  suu.rrines  iron 
p-ircrnft.     In oduition to being tho oi'ily airborne means for 
diSGoverinc mic^'^r-vrtor  subriarii.es,  HAD offers  tiie  sdvantnge of 
not revealing  the  ore.serce of the  "irci' it.     AitiiOLi^i'i  those 
qualities v/.nijd seen Ideai for Frrci-subiaarine sef^rch,   closer 
ex^ninatior; reve'^ls  c^rt- in fe-turos limiting  the  op  r-'^tional 
effectiveness. 

The adv-:nntoge of aircraft for visuni or rnanr ser^rch lies 
in  their hiii,h speed plus  the broad  sv.'eep-v.'idtii  (rougxily tT?;ice 
the detection range)   a;-_;n.'.nst  surfncea  sucr-iarines   (up  to  seyer^l 
niles) .     For MAD equippec'   aircraft  the  s\.. ep rate  is  so r ^auced 
by the  lov; ;iAD detection range   (p-zmaps 100 yards for nircr- ft 
at 250  ft.   altj:.tude  and  submarine  at ?50  ft.   ue.txi),   tliat the 
expect^:tion of finding  a subuer^oa  subi:xarine bocoues virtu-^lly 
non-existei-t^   at    ea,':t fcr randou  searcn over ope),  ocean' are's. 
It is  C)  oarabie  to  the efforts of a  biina laan  trying to uraw 
a   pencil-line  through a  single aot on a large floor. 

•  Altho'U'^h these  characteristics   place a aefir.^te li-iitation 
on  its usefulness,   they ao not eliiaiii,ai;e .IAD as  a   sub: .ar.i.ne 
detection  uevice,.     To  tlie  cont; ary^   a full ap^jreciatlon 01   th^> 
"neasures  of eifectiveness" of :iAD,   anu its paciliarities,   point 
the vj--'-y  to  specialised  tasks for v;hich it is most effective. 
One   such oporturiity was exploitea uurini,  tne It^'li^n  carapr.ign 
in helping close  off  th-.;  Gibraltar  Straits  to Kai.i U-Jioats 
er^route  to  t^e I.Iodlterr ne'-'n. 

IJ~Bo-. ts Lad been ::ia:;;ing  sub. .:rgea pass-£,e  by  daylight, 
_ utilirvin^^ unuerv/.-'ter cu'-rents for   iropulsi-jn to  recuce noise. 
' In  the jieantiiie^   thousaj-.d:^ of hours  of fruitles..  .IAD search 
had  be'-^n invested in  the Korth Atlantic^  Aviiile on  the other 
liand,   rndar  search v;itlxin the Gti'aits v;as ineffective due  to 
the  subh.ei'ged nature  of   the passafj,  s.^    -Finally it -vas recognized 
that h'^ro was  a  apeclal  case vniero HAD could reueeu  its record. 
V'ithin  the first  two uonths of operating  the MAD barrier 'cross 
the channel,   two contacts resulting in U-3oat ;jinkinijs -jere 
obtained,   anu  a  third one  c'^nio  soon xater.     The  result  so 
discouraged  the U-Boats  tnat no more  atte, pted  the p'-'ssage for 

i/.ore  than  six rionths.     Thus  even  tiiougii ilAL has only ..■ between 
l/50th and 1/lOOtii  the  search rate of  radar,   it  --lo .quite  c-:pab.l( 
of providing  an effective blockaue across  a   restricteu area, 

--'"       V .: :.■-..   ..,;,: -.,.,.;-   .,,,,,;:,,  ; r;^-j jj^^g^   as '-w JUIU ' sur f 0 CG  craft. 
...   ...   ... ,     

...   .     ...   ,    -,,    -,,   j--.       .       . .   J .'^^.^^e  appropriate use of 
...J .2. ...: ,:. ..,• .,,• *. ,J       I       I :*.: :  l--s  cot;ip..,ete f^-'llure ana 
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Bu; narin-:'  force  thtfos.fiicT?i.*. •???.• <»:.fxje«**c.iii5i'.>*^^,   Ui"'J**^.-2*;'    -■'^■'-- 
vlous  t'   this,   the  torpedoes^ used 'vere   tiio JliC 14 rrA*  the  Ilk 23, 
'.>:)th  3team   ^ro celled.     The  .rce^m torpedoes  "Doth r:-ii Pt 46 knots 
in  their hi['h  pov/er setting.     Thus  thoy h-.d  the  nuvartnge  of 
high s::>eed,   but  tjiey :? of t n   cle-Tly ulscerj.ab.ie  .vhe.     The 
electric  torpedo r-^n  a  shortrr distniace Fii.d at a i.iUCh  slo'vor 
S'leed,  73 knots;   however,   it has  the  aclvrint'-LO o£ beii.g ;,9a :Gies::;. 
It v;8s c-msih'^rod that thi:5   5rop-?rty of ii.visible trrve.:   laore 
thr>n n^clo up for  the ' slov/er .apeeci,  for  tne  .5hlp attrcked vvould 
hf5ve no  previous vvn: iiiiig and.  tne ei.oray '-iiicort ves.-els would 
have no   tor  nd :  trnck  to rollow in coioi.ioncing  their countor-o^f ch 
After tiie n-^v;  torp''3do ii^ui  beon used  for soj..c n .i.ths,   r-i   ev.^l- 
ur'tion v;as nade  to  seo v.'uet.'ier  the  ..:teFi.i.  t.srp'-aoe.:.  shoiild not 
be di:continued  .'entirely. 

In ord'.r  to  ansiver  these  oueatl jns 'T  uniform body of data 
V/S3 chosen:   ntt-cks in ^  four'aionths  perioa  by  subn-rines mincer 
9   single  coixrrisnd.     In ori.er not  t .1 give  the Mk 16  torpedo    an 
undue H.dvfsntage  (since attacks with it   vere ./iru'v r.t closer  r"i.©e 
th?n attacks  -vith the Mk I4 anu .:3)  no  attacks H^de  nt rr'v^;cs 
over 4,000  yards vvere c r^siO/^red.     With  these limit'rti BS,   the 

...analysis of  the d'-t'--^  resulted in txj.o rollcang conclusions» 

(^)   Th-^' proportion of  successful  snlvos unci'er equsl  ccnultions 
fircxJ pgainst s.ll types of enciy ve-sols  (except Iprgo  conbat;:;i.,t. 

' units) ■ is-grerster for the ^.^ar^c^ 14 ' nd ;"i3   (Stenm)   torp^?doos 
thPn for  the I.lark 18  (Electric'jf 
(b) In attacks on merchant vessels  the  proportion of  siiccessiui 
splvos  is  greater witii  fcie Mnrks  :4  nnd :'3 by a factor  of 
1.14. 
(c) In attacks on large combntFint units  tho proportion of 
successful  snlvos cpp'^^rs  to bo  greater with  tne iirrk 13  by 

'n  f.^ctor'of ab:)ut I,,'". 
(d) In att'cks on destr yers,   escort ves.ieis,   and  pp.trol 

, cr"-ft the   jr-iportl'-m of  successful  snivos  i3  j/reai^or with 
the harks  I4 and.23 by P..  factor of I.4 in  the  case of 

; tiostr^y^TS.,   to ?„5  in  ti.e   case of escort vessels and petrol 
craft. ■ • ' 
(ft)  The occurre ce and accuracy of aeliber  te counter-attaccs 
by eneay escorts  shovrs no  correlation vvita  tue i^xark nuraber 

.   of the  torpedoes fired,   in att'^cks on i.ierchant convoys,     '-iiiis 
holds  true  for botii <xay  nnc nigii't^ attacks. 

(f)   In  the  case of sttncks  on v;arsnips   che  proportion of 
" . "   ener-y counterattacks is,  however,   soKievaiat  supilcr vrlth 

■   the Mark 13.    .(it; wii;^-.;^.ig«^s^e*L .ferta-i.^iAj* ip^gi^'Yi^^ :b?)^n 
'due  to a   uettr!r:i:j:i^-:oul::sy35**:*: C^H  I^A.^  Ijiigt* c-^abrSeiit X 
ships,) :  : :• : '... :    •.•* —  -'  
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:((?) ,lt wss.««t?.rri^t^d,•l5ri.?^Ji,lf at,   15. £* tsSib.;Tines  in i944. fe^aci 
•ftlr€»:M-'t»54^ill! 3f«»^us»\->l*»iJ!sl\/l*^*l(5rpeS.oes "file enemy w ulci n-"-^ 
lost  ^-'bout lOr  i'ev;-^r riorciiFint shios  than ii iull  lo-^ci:-; of 
ilrirks 14 P-nti ^'3  had b 'en carriou.     At   c-ue  .'J ae  tine  it  '.;a 
consid'ired probable  tii."-t  tlie e::clusJ.Ve use of -^ark 18's 
w.mlcl not h'^ve  prevented c.  sinj-jle U.S.   subi.iPrin-'  casualty. 
It was  tjierefore  recoi;uiienu-'U  thpt  sua..arines use   tue i..ariis 
14 pnd ;^3  torpedoes'r^galnst nerchant vessels,   -".jia  that they 
use Mark 13  torpedoes  ag-'inst large  coffib-i,ant units. 

In this c;^se it turned out  th^.t tiie d'^-nger against vvnicii the 
ele-ctric   tor.^ieaoos  were  or.ovidea  (trie  Cxiance  tuat  tue  enemy 
would  see  the  'v^ko  of  the  ste^i:;  torpedoe£)   v/ss not as  great as 
hnd been  aopreiieridea.     Tnis  of course  coulu not have  been 
predicted until  a v;a]o^less  torpedo haa be-vn  trleu in actual 
operation.     It  ttirnec out in most cases   thr't  the reduction in 
danger  to   the   sxabii^rino \,'ns  ■/ieg.,.egible,   but  that  the los^  in 
ac.curac;/ of firing  torpedoes-,   due  to   th^-   slov;  spcea of   the 
electric  toroedo,  was apprf^ciaibe.     Luclrily  tlio  spoeialiaed 
ad-Tantn.ge  of  the Mar:i: 18  against large  eneny n-:val vosi;ols 
\va.s  importnnt enough  to  snve  the WiiOle cujvolopi.ient prOi;r.":m frora 
being a complete waste of effort, 

Airei'p.ft An;ti-:Suteiarin.e_iJejita Boj-ibs.     Spm'^tines an  exanination 
of the  opor-tional  results  of  the  first use  of nei- e'uip.;.ent 
indicntes  cle8r].y that a   slight raoQific-ntion of  the ec.uipiuent 
will make  it  V'">ry muer: laoro  effective.     This  sort of  situ-^tion 
has  turned up  several  tiraes  in  connection wita  tue aevelopr.v^^nt 
of  the use  of  aircraft .-^^s  an anti-submarine weapon.     The  Geraans 

'inderestinpted  the v^-^lue of  aircraft a^^ainst  subrinrines:   in 
the  end plrcraft played a  very Inport'^nt part in  the d-/fent of 
the U/:3oat in  tiie Atlantic 

Eprly in  the war  the British Coastal  Connana, useu oruinary 
bombs in' tiieir  nttacJis rg-'inst  suor.i.irines.     These ivore obviously 
not effective,   since  t/iey exploded on  the  surf nee of  the water, 
and if they aid  strike  the  deck of  the   submarine,   they  seldom 
Denet"^ted  the  pressure hull.     Deptii  charges were  tuerefore 
adapted for Pircr"ft dropping.     These insured an unuer.  ter 
exoiosion \.'hich   ■oula be  consxaerab''-;' aore  destructive  to 
the  subi.-'rine hull.    At  this  point arose  the .^rguiaent rs  to 
v.'hat'should  be  th" depth-setting for tne boirib''s explosion 
underv/Pter.     It v/as not possible  to ch-'-'nge   tnis uepth sotting-; 
in the  olane just prior to  the n-Dtackint run,   so  fnat nn 
estlr-i'^te had  to ke nade as  to  the best  -ver-^^ge  sex.-ing for all 

the  tine. " itS'^i^.. .Spd  tiiis  setting haa  to be usea  an 

..: ...: .:. ...: .:. ...• .... :..:    : ,,.: :•.: : : 
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A mirnb-r of r^q^Jaiar^r^s,  3j.o ap,u«t .* -elan^l tijy.t  51 s:Ui.iaj-ij,e 
WPS most likely To "^DO* sn!ii'*r^.,'cL,'ai^t*-IkeisI^ilpta.SioSiais »;Q* 
explou'^  St 1;'0  fc 't.     Tho  absui-dity oi   this  setting  soon be- 
cnne  a iip-Terit,   ho;7over,   for  3irDm-:rines at :i.50  foftt uODth c  uld 
not b'?  soen   (and  therefore not  attoclveu),   nnd  subn-i-ines 
no?r  tlie  Kuri.-'Ce v/hich could be  seen w&Lild only be  SQme\:hr t 
sh^li^n by p.n oxiolosion at 150  feet ae,jt.u.     The  deoth settin, 
•vas next reduced  to  50 f-^ct,   ns s   eonpronise  betv/een  tnc  ''aeeo 
.setters"  ?nd  tiie  "shsllov; setters".     After a  y ;ar  of ari^uisont' 
a numeric-1  nnnlysis  vv?!S r^nae  -^hicxi  oettlea   tue   argument. 

The fuiia-'iriental  question  ^vas   the  state  of  £-a.j;:ieri:;ence  of 
the  subi.iJirine Pt the  instant  the r-ttnckinii pl^ne uroppeu i.ts 
d.-v)th chart^e.     If p.  great niinber of attacks v.-ere iiade'v/hen  the 
subraarlne v.'f^s on  the  surfnce,   then  the  50 foot aeoth  oet .ihg 
was  to:i ar?e;-),   for an   -explosion at sucn a  c;eDt.ii V;RJ  too far  ^way 
from  the pressure hull of a  surfacea  subnarino  to h?ve B   . rorf 
ch-^nce of producing lethal  dniiage.     On the  other iinnd if 'ih^- 
submarine -as in  the -ct of divine or haa just dived at tiie 
instant of Pttack,   then perhaps  the 50 feet setting v/ould be 
S'^tisfactory. 

Ho^vever,   f^ttncks after the  submarine hrs divea .nre much less 
likely to  be  -accurate than attacks on surfacea iiubr:i?rin-'S.     Tnere- 
fore,   oven if the majority of  atf^cks v/ere ooce on  subnarinei-. 
which had subnerged p. nlnute or more  before  the uerjtii cliPrge 
V'f^s dropped,  it wr^s not :-;onslble  to nvke  the  setting be;5t for- 
these cn3'■^F;.   bec-^use  the chance  of succe.ss  for  such   -ttrc :s 
ivp.s ver^ low anyway.     Th« uopth settint  shoulu be aeton.inea     . 
by  the  type of attack '.'.hlch had  the  best ch.'uice of  Guccesr:, 
which was the attncJ: on the  sur.pceu  Gubinarine   (unless -it 
turned out  that  this  type of 3tt?ck wrs n  negiibib" .-. xr'""Ction 
of  the  tot-^l). .... 

An ex^nination of  t^K3 operational  results  indicnted  that  in 
forty  percent of  tho  cases the  attack was made  on a  surfaced 
subn-^rin-,   and in another  ten  oercent of  the  cases a  :)art oi   the 
subm'nrine .was visible when the deptn cuarge v.rr.3 uropped.     Tnere- 
fore in half of the  cases  (the half for which the attncic v:ns 
-ost accurate)   the  50 fo t uepth  setting was  too aee;;.       In 
the other half of the cases  {When the accuracy was  consiuer--fcly 
less)   the 50 foit depth settihii mii^ht be more  satisfnctory. 
A  nufierica.l   analysis  of  tho  cnances  of  success  of  tne  nt'cac ;  as 
a  function of th. • degree* of sut.viergence oi   the  subraarlne ii..uicatec 
thc-t n   cii'^nge in   the depth  sett.nu i"i"ou 50 fe:t  to 2b f-^et W'^uld 
ft least  triple  the chance of  success of  tne  f-vem^e attr^ 

*••    •••    ••• 
;: V.A.« ••••    ••• 

 ■-    i..«..  •   . •   :   :..    .: .;.. In  conse(ueuce:ot :ti:.^ r^&lysViiil;* ^r^'aa^elt^aix-ino  ■:•...Ket 
the uepth of explo;a:ri:*f5)r.«^35i'il i^epiST*b.5;']l)5*^f"5*Yeet^  rnd  to 
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....: Vl-VifS, ii?.i*j:: ■■' :)x:**ute.     within a 
fe-A- :  ?'fter  this c.a?<nge in aoctrir.e    ent ;:.nto eiiect^ 
the  ->.-L.Liii  effectiv ^nes    of rircr-ft anti-submarine r,ttpcks 
increased by a  f--ctor of inore  than  two. 

Maintenance is a  continual' 
The perforra'nce of even 

The IviooTtP.nce .of IllJJiteiKiimsi •- 
oroblera wl^fch modern wenpons of war. 
the usual  'veapons inust be  checkea from  time  to  tiine  to make sure 
that imcorapJ-ete CTe does not seriously reduce  tneir  ef^ectiv- 
ness.     As  a  simple ex-'-nple,  've  can quote  fror, an Pn^.lysis uiade 
of the aechanicpl resu. ts froi-i  boMbs dropj'^a by 17  squadrons in 
the Ppcific. 

Type of Kiunber of 
Aircraft Incidents 

PV-1 40 
PBY-5A 9 
PBM 33 
PB4.Y 177 
Total P59 

gonb J\(4leg^£^.laiXx.ire s 

Bombs FnilGu 
to Relef'^e 

A (10%) 
T    (119 

16 
4« 5/») 

) 

Failed  to 
■F^xplov.e 

1 
0 
0 
0 
1 (0.4^0 

(3<3) 

Evidently the uo; ib fusing nec.i).onisni :tisirctory, for only 
one failed to explode.  Tne bouib rel'-^'=':re uecur-nisi;!, however, 
was not sitisfBctory, for in ^^-ch 16 attacks there was one 
ST.tack vvaich failed n^cause the boi.tbs hun^^ up.  It v:as soon 
found oh^^t tb''r was due to an inadequate- checking of the bcub 
sbiHc <""''?K.  This \','a?   soc^n rerneaied and ti^e percentage of boub 
release failures drop7ed markedly. 

Heighi;-i;indi]n.g.Radar - buring the last year of the W'-^r in 
the Pacific It uHcaur;'ex'temely important to keep enemy suicide 
bombers ^vay from our task forces.  Anti~aircr-ft. equipment on 
the siiips w-^s oui.te effective, but this should, of c-mrse, be 
only used as a *lsst resort.  The prinnry uefenae ■ i^ntnst  suiciue 
bombers is the combat -^ir patrol (CAP). W:ie-n  oneny pl-'n s are 
detected by the search ra-.-cr a CAP unit is vectored to intercept 
then.  This interception is cxtrenely difficult m.less the unit 
is given a f-^irly accurate measure of the elevation of the 
incoming eneny planes. Consequentlyj, an accurate ueter: Ination 
of heiglit by tne sh.ip's radar systen is ^n iuportsnt link in the 
defense of the task force at''"-inpt eneny ..•onbcrs. 

 '*i»sn P6i ,spal;/,sis of the action reports i3,.aiGated that 
i : •" :  v.:: :\*iai !^"e:»»>;*!5r?r^:" : .'^o wonkest link in 
At^  r.V.v»A»..:«»M ■*?.-i.tf-* ...•"■*..•■■ I ■  • • '*•'  : :->ar:iy always dete 

rts inuicated that tiiis 

ct®d 
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•PS Clue  to  inriccurate height fln^.ir.c was  streiigt'ioned by rep.xts 
tii-^t in p  riu:iber of c^sss vnieiQ  sevcrrl uoiiiJ.t-i'inu.ing r^d;irs 
7;ore  in use  in tiie  s-ua )  t-^rJc force  -tiiey  -.Pve discoj-o,^nt  results, 
"sperts were  sent out  '^o   ;;av'rral  ships nnving ueigiit-fir:dinij; 
radars  J.nsfcal-.fidj,   and   chey foiaid a  consi>.."-rr!b e  f-uo'jnt oi 
inaccurncy in their re?din!.,s.     In .a. n-;r""^^->r of  these crses it '^^--s 
found  th^.t  the  ''lii^nrieiit of  tl'-e  .^ntenn'   was  out of adjustiior.t, 
and in a nuiiber of otxier  esses  the oj-VP-.tovs v;ere not  --aequately 
tnirjed„     In e mnnber of  cases the rerdings 'vere r.iore  thn,n 1,,000 
feet in error in elevRtionj  -.vhich c^ula easily expl^^ix;  the Isc: 
of interception of the enemy. 

Here v.vns difficulty v/hich was a coiibinata on of poor ;in,inte- 
nr-nce  Rnd  insufficient troining.     The  fundniaer.tal  error was  in 
not oroviuing a  simple rnd scornb^e test  to cueck luaintennnce 
and  training  ?^t freouent intervnls.     By consulting v/itn  tae 
oxp'^'ts and with fleet officers v.  standard cnlibration  :.ost v;ns 
devised whicii all  siiips could conduct in about three hours '.vith 
the use of utility aircraft  (or one of  the ship's ovm nircinft) 
as p   target.     These  tests v;ore  authorized by .the  type covrsfmna'-n^ 
of the  ther.ter and laade it possible for  the   tasl: force  con^.ander 
to  test periodically the  r^uequaey of iiis heitiht fintiiny  ecuip- 
rcent nnd op^^r^'^tors.. 

Radar Borab SltiJiLt^ - Occ^^sioi.ally nQ"i equipment ^ets     :;nt iilto 
the field ah'^nad of rr^nuals  or trained  p-.irs-innel,   so  tii-r t  the 
theater has lettle conception of the liaitations or pos^iibilities 
of  the  gear.     The op ■rations  r'-'se'-rch V'/orker in  t-o.e  field  can 
be of consid r.-^bie help  in  such cases.     An example  of  this 
occurred vmen electronic  boubing eCiUip:.;ent w.-^s first Installed 
in navy  patrol  pl-nes  in  the Paciiic.     Antl-Siiipping  strikes 
with r-'d-r borrjbing equlpnent    (A?Ci-5)   in the Paciiic areas h"^d 
not b 'm as  successful   '/ith Kavy patrol plpnes as it had been 
V7ith  several Amy  scuaiirons  (as  of 1 June 1945.)     Tiiese facts 
were disclosed by a  statistic-l   survey of  th«;  .••■ tta.c.cs ag'inst 
eneray  shipping. 

A  study vns n'de   to discover  the  cause of  fpilure  by 
exniaining the ecuipment perfori.ance^   the training progran.  and 
the   tactic'l use  of  the equipment  in coLib't areas.     Kev; facts 
erne to light in all  three C'-^tegories uhloh promisea to solve 
the difficulty.     So far as equipment was concerned,   it 'A-as l-ori^ec 
tnat e^'libratlon of the ge'ir needed constant attentior.p   to r 
riegreo r^^+  po-ireciated by pr:^trol^,.)^-aj;iq,poiiitV''it'^i''^»    »^H jafti».i>tlon 
thf-re ^vas  considerafslt?'djlrV*Tei^'e JM: ,>^*^oi^ft'^n5-eU»eti;e4*» fcr:osj; 

•  : :• : •... :     '..* '•••    
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plpjiof 'is;:3.i.Jpe*-.. :,c,i^»^ie^»3ut2-i*:: ■ ;< ^J i   * «5,5» comiecteu directly 
to *c<^-iS •S8*i'i*> (JO;;.*Di?:r£i ♦i^ui^'i^.e'n^c* *^*':a*ou.'ier pipnes /here the 
pilot follov.-ea the Pllor Direction Indicator.  Thus, ecu.piient 
perform-'^nce accounted for the rnthor iio.:u results of ^rny (end 
Kavy) Liber-tor type bombers (PB4Y-I) as ng-di.st the OOOE showing 
of Kr?vy PEIA  type nircmft. 

In the line of tr-vhiing, the perfornance of student crev.s 
v/as investlgnted. Each creiv -9s  given Instruction on r  ground 
trainer for four hours rnd then made a flight in s school pl.-ne. 
On tills flight the student crev- watcheu tl.e instructors drop on 
the target, ?nd then took over and nauo 3 or 4 aropc.  Tne ins1n-ur: 
tors, v;ho were an average patrol plnne crev; singled out for the 
job, v;ere aver:-ging 70 percent hits, afte. hnving raaue 100 
bombing runs, v/hereas the students v/ere consistently aver -ging 
35 p--rcent h.its with their 3 or 4 urops. Clearly the stuaents 
v'/ere only beginning to lenrn, and the training iJ .-riod was far 
too short.  A better return on  the Investment would have resulted 
if a fev/ crews had been really v-ell trained and sent forward to 
cor'-:bpt nre'-^s as specialists. 

Finally, tactics were ex-.mined. By 1  July 194-5 the Jaoaxiese 
shipping w^s moving through apen waters only at night, nnd"aur- 
ing the day v;3s anchored in protected harbors close against 
land.  Our OV.TI Kavy submarines \-,f;re prowling in enemy waters 
nnd were surf'-^ced at night so that doctrine recuirea our aircraft 
to lden'<tify positively any ves..el atf c/Ci^u a:, non-sub.  Ihere 
v;ere also areas (su aarino sanctuaries) Vvhere aircraft -.vere not 
allowed to b--;:b, and still other areas where any targe-t could 
be bonbed.  It was a matter of simple „oglc to propose that 
the r-'dnr boinbing equipr.ient be used only at night and only In 
the non-restricted ai'eas. 

The rffect of Supervisgid Practice - A striking example of 
the far-rerchlng effects of continual, well supervised pr'^ctice 
on the effectiveriess of operations can be tak-=n from the exper- 
ience with very long r-^nge (VLR) strntogic bo; ,biT:g o'f Japan'. 
hv   object of strategic bombing is to destroy the enemy's facil- 
ities for producing wrr goods,, v/ith special e2,;phasis on those 
plants engaged in producing equipoent which is haruest to replace. 
Many such plants are small targets, and to knock them out usually 
requires accurate bombing. Therefore, the value of a unit of 
a strategic air force aepends upon how many such eneny targets 
it c-^n destroy in a given time.  This rate ..epends on many 
factors: the number of air-craft available,^ their i.;?intenance, 
the bopb-load per plane, the accuracy with u-iiich tney cnn urop 
.••:•••:•:•     : •:• .•••   .... 

liie  tr-iKin .ue TDorttfer cf'f   •   • •j.i'iraoortsnt effect on 
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nearly -1J   of thf^r* ^"r''... !.... r*:'^!-;^^!** :•. '*" -''' ^r'-^-t -fJ^se 
inport'mt,   but it appears  umt cont-Liiuous  5!•■^^!■tic^•-ti*••tr.•J^*g. 
which  should be  carried on iii  tlie  fi'^'ld  ox   op*-pation3,   is 
equally iiaport"nt.     One night; expect  tu-t an oocrr tioKal  crev: 
could  practice  bonblnt; ovor an enemy   t'"rget ,iu~t r-s  v;oij   '-s 
it  could pr'^atic'j  over r^  trial   target,   and it j.s not obvious- 
that it v;.)uld be proi'lvaole  to  I'euuce  the raiiiibcr oi bo bin,: 
missions  p-^r ponth in oraer  t.> allo;v ti..e ior  coi.timi';d practice. 
It is of course  true  that scoring of  practice bombing is wore 
Ininediate  -nd aetoiled than  the  assessuen-c oi 'operr-tlonal 
bonbing,   so  that  the  crevrs car:  leari; nore quickly   tueir u^stakes-.., 
It is  also  true  that aore experience  car; be -^ain-.u  in  x,ei. ii-ours 
practice over a  trial  target than in a ten hour op-.-rationa.!. 
nisslon. 

In order to detemine how much value operational   ijractice 
training  caii be,   the data  for   ^ne VLH corruiand vratj   stuaieu for 
a period of six months.     For the first hnli  of thi'S p'.-riou practice 
bombing was not enphfn,sized in tnls coi'iui'^nd.    During    ^'^e  socodd 
three-raonth p rioa  somewhat wore  than  ten percejit oi   i,ue  opf rat- 
ional  time of the  crews was  spent in practice.     Ttie  curves 
of Figure 15  show the  comparative  results. 

The  top-nost of  t/ie four curves  sho.;s  tae  -vcraijo nmaber of 
hours a  VLE pl'"»ne of  this cojiKirnd  spent in  the  air per month. 
The  dotted curve  gives  the  total  aver"ge hours  -'-n^i  the- solid 
curve cives  the number of hours  spent" oi, ;:iissions bombing Japani 
the difference  betv;-en  the  curves  i^-iving  tiie  aver-n^e nunbe.T  of 
hours p-^'-r month p-r plane spent on practice.     One notices a 
contlnu-'l increase in the avor'n[;e operational hours p T month 
per  plane,   indic^^ting  that by Koveiiber e-ch  plane v;as '..orking 
a-^proxiv-i^tely 70 percent more  time than rho  same p..ane haa in 
June.     This improverient is only to r^- sn'-ll  part aue  to  the 
tralnint': of air cre'vsj   the principal contributions tirving been 

  "to 
m 
s 
araount of  time was  spent in practice. 

The  secona  curve  shov/s  tue  improveuent in loau-carrying 
capacity of  the   ol^nie.     A large portion oi   the  pneiioiiet.al  rise 
during September and October -/as due  to  the  standarcization oi 

'•'stripoing and i-M-iijhing"  tlie aircrr'ft,     Anotner  c 'ntributing 
factor v/as  the  increased experience on  tiie  paro of pilots,   xlignt 
engineers,   and navigators,   so  that  tiie cruise-control data  was- 
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•   »••-.'^-;i»r-^5i|^e 'DtltiJeSbUribinc accuracy of 
t/,..*...;_...».«^»Mw.,;.!...f?. >tt^r:inr.;?ic2:^M.1?*Sf':Uibto^rn^?iiS of u?5ia"ge. 
I'.liat is plotted is  the pver?tge p-.-rcent of the boiabs arop.jod which 
c.^ie within  one   thous^T.a feot of  the   tercet.     It is to be noted 
that the upvi'ri.rd  ti'ena in the boibini; Eccurncy begins shortly 
nfter the incre-'so in  flying  trainijiii; shewn in  the  top curve. 
Other ,f'actors affecting tite pccur^oy 'vere ciianges in formation,, 
p^-^rr.iitting  the  bo; .bings  to  be  controlled by a   s; :all number of 
lead crei.\^s,  which are given saditional  trnining.     Improved 
weat/ier,  i-ita  resultinj"; better physic?! conuitions for the 
crev;s,   probably f-lso h."d its  effect;   thoufjh if  tliis was  an i.n- 
oortflnt f-rotor  the rise should have occured in Septeriber and 
eprly October rather thnn Ipter.     One c?'ii  conclude   uuat  tae   rise 
in accuTFcy is uu •■ in no smr^ll  part to increase in trr-inlng. 

The prodr;.-t of  i:hese  three  factors   (hours p^'-^r month p'-:r 
pl^-ne,  bonb-loaa. carried, .and  accuracy)   c.:ula be used aaan 
ov-r-all ;;9P3ure of effectiveness of an inaiviaup_ VI,R plane  c.Xid 
c.rev-i for  the  strategic bor.bing of snail  targets.     This prouuct 
is plo'tted in  the lower curve of Figure 15.     The nuiiber of hours 
per ra-snth is,   of cours^   tiie munber of hours of actual bombing 
(i.e.   the  total n-^oinber of hours per month minus  the numb ^r  of 
hours used in bonbing  practice).    This is tiie  solid curve, 
called Trae '^ffe'ctlveness.     We notice vi^ry little ciir'-.nt;e  in 
this n'^'^asure  throu;-i;hoat the first three months.     Fron the  time 
the additional   training was instituted to the  end of the  three 
donths'  period,   there is,  hovjcver,   a phenoiacnal  rise.     In fact, 
e-'Ch vxlrne,   by  the  end of IIoV'.:Tiber,   is ap  roximately ten,  tirtcs 
PS  efrectlve  "s   the  S"r.ie  ,:.■* "r.o  ana ere',; t?as  tiie first of 
vSeptenber. 

As has  been inaic-'ted,   s<3ine of  the I'IQG  is duo  to \*eat.aer 
and other c"uses,   but the nosf important cau."ie seeris to have 
been  the aaditional practice-training.     As  a  conservative 
estiwte of the cost of this  tr'\iKinL\,  v/e  en use  th<? tofl 
hours  per-jrionth. p-T plan ; inste-^u of the' actual boiabin^', hours, 
Tnis  gives ris->  to  the dotted  curve of the lov/er ^,T"\ih,  vmich 
is  the iicasure  of effectivenesi-;  which a plan-? v;oula ivve  ii   it 
had  soent all   its operational hours in bor.Voirig  targets,   .?ha  if 
the other lmprove!.;ents  (of borriib~i..oad cr  riea  ana of  nccuracy) 
had occurred '.^.'ithout  tlie  training.,    \"e  see  that  the los:3  o; 
effectivene:;3  due   to  the audltionai  tine  t-k-'^n out in  tr-ining 
is  a  very SD.TII  amount compared  to  tiie oxtraoainary rise in 
boifD-loaa anu ■acc-umcyj   v.'hich  tiie  training in  part prouuced. 
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■?   sj^uftd'/esi jf  tttesf:^ p'L*'rn.f3 ^S^sl ]nirii:?^eJi>5c Ji'^§* in Hovenber 
th?!ry*?:;i:ar'^?5 •gt'ou.Ts'^^^rcf'ijf *Aui;iUs£**'ti-iougij.  tiie pu.nnes were 
essontially the  s^ne.    Theso figux'es shox,'  the  ^utility of mua- 
bers compared to quality of perforaanee.     The results achieved 
by increased efficiency (by iiri'tiier tr■ ln^.i.g)   obviously fp.r 
exceeded those \i;iiiCii coulu ]\avo  been  rer^ched  sinply  by increas- 
ing  the n'luiiber of aircr:^rt or  tll^? number of ..dssi -ns i'lo^?n or 
by  a.diiing aore nev gr^agets,     This fpct is ofton overlooked, in 
an ^ttsnpt  to win 'c;y nunjbors^  v/itu ev'-^rything beinii s^-cj'ificed 
simply for more mimb-rs^, more air-cr^.ft;  oore  sortlos^^ r. ore 
bombs dropped.     The  curve  sho^vs hov/ little m ";-re  qiiimtity can 
count conpnred  to iraproved ■ quality.    FartherinorOi,   the bit-fj^st 
impr'^'vorients,   those of pl-r-no-lo;:ding and aceurricys   aee largely 
due to trr^inin^^  '^n<i c aitliAial  practice. 

In other aspects of x"/arfare  tiie  eff^-'Ct of  pr'scoice and  trn.in-- 
Ing may not be   so decisive^   but in all  cases heretofore  an-lyzed, 
they have  turned out to be exceedingly important.     It woula be 

■worth while c^nnlyzing other c^ses in det^il^   so  thnt in  the future 
one night be  able  to  estimate  -//het^ier trie ai.aition of new equip- 
ment,   or the further trriining  of personnel  in  tiiO use of  tne 
old equipnientj,   would be r.ore  effective in a  i,iven  cnse. 

£yslua:bii2ii- the„.Sieny,Ls .Copntgm -  In a few ceses 
equipment is misused or discarded b:-cause of en exsjitercted 
fear of the vulnerability of  the  gear to  eneifiy countermen sure s. 
Such a  i)o3sibility nrast alv/ays  be  prepared for^   but it v;as 
the  ''experience  in   the Inst v/nr  tiiat our forces usunlly credited 
the en'^my with an effective coimterrae-isure lon^i before it 
actually occurred.     This  subject; has alreray  been laentloned^ 
and will be discussed in soiie detail in Chapter Vo    An exr-mple 
will be given ht^re hov; a clculation of nverage effectiveness   ■ 
can s rve to answer the fears of enemy counterjrieasiiresj  ana  to 

■rolong the use of an effective piece of equipment. ' The  example 
concerns  the use of aircrrft warning r'dnr by IJ.S,   subri^r-Lnes. 
The advant'Tge  of  .such equipriient  is  that it  ■■.■ill  detect  the 
aircr-'ft r^t r;re='^ter r-'nge  thr-'n will visufil lookouts^,  anu  thus 
will  give  the  submarines a bettor chr-nce  of Giving before  the 
attack is r:iaue„     The  first enrly-warning  set  installea, on U»S„ 
subnarines had an average  rsnge of detection  for Japanese planes 
only 1,4 times   -fche  average  ran,.,e of visual detection for  these 
planes I  nevertheless  this  added iiodicuin 01  v/ai-ning  .jroved of 
considerable value in a number of cases.     In fact^  O'ur submarin 'S 
•/:'3re catifht on  the  surface by Jap planes in less  thati 5 p-=rcent 
of  the at:tacks,   as  compared  to   tae  50 p rcont chance of. surf-^'ce 
att.-e.-: enioyed  by our planes  against the U--Boat.   as nantioned 
,J{~-l''K '      :•••.•••_ :  
"■*''■ *■•- •§•' • • • • •     •• 
 .,,• •..•       • .    • . .. 
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In the  cours^-: or :r*r.5:i- <.j'Ve2*3^6i^?at^ •i^JVv^^e'voj,^  ujo ^a_:;,.• *i 
desi,-ried and  builfa •rcfcafur^seotol: .u'i^«i**c;t.i-r  P\?v Ji^, l^I-^ 
si. nals fron a   suaiarine's  e^irly wariiint; rr-anr«     It.v;ns  ie,-:reci 
Clint if Jfnanose  'Unnes hf-!u  such a rad.-.i"  rec<^iver Oii tiieBip   the 
r?^ng'^ of detection;,   of  smy^mvliy^s using rna^r,   by  suca planes, 

TOuld be ereatly incrensec,   and  thz-u  tue  subnrrin-'s .rnc-ar,   ii.s 
of being pn nsoet,  v/ould b.icciae a liability.    xLany subiiann- 
skippers b^c^Kie c.iKVii-ced   tlirit tliia h"u  .occurred,   for  they  3'^cKt_^ 
to find thf^t laore Japa^.ese planes cpUf^_iuto view >,;den tueir early 
^.varnlng rranr v-jr-s ttirned on that v/iien it was off.     The op-.irat- 
ional data ivere anrlyaod to sc-e if tnis vjcyc- so.,   'Ixie results 
are given in Table  0..1A) 

Area A    Ave^ B 

Raiar Early Vfarning in Use 36 ^'7     , ( -t j^ 
Kadar Errly V.'arning not in Use  61 51      .\^-^ '-^ 
Rptio 1»4 1«3 

Th-^se  results indicate  that subnarines v;itn  t..eir radar in 
use saw nore planes per hundred days than those  submarines v-'ith 
radar not in use„    At first  sight,   theref .-re,   it would seoE to 
indicate  that the radnr-using subnarines  v^^re attrricting plsneSo 
On  second  thought,  however,   one  sees  that tlij.s is not  sOo     liie 
radnr-using subnarine  s^ioiild see more pianos b'^csuse' its rav.ius 
of detection is greater  then for  subn?rinos wiiere visual, sighting 
is relied upon»    In fact  the ratio in radius of uet cticn vv-xiich, 
as we have seen sbove,   is  just the j,actor l'..4»    Consequently 
the opratl->nal  data  indic-^te  -tiiat  the  rrar'i-.usinii  submarines. 
In other words no nore Japan se aircraft congrecinted ov-r rodar- 
using  submarines  tb,an con^^reg-tea over non-radar urging  sub- 
r.arines;   and if  the Jaoanece had a  rpaar receiver,   it .-.vas not 
rtoing  them any good.     This analysis holpea  to kill  op.osition 
to  the Use of  rr-df?r in U.'  S.   subnarj-nes.     Since  the  ena  of  the 
wr-r,   it h^^s been ..earned that the Japane.-e h^d considered install- 
ing r-dar receivers on their planes,   but the   iropos':. haa been 
vetoed b"    the higher coai.aando 

...   :..: •••. —. •:• :     •:• :**' :": 
:  : : .: :     :      "  .-  .-    :  : •    :  :-  :  : 
:  : :* : •... i      ••   •••    
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In Cu^pter III we shovreci thnt in a grert number of cases 
the  a?troxinate  constants of warfare ere useful without further 
matho;untic-l nnnlysis,  once  they lir-ve been obtained lay taeorct- 
icr'l  or statistic-1 itiethocls.     In Seccioi. 7  wo  ^-ve  an ex■'^^l,>>le 
fron  the nnti-Si.ro;.T^ri?.:ie war in  tixe licj  of Biscy,  wiiich Siiowed 
that  soraetiiies  tho  comparison of  the value of  the  constants 
obt-^ined fro,.i opor-^tionsl data vvitii t;ie tneoretically possible_ 
vplue -vill  indicr-tej,  r.dthout further analysis,   the nouifrc^tion 
in  tactics neces;;ary  to obtr-in l:.:prove.meiit.     Similarly,  we  Siiall 
see in Section 16 th?.t a.  sinpls   statistical  an^Jlysis of  the c'n- 
stf>nts entering into  the effec'civeness of siiiciae bonbers Ei^ainst 
n.^neuver;ng surf nee cr-'^ft is F.11  that is necess:^.ry  to indicate 
the bc-st tactics  to be used in avoiuino "Kai.iikazes".    Once in a 
'•/hile,  R  sinpl-^ coiuparison of tv/o measures of effectiveness  will 
suffice  to ansv,'er  a   strr-tef;ic^?l .question,   such  as   tJae case  dis- 
cussed in Section 9  concerning  t>ie  relntive  •'-dvantage of nircraft 
and  subnrrines in sinking enemy  Siil;:)ing.     Lieasures of effective- 
ness,   statistically or anrl; tically ueteridnea,   can  oe of consid- 
er?=tale aid  to  tne  strategic- planner in '..orking  out foicc recuire- 
nents for v^iloiis   tTsks. 

11.  Force Requirenents - Tv>'o  exauples fro;a tiie  anti-sub- 
marine ''vnr in t"he Atlantic vail  suffice to indicate how these 
c inst?^nts  cnn  '~id  in deteiriining  force recuire2;ients.   Tne first 
show.s  tne -lethoa  of c'lculatino   the number of anti-submarine 
patrol   olanes needed in a  sea  frontier^   in  oiuer  P'a-xpir-uely  to 
escort  the  snip>ing in  the fr .-ntier.     At one  poriou in the v;ar, 
a  certain fronti-^r had the folloYang density of snipping; off 

i^vernge Kuraber of Units  Present 

Inae >endents IJaval  Vessels     Tugs 

its coast. 

Miles ^v 
Fron 
B"^se . Conv! 

0-lCO ''(• • J 
10(-PC0 ;M 
200-300 0.6 
300-400 0.3 
400-500 0.1 

17.4 '^-"0 1.4 
n.3 0.9 0.3 
1.7 0,7 0.1 
0.3 0.1 0 
0.1 0.1 0 

The oc'-~-an r-re"   in the, s-.a frontier ivas diviaeci up into zones at 
different dist'^nces  frora air-bases.     Ship .ing  charts ^'fere   tnen 
counted  so as  to obtain the  r^verPt^e nui'iber of n-vax ui.its,   co; - 
iv6l/i**htt\ ^   ■:i-i*i^a,:p*;r;*»l<> C¥?.,f;iUi^; e;^(v^ ^^ry in encii of  tnese 
l7:,-->5;oJ*:   t-o-'**5>-t;tt'^r«(*'?. ••■^  !^*»    ■•'•I ■•ij^, J.^r^rs?  turn out to  be  about 
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zon ••  li'itv;een 4OO  •-■^nti 500 miiLes frora an r±v  b.-5se  (or^   r-ntacx'^ 
thei'e   Is p  convoy in tills region Qi;e t-.nith of  the  ti::e.) 

The region  0?'trolled by  the   sen  froj.tier ^jlanes is divided 
ir:  this v;ay bec'^use it  t-^kes nore  eifort  to     atrol  at large 
dlstni.ces from n   opse  th.nn it does at short di3t?"i.ces.    Or  to 
mt it PTiothor wpy,   it t?^ke3 more plni.es  to  i.^iVG n  convoy 
?^d«qu"-te  cov^^.-Pgo Wiien the  c.-nvoy is frr fi':)i.i  the  air urse  taan 
v;hen  it is  close.     TiiO next part 01" the ]irobien vaiercaTore,   is 
to deternine iio'v r:\--^ny   'Ipnes  of c  given  type  are n'eded  to  cover 
p.   single unit continuously in a given zone.     Each plfne en fly 
so many h lurs  a month|   the  rest of the  time  it raust be r: t  tixe    , 
b=se in order to rest its crew^   ana to undergo ov-rtiauling. 
Supoose  the avernge niiraber of hours a raonth n  certoin plfne can 
be op-TstionPl is li.     Each  plane has n laaxiiaui;. mii/ibor of xiours 
T during v/hich it c"n stay -^lofti   tuis cnn  -.e c?^li9d the length 
of mission.     Kot all 01   this   Length of ..isEion is available for 
escortiiig vessels,  ho'vevers   tae plane r.iust  fly iroin  the base 
out to  the  position of the unit  before it c  n be  of use,   and it 
must fly bac':  ^^galn  t.i  be of us^?' next tine.  . Tnis  transit  tiue 
is  equal  to  tv;ice  the distance  to  txie  center of  tne  ;:one  in 
qnesoion,   divided by the  speed of  the plane: 

L =  Tr.^nsit  time -  (l/V)   (l00t2D)^ 

'"here V is  equ.al  to  the  speed of plane in knots,   and D is  the 
distance iron  the base  to  the  inner edge  of  tae  zone in 
c;ueGtlon« 

Re(:ulrenents for Air Escort- Ihe lengtn of  tixie Virhich  a 
^I'-^ne c"n cievote  to convo^/ing on each mission is  tuerefore 
T-L.     Tiierefore  the fraccioj'.  (T-L^i/T is  tne  portion of ench 
mission v/hich is   -actually sp-='nt in  convoying;   ana h  times 
t'ds fraction is  the tot."-! nmaber of hours  ^ north a  single 
jilane en s.-end in actu.al escort of a unit in the zone in 
rues'.ion.     Therefore  the nunber of ,.)ianes of a  given  type 
requirau  to  be 'cept ');, hand at  -'^   b^^so in oi'd'-r  to   ;jroviL.e  co..- 
tinuous escort of -"^  sing, e unit in a  given  zone is ueteruined 
by the equation   (as.iuraing 30  days per norith); 

Kurnber of  planes  required  at b'se •"  7?0T/il(l~L) 

Tynical perforn^nce fif:;iires for two different  tyje    patrol 
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K, Hours per pl^ne ^er no. 

V, Speed in Knots 

T, Lnngtu of mission, Hrs. 

Dist. from BsS€;S 

360 

50 

IS 

,.. -^ '»■ - ■"*   • 

• 

• • 
Liber;'tor 

80 100 

90 130 

4 15 

Planes 
Pequired 
for fuJl 
Fscort 
of or.e 
Unit 

0-100 
100-200 
POO-300 
300-400 
400-500 

2.25 
3.00 
4.50 
>.oo 

12.46 7.58 
3.49 
9.66 

11.22 
1^. j2 

v/e  see fro    this  trble that  the Kingfis.iers  (0S2U)   cnn only be 
,used for cover in  the first zone,  anu the Liberntors are  the only 
plBnes I'lentioned  In  this  toble vviiich cnn  cover  fcie outer  z ne. 
We  nl.'^o  s-^e  tiirt it trices ne^irly  twice FS :>r.ny Liberators  to 
cover r  unit in  tlie outermost  than it does  for i-.ibe! ators   -co 
cover B unit-in thr^ inn-rnost zone. 

'L^ese  two  fables  cnn be  cciblneo.  to  ^jive   the  totfl  force 
recuireneiits  for co. .plete  cover-ge of  tne  ciiffei'ent sorts  of 
-.i.nits presnt in the S-^P-  froi.tier in question,     une uultiplies 
rhe nur.foer  of  piar;es required  per unit in  a  given zone by  txie 
number of units  present in  that  zone,     lliis  give^.;   tue rninber of 
•>lnnes or blinp-s of e^-^ch kind v/jiicii v.-oulu  be  requii'oU  to  be 
on hnnd  nt  bnses  in ort-^er  to  cover r>„l  of   t.ie units  present in 
the  frontier a 1  of  txie  tii:ie. 

Aircraft Eecuirenents for t./S Escort 
For Sef=  Fr M.tier. 

Day find Klght Cover for Convoys 
i^v. Ko. Units 31 i:;: IS King sfi Sit- •rs Liberators 

ZOKE " te b.-:?  covered ZP 0S2U :'B4Y 

0-100 4.3 9.7 53.6 32.6 
100-200 2,1 6.3 Cr.nnot 17.3 
200-300 0.6 2.7 sov.r 5.3 
300-400 0.5 2.7 tiiese 3.3 

•    •       • 
:  :  ••: 
••• •••• 

• •• 

•• * 
• •• 

• • • • 

• •• 
•    • ■••   ••■ • 

»•     •• 
•       • >•   ••• 

• • •••• • •*•       * 
• •       • • *        • 

• •• 
• • • • • • 

• 4 »    • 
• • 

zones. 
• • • * • • • • • • 

1.3 

3.5S 



'■'^9 

Zone 

0-100 
100-200 
?00-300 
300-400 
^00-500 

:o  be  covered    ^^     0S;*i5' •       -• :...^lktT 

2.0 
0.9 
0.7 
0.1 
0.1 

4.5 
2„7 
3.1    . oover 

— these 
_ i.ones. 

15 
7.6 
6.3 
1.1 
i- • ^ 

Zone 

0-100 
100-200 
2C0-300 
300-400 
400-500 

Dpy pjicl i^ijiht Cover for Independents  -,nci  '-^iit/z 

i>,v.   llo.  Units 
to be  covered        Blii-aps        Kinui'isuers        Liberatoi-^s 

ZP 0S2U PB4Y 

13.8 
2.6 
1,3 
0.3 
0.1 

42 
7.3 

2,34 
Cannot 

8.1 
2,. 7 

cover 
tnese 

_ zones. 

14;- 

17 
3.3 
1.3 

Fro-; this  set of t^ibl.es of force rer/ulrerients^  oiie C"n 
c-'lciilnte the totnl nunoer of plnnes required as soon ns one 
knows  the  p?irtiGi;:lar plRne v/niea is  to cover a  given zone  nnd  as 
soon '"'3 one decides v;hat p'-rcentfiii:e of coverrge e-^ch unit is 
to be  t^iven.     For  inst'^nce,   if one msiies  to i^ive  all convoys 
complete  cov^-^ragej   n?.vr-l vessels  fifty-percent covor^jge,   and 
iii(iependents  nnd  tugs 10 percent  coverrgej- nna  if one is  to use 
Libor-j^toro for the outer two  zones^  blliips for  tfie next tvo  zones 
and  for }i?lf  the  cov'-^rnge in  the  inner zone^   cin{.. Kingfis.iers 
for  the  .>ther iislf of  the covn'Sf-e of  tiie  inner  zonej   then one 
sees  tlmt one needs about 6 Liljerators^   B.'oo\it 22   bil»..p.s,   and 
sbout 45 Kingfisners on b-'ise  in  oruar  to  satisfy  tiicse ?.-equire- 
nents for close  coverajie agairiSt  subaisrines.     hore  tii-nn  tiiis 
number would need  to  be  on nnrid in oruor  to proviuo  agninst 
siiriultrneous breakdown?   but  this is rinotlior p-rob::ea,   Rlrendy 
touched on in Section fj.     Other  similar reopair ;Tier;ts must be 
na LO up for other anti-suhi^-'rine duties,   such ?.s for g'-nernl 
patrol  and  to  t"ke  part in  subaarine hunt after P. contr-c;: lirs 
been nade. 

It should be  poi .ted out th^t a cart.^in percent of non- 
flying vj^^nther  slraply lowei-a , the ntiriber of hours  oor   ;:..n.ne  per 
n--nth,   but does not affect 
tables above.. 

;he  airci'vf t pu^si^niiert , eae  in  the 
Hours lost due   to  b-'td wee.tjior  are nours lost,   and \jiAUi.Ki-->     HUUVb'-i XXUUi-i     J,L>aL<     UUe       i/<..'      U-'Vl     VVt-'C. UJlWi       :-l,l. C     liVUi  O     J-'v-J^Jl,.,      c 1.1 

the  recuisite nucibey. o.ff- :»la4>*3>»:.**i:j^-,^j^»»i.ir?;^:T'^r.."!:'t^j  t-^'Xh I-fiVln'isrg 
of the-,;o:.<i v^eathef j :..: \    \    . I .''  .\]^ .:. n:. .:. :::. :..• 
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;V„'I';ioi Ibxsnpl'^ of Torce 
it'l/ii*   c!e teriaination of  the 

deitii cli^ri-es  nna aliend-tnrown cas.Tit,es useu per -v.)ntii in tne 
Ati-iutic in ai;ti-S''b;.jprine 'varx?re  in 19^4.   Miring   this  ti.,:o 
there-v-'ore  "--  r:>xij:ip.tej.y 30  eneuy ■ subii^riues  on .j'>trol  in  the 
Atlantic,   Bud  there wore about  ^00  aLti-3Xib.:rrine  ships at  S'iB. 
in  the. Atlantic,  v/nich used 611 de,jth charges  anu 700 ah^^oci- 
UiTov:n  chpi^es  per noi.th  tj   sinkj,   on  the  avemcie,   1.25  sub- 
marine's a r.onth.     It seems  to have  turi.ea out  th'^t   ine nui/iber of 
deoth  c. ar£:es  nnd ^hend-tiirown charges used  per montxi is propor- 
tional   to  the nuntrer of eneny  siux^arines present at any  tine. 
For  the ye-^i- 194^-^   therefore^   about  tv;<:^nty  ueptn  Ciiart:,es and 
tv/enty-thr':e  aheeu throwr. charges were usoa ,j ;r iiontn per  enemy 
subm-riiiO  oresent.     This figure v;a$ useu to preaict ti^e number 
of v/ef^pons needed  in subsecpient jiOntns once it vjr;3  possible  to 
estl'i'te  the nimber of eneiiy sub, iSrines ■,,'hich wer-:; likely  to  be 
on  o'^trol.     This  result was used  itt '.eterraining   the  production 
orders for tiie  successiire year. 

^ Tt is  possible,   on  the-; other handj   that  tiie nujiitaer of aepth 
chprg'^s used vjna  proportional  t^.-)   the number of  subjaarinos  sunk| 
this "figure for 1944 v/as about 490 de:th charges  and 560 3h-:ad"    ■ 
thro*vn charges oer  Gerrif?n U/Boat  sunk.     From Iritelligerice  reports, 
one  cPn: estill."!te   the number of  submarines  tnrt '.-.dll be in  tiie 
iitl?htic  at soise future  tine,   anci  i'inu  the number of  su^-uarines 
exoected  to be  sunk.     This Pgnin  con i::ive an alternate estirarte 
of  requifenerits,   i/hich turned out  to agre ; v;ith  tue  otiier esi-inate 
a.)er :'?cir:tRtely. 

IJ^ J;ilI^ilS!l.SiiI-!J-Jaill^^^ '^~—  previous  sec Vion c^^ve  a lev/ 
eit-fole  ex^r;.roles  oi'  the use "of ner'sures of elfectivenesri;  to deter-, 
nin--^  force  recpiireiients.     As usual, ■ the  constants  of warfnre  pre 
not very constant,   and only approjcuaete forec^si^c  c-Ui  be obt-'ined. 
In nost cases  such  constr^nts  are not knovm  sui'ficJ.ently aocurataly 
to  warrant their  being used in natnenatic-l  equations of any 
complexity. 

Oecasionfilly,  liov/eyer,  it is useful  to insert these c .-'nstants 
into  differentird  etp-V-itirns,   to  see  what '.vould nappon in tne long 
run  if conditions were  to  reaam   cue  s-^no. as  the constants 
go.     These dij.iereiitial  equations,   iii oruer  to  be  soluble,   will 
hHve. to represent  -^xtyemelysimplified foras of warfare.;  and there- 
fore^ their"rnnge  of  applicability will  be  small,     Re  SX.R11 point 
out later in this  chapter otner  serious liA.iitations of  fiucli equPtion, 
I'evertheless,   it  sonetimes ha,> 
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general   sort en. be  set up^   eac^L eorrosponaing  to  "   aixiererit 
tpctic^^   or  str-tegicnl  sitrirtion,   anti only a  xev; oi   fcie;.i upving 
-lore th?in iiTijinr'l  iLterriSt.    A fov,  of the i..ore -iiteresting 
exf^rapl'-s will'be  civ'^n  lii  the present ciiaptor. 

i2gsSXl-5tl2r^--2i'Jl2'-i'2^li " ^^^'2  '^■^"  '''■-'^''   siinplns-c  onu uost 
•:nteie3l:finH"'Sifferentiol  equ--tions  relating op,)0&inL;  forces 
wer'-'  sti-'diod by Lnnchester during World War I.*    J-ne nateriai 
in quotations is   v-ken frxn -tds -.^ork, 

"Ore of  t'ne frerrt cnestions  at  the  root of  all   stratei:;:' is 
that of'coi^centriitioji;   ttv-  coneei.trp tion of the wiiole  resources. 
of a be"" i£'^rer.t on P     single  purpose  or object,   pncl concurrei-tly 
the concertrf^ti-n of  the nain streL't/th of hi^ forces,  wnetuer 
nav?-'l  or nilitary,   Pt one point in  the ficla of oper:-tions.    ijut 
the  principle of concentrn.tion is not in itse:.i   n   strategic 
nrii cl-)lej   it oodles v;ith equal  effect  to  purely  tnctiGa.L 
oporntioRs;   it is  on  its mnterir.l   siae  bnseu oh frets of purely 
scientific cheracter, 

"There  is  an  L;port'r.t difference  between  the nethods of 
defence of primitive  tinies  snd  those  of  the present dr^.y ivu„cxi 
may be used'to illustr-to  the  point at issue.     In olden tiues, 
v.'hen vei^pon directly sns'vered vjeapon,   the r,.ct of. defence \-iBS 
■■>0'itive'aKd direct,   tlie blow of svvoru or bnttieaxe vvss pp.rried 
by sword pnd sliield;  under modern ccnuitions i^un fuisv/ers gun,   the 
defence  from rifle-firo is  rif-e-fire,   snd  the defence frou ar- 
tillery*     I'mt th':: defence of moaeren r-mris is inuirocts   tersoiy, 
the  «>neuy is   prevented fron kil^^ing you' by your jcilllng hin .first, 
snd  the  fignting is  essentially collect:..ve.     P.s  P.   consequei..ce of 
this differencej,   the  importance of conceatrntion in nistory iias 
been  by no .menus  ?   c mst-^nt rpaantlty.     Under  the olci  conditions 
it   -nr/not  possible by  nny  strr'tegic  plnn or  t'ctic.-l m-^nouvcr 
to bring otiier  than approximately equnl nuinbers  of men into  the 
actupl fit;hting line;   one ivsn would ordinarily find hiiaself . 
nnoosed  to Qne'rian.     Kvon were a  Generrd  to concentr-^te tv.-ice 
the nui:;ber of tn-'n on any given portion of the field  to .that of 
the eneny,   the r-uraber of laen actually wialuinu  tiieir weapons  rt 
Br.y given instn-/:t  (so long as the fighting line -.vas unbrolcen) 
was, "roughly so.-^kinSj,   the soi.ie on  both siaes«    Unuor present- 
day conditions' -11   this  is  changed.     VJith nodorn long-ra:;go 'vor- 
pens  - fire-ar):'::^j   in brlof -  the  concentration of   superior 
numbers gives sn immediate  superiority in th-..' nctive  coiib-tr-nt 
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"In  thus  contrasting  the anciei.t conditions witli the woaern^ 
if is not  intended to   su^igest  tnat  th©  nav-ait-'^ges of onconti/a- 

•   tion did not^   to  S'x.e  extent^,   exist under  the ola oruf^'r oT  thii.gs, 
For exBir^'le^   ■vhen an priny broke ana fiod^  unuoubteaiy any ninaer- 
ical   siip'^^riority of  tho  victor could ba  usod with  telling offect., 
end,   'b'^fore  this,   pressr-.re^   as distinct i"roni blov/s,   would 
exeiccise' grent infiiience.     Also  the bov^ nnd asro?/ and. tne cross-' 
bow-v-'^re v,-e?;00iiS  thnt possessed in a iesij&r degree  the  properties 
of fire-arr.'iS,  ii^ssriUch RS  they enabled numbers (v/ithin iij.its) 
to eor.centr^'.te their autpck on  the fev/.     is liere dj.scussed^   the 

' c-^nditlo'.s  are contr'sted  in their most  accentuated form as 
extremes  for the purpose of illustration, 

"T^'i'ing,   firstj,   the  ancient conditions where iian is opo;sed 
to (i.nn^   ther.jj  as-uinj-ng   tho co .batants  to be of equal fi::hting 

■   v?ilue^   and other conditions  equals   clen.rly^   on an Rver-ige,   as 
i:i«ny of  the  "duels"   th'-t go  to rifh:e up  the v;hole fi^jht v;ili  go 
one v/ay as  tho other,   and  there wi'1  bo  about f:qual nunbers 
killed of  the forces engaged;   so  tJiat if 1^^000 iien. noot 1,000 

. m.en^   it is  of little or no  iMpcrt-nce  Wiiotiior a "Blue'^  force of 
1,000 nen neetia "Red"   force of 1,000 men in a  single pitchea 
battle^   or xihether  tlie wliole  "Blue"  foi-ce  concentrates  on  500 
of the  "Red"  force,  and,  having annihilated tnen,   turi^is its atte].- 
tion.to   the other hnlfj   there will,   prcjsuialnc  the  "F;e«-i.s''   st"'nd 
.their gr-jund  to  the Inst^   be hr^lf tne   ■'JJlue"  force wiped out in 
the annLnilati-'n of the Rod force* in  th--.-  first battle,   and  the 
second battle w 11 start on  terns of equality - i,e„,   500 j^Jlue 
against 500 Redy 

The Linerr,   LBVS - To  set  the discussion into  a i/iatiieiiaticol 
equnti^wr,   vre "vlll let m be   the nuiabei; of  conbatnnts in  the Fed 

• force at any inst'uit and n be  the  correspono.ing nuiriber in  the 
Blue  force.     The  tine variable  in  the  equations  I'equires  a little 
explanation,   since, it-is very seldom, that ^varfare goes on contin™ 
ously»     in  the  sinplifiea  picture of earlier v;;irfare,   each 
6ilS£,iiG?n^nt   (or charge or b.--'ttle;   was riace up of  a lai'i^e nurab;3r 
of'^inuivluual   cc.vribat_s  (or  duels).    V/e  can l.';ble erch. enj^'^geHient 
in sequence-and use "ti-ie  ind.Lcial m.u.iber  as  the  "tii.:e"  variable  t, 
by the'ususi   extension fr :: aiscreto to continuous variable.     Or 

^•j!^r;-*>vr«,«r™^^ tov/ar'us   tne  close  of  the  fi^^ii 
I   ''"Z   I    ■'•••;  ■'*';^"'^*i'^-»»--?***tt".f;h'^'T*).r  • *v% than tueir own mimber, 
•l*rrr/?^>lTf t^^lmlj;:^l?^'>»j'lt»ifeve:;,,;i?iif;i,sn;ecf, 
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• I J. : .•*• :    .♦•. ,••• ••• •• , ,,, 
else v/e  can label Itrfe :itJ<3J.vldjial :^^c.ijnb6.t3 in rJec^Qnc^  fjpp  ?S0 
this   Index for  our'IMo'vaVletylc T,* •••* •••* .1. I       .:. :,,. :,,• 

V/e will only considei' t^iose combatt? which result  in tho  elim- 
ination of ono or   the other oonbatont.    To T,ial<e t'le discussion 
Coneral,  WQ c;an  allov; one  side  or  the  other a  cortain superiority 
in weapons  oz"*  in training wliich can be represented  in tbrms  of 
°" exchance r'-.te.     As  explained before,   tliia   is   the ratio E between 
the average number  of Blue conbatants  lost  to the  averaga number 
of    Red  combatants  lost,     The number  of the Red forces  lost per 
combat  is   equal   on  the  sverage  to  the ratio of the  losses   inflicted 
by the Blue forces  on the Red and  th*  total nur.iber of conbats 
(which is equal to the total nur,ibor of losses),  end  similarly for 
tho Blue  losses.    Thereforo  the  differential  eqxAations  for the 
cliancos   in m and n per corabat are 

dm 1    ,  dn        «, E     j 

m 5- rao ™ T     , n ^ TXQ - TS (4.1) 

whore 
dn 
3in no - n ;- E   (nio-m). 

Since  tVie   aolutlons  are  linear  in T and  since the relationship 
between m end n  is  linear,  t-.ia  sot  of t5quatlons  is  somotimes 
called Lanchestores  Linear Lay,;;, 

To express the equations  in terras  of t, v;e can asstinie that 
in the T'th engagenent thsro are P(n,n,t)  combats.    The  equations 
in terms  of the "engageniont variable"  t are therefore 

Dividing ono  of -tliese equations  by the   other,   we  obtain  again 
(dn/dm)-Ji,  as before, 

T?).e  solutions   of these tv/o  e_q\2atio!is' represent  average  or 
expect  values  in ths sense of probability t'leory.    The  octual 
results  of ony series  of en^rar^enents v/ill  deviate  fro;a this 
average  accordinc to  the  probability  analysis gi.ven  in the next 
section« 

V/e see~th^t 
the   situation dia 
forces  are  equally 
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beem mentioned nuriljfe^s'TI  »qua*lJ-C(|  Vqg* Q:^ht)'i^_,o  rfete !■!]{• as; hijs 
abo^e^^ J^i-f3;t9  l's:c,(5pEfQQp.«ci:.l;^•llo..al^^!•.i^ag^ itf concentration  of 
forces« 

V/iien we txjrn to the nodorn cese with extended fire power, 
we find that v/e cannot break i.jp the Individual engaf.oraents into 
unit combats. For each pflrticipant in an angaf^eraent can fire 
at every opponent (at least in the ideal case). The time 
variable must therefore b@ th-i' Indlciol number t of the engagement. 
We v;ill assume that in the t«th engagement, a single Red combat- 
ant can put out of action (E/1 E)G'(t) Blue conbatanta, on the 
average, and an individual Blue combatant can put out of action 
(l/H"E)G(t) Red combatants on the average. The corresponding 
differential equations for this raodern case are therefore 

1^ = "" T^^ ^'^*^' B¥~ -ITT ^^^* 
(4.3) 

where E is again tho exchange rate.  Since the solution of this 
equation cones out as a relationship betf/sen the squares of the 
numbers of the combatants, this equation is sometimes referred 
to as Lanchester's Square Law» 

Lanchester'3 equations nade It difficult to explain the 
advantages of hevin-" reserves. There are two possible approaches 
to In troducing a troatnent of reserves*  One is to hnve a decay 
of effectiveness of personnel or weapons as the result of use in 
coTTibata This is not enough (riathenatically), Another factor is 
that personnel not exposed ar© not killed, i.e., doubling 
effective personnel will not only double tho rate of destruction 
of the enemy but also one's ovm rate of destruction by exposure 
to fire. 

The advantages of concentrration are apparent in the solution 
of Equation (4.3), for it is apparent that the .effective strength 
of one side is proportional to the first pov;er of its efficiency 
and proportional to the square of the number of combatants en'ier" 
ing the engagement; Two opposing forces are equally matched when 
the exchange rate is equal to the sauare of the ratio of the 
number of combatants. Consequen1^1yI^"~T3 nore profitable to 
increase (by the same anount) the number of participants in an 
engagenent than it is to increase the exchange rate (by increas- 
ing the effectiveness of tho individual T/eapons)^ This is not 
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'To bring  this? faot   >u4t:j::^ore .p.leayj.y,^,v,;e, y{ill  return  to  the 
eng"ger,o!:t nentioi'ed  f-nilier between 7L,000, m:-n  an' the _biuo  £iue 
one:  1,000 nen on   the Red  sl-de>-'-3r>c}i v/ith.ui.eaj:iQns of ,,ecuni'riro- 
Dowor  (E=1),     If e.-^ch side throws in sll its'unnoower "into''each 
eng.-^genent,   the   series of battles v;ili  end in  a  Ixrv.-:,     If,  hov/ev  r 
the Red  gener-1 ri'^neux'ers  so  ns   to bring his  tuous.''-,.a .::eri into 
eng'^gei.iont with hnlf of  tb.e Blue  force,   it v.ill  be  soen  tnrit  tue 
Plue  force is v/ioeu  out of exist'-'nce  vvith a .loss  of only ^boi't 
134- ^iisn of the Red force,  leaving 866  to i:.eet  the  regaining 
500 of  th-i hluo  force v,dtl:i en easy and (..ecis..ve victory.     *j.e 
second  02..gr:j,ehient between 866 Red paz'ticipants  anu  :iOO''Biue i;i.Ll 
result ir.  the  annihi.lntion of  the  second .blue  coiitii.ger.t \/lth 
the loss of about 159 F.ed.:,   l--^nyinb 707 survivors. 

FiK^.tinj;:  Stren.g:tli ~ These  equ   oions  ana  tneir  solutions have 
a   gr'-'.'^t r-ncG of  np.iroxin-te  application and sueJGest a nu/.iber  of 
useful  investig--tions.     Indeed an iiaportpnt  p-obi era in opora'cioiiS 
reser.rch for p-ny type  of  •./■-rf-'re  is  the Invc^tig-^tion,   both 
theoretical  and  statisticr.'l,   as  to how nearly Lr.nciiester's lavs 
ap^ly.     If it turns out that Lancnester's Square Lav; applies, 
the  oossibilities  of a  concentration of forces  should kt   UxCe 
be  studied.     An obvious application is in aerial v;arfrre.     It 
has alre-Tdy been mentioned that an 5.;iport';nt facevr in the large 
r-tio of effectiveness betv^r-en U.S.  fi^htini; planes and Japanese 
fightin-;: pla-i:,n3 lies in  the fact  that  the \l,ii.   pianos fight in 
ijroups of  t;vo  or   three,  v/iierr-as   the Japanese  planc'S usually li^-ht 
singly. •" * .      ^' 

Another quotation from Lanchoster is of interest here: 

"It is  e-" sy  to  shov/  that, tills  solution may be  intei'-preted 
nore  [-;enorPlly;   the   'fiJ^litlng  streiigtn'   of a  force may be" 
broadly defined as  prooortlona^l   x.o  tiie  square of its nuiierical 
strength nultiplied by tno fii:htlnii value  of its individual  units. 

"Jis an f^xanple  of  tne above,   let us assiL.o  an army,of   ^0,000 
jjiving battle  in  turn  to 1n,vo  aririies'of 40,000  anu 3o,000  res- 
nectivoly,   em.^^lly v;ell  ar;ied;   then th,'^  strengt.LS  are equal, 
since   (50,000)'-   =   (i^0,000)'^  -^   (30,000)'-«     If,   on  tiie  other h'nd, 
the  tv:o  smaller arnies are given  tine  to effect a  junction,   tnen 
the ^-rmy of 50,000 will be over.'helmea,  for the fityitlni:  stvengtii 
of  the opposint,:;  force,   70,000  is no ioniser  ecual,   but is in fact 
ne.-^rly twice as ij;reat - naraely,   in tne relation of 49  to 25^ 
Superior morale or better tactics or a himdred and one othei- ext- 
tr'ineous c-^ses ]r,py ii tervene  in practice  to Liodify tne issue 
but  tills does not invliaate   the matnenatical   si:atCiTient„ 

"Let us now  taxe  an exru'-'] e  in Fhlcn a - aiff erene^ i,if'W6-> 
fighting v^lue of  the uaii; is p_ factor,    V.Lc v.'i^i iHBsiu,-ier cha.t,^Qas 
a matter of er,'ieri!'i«nt,ibiao daari employliig a'i;f?eh±Yib~gte  can "n.u.l sh* 
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if ve  '^SoUinG  tii^:t the  results Oi   each ei^i^-^i^eiuent are  subjecL  to 
the  laws  of   ^robaiility. 

The Linear .Lav; - For instance,   i'or  tjie linepr equations^   we 
c^n   s^.y that at ench cj:,;uat>   on the avera^ie  (E/E-1)   Red uiilts is 
lost,   and  jn the nv^i.-g'-?  (I/E4-I)  Blue ui.its is lost,     '-i-hen siter 
T coi.ibnts  (if T is  sualler than n^ or n ),   the mu-tii.ouial ui;i- 
tributi-n  shows  that  the  probability  that  there v/ill be ^-i.Reu 
iiriits lost endP"T-aBlue units lost is 

c4\^ I  J1.1-E) ^-   ' ^ 

So  tliBt  a  v/iue  rmge  of outcoiie.s is possible^   so:.ie  of  then s-difor- 
inr  v;idely'frora  tiio  solutions o...' FqiJ.   (4.I).    hov.ovcjr,   for  r. 
t:;iven  "ti.ne"  T  (Lest?  than la^  or n^)   the  r.verage nuiabor  01' i.ou 
and Blue units lor>t is  just  th"t givon  in Equ'tions' ('%l). 
Therefore  for  the first pert of  the engrigeuer^t  ttie  aolution  to 
Lr.nchestor's Equatioj:  is vnlidj,   on  'che  nverpjj'.;, 

'Then  the index T gets lar,-;e enoujjh,  nowover,   there is a 
ch'ince  th.?t '^-11 of one force is annihilated.-   For ins trance, 
v;hen T « HQ^   there is  r   certyin probability   ?(0,nQ)=(l-^F)"^^G 
thst all  of  the Blue units v/ill have  been annihilated,   ?.nd none 
of  the  I'ed units.     If  tMs  shou. d hrve  c curred,   tne battle 
r,'o-thi.d  end   then and  there.     Tiiere is also  a possibility that  the 
bPLtlo vdll   -mil v.'itii one Red tmit lost and all of  th--? hlu'^^ units 
lost,     Ihe probability  of  tiiis occurrinji  is  ?(l,n ). 

It is not difficult  to  see  that  tiio  probr;....ij.itie3 p(c?f,nQ) 
and ^(HQ,^)   are not obt-ined fron the foriiula  (4.6).     lurtncr 
retailed  analysis   shovv'S   tnat  tne correct fornulss  for  thes: 
S'v-clal   c?sa3  are; 

r,)      =^    kL±.XkQS=LU 
, c* 

oce    ccec    QC n 

P(r.io.^^)   ^^     (fir ''U  ~ij I       _& 
f'l  (^^0-1)1.     (I-SFH-IO 

(4.7) 

G ©C o c c °° CO       OP r^ S '^ 

do ,-0    coco    ..o    ccc^   t^^^.^,^  U^ ?   0,-   r 
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All or  thes 
fonn: 
   • —• ...' .:. :     .:. :... :..• 

■ -^t' 

0 1 

o. C -^(0,0) ■^(1,0) 
Slue 
rr.its 1 -'{(^A) p(i,ir 
ost 
a 2 

..«^' 

Ko.   Red Units Lost =CL 
Blo^l 

P(WQ-1,0) 

2 mo 

?0a,,O) 

! 

1 ^ 

n-5-1    ^(0,n^-l) o 

i(4.a) 

^(o.rio)   "'(l,n^) /^ fv 

?(in^,n^-l)| 

The hf^'^vy da sheet lines a^   b^   nnd c  corres.)ona  to  the  situation 
"t different  "times"  T.     For instance^ .for  the  line e,   'i- 2; 
for the line b,  T = n -t-l.     In 02.3,3 b the ceils crossea by tne 
horizontal  r^nU v^^rtic^l portion of the ussiiod line r-present 
finished battles;   those  crossed by  the diai.,onal  portion of  the 

_line reoresBnt brttles not yet finlsiiea.     Line  c  represents 
"T> ra^i-n    nfter all  pos:;ible battles iiave  finished.     The  suii 
'of 3.-1 %e  ?'s nlong anv one  of  tiie aasueu lines equf-la unity 
(as of course   they raist) . 

It vdll  be apparent that for tiraes corresponding to  the 
lines b or  c,   the aver- jse nuraber of cotaoatants lost wil.:.  not 
corrosi^ond to  ecu-^tions  (4»l)   for the Lsnciiester Lav:.     In 
particular,   a  study of  the case repre;..entea by line c  shows 
that v/lien  the battle is  c.ntinued  to its  finisa,   the result 
v;il'   be either a number of Blue units left or a nurabor of Red 
units 'eft.     For any particular values of w    or n^ or E,   the 
average number of survivors  c-'m be co;aputea for these aiteriia- 
tive possiblitiesa 

As an  exanple a  table of  the form  siiown in Equation   (4«'^) 
can be coniputed for  the  case where  there  are  initially five 
Red units  and  three Blue  units,   and \,'here  the etchange  rate  is 
unity.     From this tabular forra one can conpute  the av^rai^e 
n^nber of  cc'ibatants  surviving on each  side  aftor T comb-Tts„ 
The  results  of  tltese  calculations are   tr!bulate..i. vmar^r  "Prob." 
in  t/ie follovirlngj 

••• •••• 

••• •••• 

•••• ••• 
• • • 
• •• • 
• • 
•••• ••• 
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-.—a      m ^ m M      m ". ••   •••.   ••• • • •   ••• 
• • 

•••   ••••   ••• 
• ••     • • •     • • •••     ••• 

•   •     • • •   •   • 
  J  ?• 
• • ■ • ■  • ••••,•••-, •_, 

^O ^O 
'; 

T 

Av. m,   Prob, 

0 2 Q 

5.0    4.5    4.0 

4 

;.06 

Av.  n,  Lan.       t^.u    4.^ 

Av.  n,  Prob.     3.0 

4.0    3.5    3.0 

p.O    lo5    1.0^ 
2,0     1.5    1^0 

5 

2.72 
2.5 

0.7; 

6 

2.43 
2.0 

0.43 
0 

7t 

2.367 
2.0 

0.367 
0 

Prob.   Ui.t  th. Rod F?^^<=<^J, ^^^^il;i^^Sf ,4^e^^^ 1.^1 
T-  the Blue  forces van,   tue  '-^Pf 9,^®^^;.,  „   /nn/i o3^   = 0.7734 
feob    th.t tlie Blue Forces ^"^■^^^i::^^Snb4 o^ Feu .ur;ivors=: 3.061 If the Red  Forces ^^in,   the oxpeci^ea iiumb.-r  01   i.eu 

The results ^^^^^'^^^f^^^^S^t^^'^S^)^'^'^ 

four thst the tattle Bill ena..lt^ ail tht^h ^^___ 

I^ the °*f ,,*^-,rilftera„S-anv=r,-.se o.- tlxree hed units 
forces will 'oe anniuxlatea aim «   ?•':' ^^^t;'!,, 3 Equations In 

the latter  oart oi   tne  paxi;x..-  --^f      . )^-rcey.t ueviotions 
be printed out that for ,?rse ^^^^t^  ^^^^ ^^'^^^"^ 
frora Tancb-ester's L8.Y;S vail   O'-,  bu.^-li.-r. 

The Sannre low -  In  order to make  a  probability analysis 
o. thFTiFliiy'Iquare Law, we shall ^--^*^^-^i?: -\?"S; 
Slv^t  L  Lin- an  exchange  of  salvos,   or a  single  attacK  of 3?iort 
rnemt f ^^°®^J^„„  ^^-^ilt^^"^-^^  leases  on aech side .cause no apprec- 
l^Sf d?mInut?Sn  ir\?re poweriikr^, the ensagenant.     Suppose 
JS«i  «f the bepinSng of  the  on-er,enent  there  are m Red units 
^^f r.  HiS uSlt.!  iSppose  also that  during the  encacement  each 
ano n B^^^^^""^;  certain  f-actioD  of the Blue units  and vice 
Rea  ^"^%f^°*^^'3^^°^at'itv  u.e notation of Equation   (4.5),  we 
ISuW .I^e ?"e  ??action  of the Blue unit shot by a Red unit,   on 
^Kever^Il   is   (ryl^)  -^.6  the  fraction of  the Red unit 
which is shot by the Blue unit, on tne averacQ   l3   {^/m f&h 
Sere  Ks the duration of  the  enganement  in  the new unit  of  txme, 
defined by Sq,   (4,4). 
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vin  find  th'' t 
the  totRl of 
of  the Blue un 
Fquatioii  (4.10) . __ 

113 OC 

.0) 

From these  exn-essions one  cfin I'ina t.ie fiverrge number of Red 
pnd Blue units iiit during the  engageaent..    Txiese expressions 
~re 

oL  = m 1-(1~ 'rf 
(4,11) 

k^r .- '^ f L(i-:rtlFl 
n 

This expression cioes not coiresponu to  the  solution of L?ncli.es- . 
ter»s Equations  except in  the  Unit of  sianll values ofT^ 

If Tis not particularly siinll,  but if  tue nuiaber of  coi..b.--1- 
ants on both  sides is quite lari';e,   the equation i:\aj be reducdd 
to s<j;ie^:?h- t :j'iDre  simple forri ^ 

ia,n; Oi^^ " irijl-e-(^'/w^)'     "     |^ 
(4.12) 

T,'h:LCh still do not correspond v/ith the solution of Lnnchester* s 
Equations.     I^,  ho?:ever,   the quantities in the exponential  are 
quite  snail^   as  they would be  if  the enB^^geBiont is  considerea 
to last a very short durationd-f^   tnen tue number of Reu units 
lost  (whxich equals^-difl^   is equal  to -  (al''.7%   Vfhich checks  coup:.pt- 
ely with Eqisfition  (4-5). 'f^ 

By going back  to Equation (4.10),  however^  v;e  can extend 
the differential  technique  to  tue  tiie   probabilities  tueasolvos. 
For inst^-ncSj   if v/e  define P(a,n,t)   as  tiie chance   tnat at  tue 
time  t there ?re n Red units anu n Blue units  still umiit,   then 
a  det-iled study of  the eleuentfiry entatienent lasting  p   tirae 
dt  shows  thPt the  probabilitv^funct^ojiJ   55i;isi^'.tue.jiioi.ft].®v«»H|i 
recursion relationi;**. !   ' •"   \      yi   ,,*   ••*   •   •••     :   :**   t   J 

•  •••**:•... :      ..•  •••••• ••• •  
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•i-(ii/|FO(p(mrl^n;,t)  - P(m^i^)J 

|.P(o,n,t)::  (n,4F)-'(l,n,t} J 
(      (Ii..l3) 

Ttiese  eq\i.9tioRS  can be  solvea  subject  to  ttie inltisl condition 
thflt ^(niQ 'IIQ  t)   equals ui.i by and all otaer P's equal zero at 
t=0«     The calculations are tedious for i.arge raUMfcei'S but nre 
st2 «igiiti'orwnrd. 

/KLZ1S.S2.1S.- Detailed  study of  the  solutions  of Equation 
(ii..l3j" shows  thnt the average values of a and L,   as functions 
of  time,   are fairly nccurately equal  to those preuicted by the 
solution of Lsnchester'3 Equations   (4-«5)   for   tlie  early stages 
of  the bpttle.     During  the Is toy  st-TgoSj,  hov;ever,   dovintlonii 
occur from the Lanchester solution of a nature analogous to 
tiiose disolnyed in Equrtlons   (4.9).     An exaiiiple \vill peraaps 
illustrate  tiio nsiture of  the  oixen.x.ie^ion,.    We  choose  the saue 
initial niKiber of coubatants as  tiiat chosen for Equations 
(4.9)   in order to compare.the probability calculations for the 
lin-^ar. and  the  square lav/ cnses.     The follov.'inij  table gives 
values of the i)robability fijnctions except for m=0, or n=»0o 

mo-  5; n. • ,  F = 1;  Expressions for P(uip:a;,t) 

Eo.  Blue Units Remaining ~ n 

/GS 
ain- 

e 

^p-7t 

• gt 5e     ■'( l—e   ^i 
AJ- ,• 

'^ e"^^'(l- p-t^'=' 'V 
e-^^'ri„«-t-'.3 (1-e"'')       lle-"^^(l-e"^)2 ^-^ e"51 

|e-^^(l-e-t)2    2I^-5t(,.^-t^3 Ig e-^^l-c-^'^ 

fe"5^(l-e"t)3    4e"^^^(l~e-t)4 ^^~3t,^-^^.^t^^ 

2| e-4t^3_„^.t)4 /73 e"3t(.,.,.,,-1^ 5    11|1 e-2t(i...^-t) 6 

:he functions PCm^o^t)   and ^^(o^n,t)   can be co;.i iutea fron  the 
'■■^\\.  tv/'o  of r.-ir?tiors   !'A..13"^.   b-  single  irtegratiorio 

The 

»• • . 
• ••      •! 

••• •< 

(M 

•••• •  •  • 
•   •     •  X 

•i'«X's  iron 'thrt of Equation • •   • .        .      ., s Mr!.^.: ;•■,:•: ^jt^resoion in tiie 
• •••   •   ••   ,' 
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the quantities along e?:,ch  dashed line  is  eq-.ial  to ixi.itv.     in 
the present  ease  the eventual  result is obtrdneu by letting 
t go to infinity,    mien 'this is done,   only the lo'/est row 
(for jn=0)   and the right usnd coiuiin (for n=0)  v/ill diff-r from 
zero,   indicating  t.h?t  the  fcc.ttle has  come  to an end with  so.ue 
of one  slue or so..:e of the other siue siirvivir.jj.     Tne liniting 
values  of the non-zero  probabilities  give  the cnsi.ces  of  tne 
various outcoines.     In the ey.m.iple given in Ecuation  (4.I4), 
the  prob'-^bilities of  the  eventual  results  are 

m TIQ- 5, n^- 3, E= 1| Liniting Valuer of ?(n,o,t) anu P(o,n, t). 

ra= 5;, ;^(m,o,oo)= .3721 ■ n= 3, ?(o»n,«))= ,0362 
4 .2690 
3 .1456     2 .0469 
2 ,0712 
1 ^.vQl'li..        1 . .029^ 

^Toh.  Beds     '''in -   »8374 Prob.   jJlues V;in~.1126 

with 3.994  31'rvivors vit.n 2,059   survivors ex:)ected 
expected 

(If.«15) 

Therefore  in  the  long run  the c-hPnces  aie  about9tol   tiiat  tnei 
Feds vdll  -van.     If they do win,   they wilJ   nave a );:roxiiiri tely .' 

four coi:'b"t"nts  surviving.     The Blues-will nave one  cnance in 
nine of winnlngj,  mid if th-y v/in^   they will hfive a )proxiiuately 
two conbp.t?nts surviving. 

The  difference bet'.veen  these results  and  those given in 
Equations   (4.9)   for  the Linear Law nre quite  interestirig.     For 
the Linear case  the chance of tVie Blues'surviving was one in 
four,  f'poroxl'.uatelyj  whereas  for  the  Square Law the'chance of 
survival is one in nine,   approxii-iateiy.     This corres-jonas  to 
the increased importance  of outnui.ibering  the opooL.ent in  the 
Sapiare Law case.     The  other striking dif ierence* is in  the 
mirnber of  survivors.     In  the linear case,   if rca vans  the 
exoecteo  number of  surviving victors is   three^  v;aiereas  in  the 
square case  four are expected  to  remain.•■The exoected numb-rs, 
assu-ing a   blue victory,   are 1,6 and 2,   resoectively.     In 
general,   therefore,   one can' exoect a larger" nuubor of  surviving 
victors for  the  square  la\r c-se;   a result  -aiich  again illustrates 
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fiiiWI inrtMTtil 

-    -        •   •    'ii*'   ..• :   :       ;       ::.... by a icversd 
^;-'.i; ...:■.:v- ^:.s.^--^i^-^'"«-••••• •••  •  •  •• ^ uc)^ occur, 
■cne  Diuos  c. li ov;r\Y/i.ein   Ciio ■rei-vain-.-iic^  i-'ea.-.-;  withoiit nuah 
a.iuitional  loss,   ?n:(I end up  by uavin^.  vax^eci out   uie raus v/.Ltii 
-n  -'vor-ge  I033  to  tiie biv.---;;3 or only one unit. 

We hnve  sh::)wn  by tliese  tv/o exnmplo:^   ^.ji M. a-y aiirerentlai 
equations i'? pre sen ting v;ar «3)nditions  (sucn- as Lancheat'sr's 
equations)   ii".ve  tJieir llriit^'^<tions aae  to  Vm i'act that chnnce 
enters into  the actual b-ctle,   -^nd tn.3 exact outcome cnn never 
be oredicted accurately.     As lone es  tne  ecuati -ns ar-> not 
.>re£sed  too h^^rci  (jsacn  r.s   by going to  tue iiwit of annihilation 

of i>ne force)  hdvevor,   the  solutions oi   tno equations  . ill 
corresponu  q^'ite closely to  the  "ex>jecteu  vo/i.ue"  obf ined. from 
tlie probnbility r^nalysiSe     One must eXjiect the actual  results 
to deviete from the expected vs.lues,, with 1:iie average ueviation 
increasing  as  tlie  solr.tion.3  t^-nd  toward  the ultitante annihila- 
tion of one.  force» 

The  previous sections havo ae^;lt \/ith  the ■.i,j.)lieation of 
L'-'nohest^^r's eq'iations  to nore or less continous en^j'iL'ements 
~   to b.-'ttles  rath'^r  thnn v/ars.     Soineti.c.v-^s  it is of interest  to 
•■itilize  the   s^'iae  sort of  --nalysis  to discussing  the  ovor-all 
trend of g   vVRr,   tnough any atteir-^t to  reduce  the course  of. a 
var  to  the   scope  of a   set .oi differential  ocuationii i-s  ^uch a 
sv;'=-er)ing  sinolificstiori  that \ie  should not expect the  results 
>ften to  correspond  clopel^  to rerdity.     /. discuseion of the 
problems irivolved fsnd tlie nature of the  resulting  solutions . 
is,  ho-.vever,   of con.siaorr;b" e interest,   if only F.S n  basis 
of copoarison V'itn reality. 

In  the first place,   there is' tiie QV-■ . ....Lon of  the    tunits 
of neasure  of  the ouantities m ana n..   the  fli^htinK  ^'"^X^X-S^^ 
of the opoosed forces.     Each siae has,   at any mouent.!   a 
cert-^in number of  tr'ined men,  of battiesiiips,   plsne;.:;,   t?nics, 
eto.,   which, c^n be  tliro^vn  ir.to  nstt e  iti  a  fi^irly siiort  tlae, 
R3 f^,3t ns  tr-nsport cnn get  then  to  tue  scene of acr^ion. 
Tlie  tot""!   strengtj'   if  this f.jrceffdeteriaiined by  tue  effect- 

'ivehess of er-^ch COL-I,^O ent  .)art (as aiscussed ir; Section 9). 
At r'vy st.'ige  of  war we  cm s^y,  very  ap,:a'-oxii,!ately,   ti.iat s 
te'ttleship  is  as vnlunble  rs  so inRny  arLileo,   tnat '-■   subi;iarine 
is 8S v.n'.uFible  -'s  so rir-ny  squrdrons of plr-.nes,   etc.     To   tais 
cruae apprcxi:.:Fitlon,   eacit unit C'r-be inopsured in  terias of 
po^ne 'v'^*+,i'r"ry unit -  so '--ny equivr-.ent Einny divisions,  for 
i»-^2'^*    Kf-^vijiv 11;V   i^jf J erences bet-^ef^n   sub.irr.nos  and tanics 
::••::     •••   •   '••   *.'.   :••:***: "*• '   ' ."Vti ne^.„ec^in& Vae 
••• •••? ?••..-?• .1 .:. ...• .„• •„•    •     : :*.: :  : "icp .ion of tue 
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present analysis.!   riS'-K the forc;^§; iMv^o^-vea «.rt>.:.aiSge;^,htJt?eJrar, 
the  n-aar,titative  aspect* b%*i-^?i*S*Ifo ?rv»6i'SA?j^.^o?,»«t|-ie  (xlaxtitsiilii'^a, 
sncL we  c-r; beg-'-n  to  thijik of a  niuaber Vvhichis  tae laeasure  of 
tiie  tot'-l  fit;i).ting  strengtn of B  ii'^tion at some ii.,stfn4.t. 

Tals  strengtii is  continually ciir.nging  i;ith  tiirie.     In  the 
first  olpce,   l)->ti].  sio.es  are bii£>y producinei luor--:   stveugzn; 
tr"ining men,  building planes^,  etc.     The I:a^__o£_jrodij£tion 
(in   the  sp.ne U3:ilts  as m or n are ifieasiired)   for   the  reel side  is 
P,   and  thi«t for  the blue  side is 0.     These will v-ry v/itxi time, 
bi3t for our first  analysis v-e vi„...  asaujie  they rre cons-^ai:t. 

Loss Rates- In additi'in the  si:rej;.gtns v^ill be decre.-singj, 
due  to  the fighting.     Tnis rate  of v^estructior. uust aepend on 
the  strengths of  the   two  slaes,   and it i.3 not  certn-lii v;hat 
form Ox,function most nearly represents  the behavior of actual 
v/ars,     Certnlnly a Lanchester term ox   tiie form  (- an)   for  the 
r-'^te  of ch'-nge  of n is  -T  reasonnbie  one,   since  the  rate of 
loss  of red units must increase  as  the blue  stiength incrc'ses. 
But there is also a  tem proportional  to m needed in  the rate 
of loss of rn,   to represent operr.tion&i a'ctrition.     Tne result- 
ing  expression for  the red operational loss-rate,   (--an~cm), 
is  the  simplest expres^.ion v.iiich can represent  the  over-all 
behavior of y/sr.     Vlien the  led  strengta is  coiisiuerably Inrger 
than  the blue   strength,   then  the  red  side will  ueter;:iinG  the 
rpte of fighting,   and :vlll v.'ork out replacenient scneuules for 
forces in action,   so  that ir  is not unreasancible  to  expect  that 
the percentage losses for the  reds vvill be  constant  (i.e.,   the 
red loss-rate will  be proportimial to in)   and tnat tiie blue 
loss-rate will  nlso be  proportional  to n.     If  tne  opposed 
strengths  are .-"^bout equal,  vra would expect  that  tiie loss  rates 
of  both  sides would be  proportional  to   tne opposeu  strengths. 
Consequently,  only linear teriiis in m and n should be included. 
These requireiaents are all met by the expre^ision  (-an~cm). 

The gen^^ralized Lanchester Equations p.re  tiierefore 

dm™ _ tfr- P -- an - cai 
'^^ (4.16) 

0 - ba - dn 

T/here,  in general;,   a  nnd b are larger 'Ciian c  or d.     At first, 
we  v/ill  considex'  the  production rates,   P ana C,,   to  be  constant* 
Dlfferentic'l, equations of this  sort hnve been discussed in 

••• •••• 

••• •••• ••• 
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lent r.iiaber of bpttiesldps)   vvhicii  tiie red iiatioi.  can  troin f-nd 
equip in a yepr^   and  so on. 

The  solutions for equations   (4,16)   pre? 

b 

a     ' -1 ' 

V {ii.ol7' 

■Ft: ;i^„..ji.. B^iho -i- %^-% d~H--k    p t 

Sii'.ce ab is larger than cd in general,  v.e hr-ye  that ^ is greater 
than A*     Therefore,   the:-  exponential  in  the   s-iconu  terra of  the 
oQiiritiont;  for Wi and n eontiriually Increarjos, vrhoraas the eicpon- 
critial. In tho thij^i tern, eontinualiy d5.ra5.nli'3h03c     CoTisequently if 
E is positive.,  the bluo fo2»ces  (n)   ar-o oventuall^r Rnnlhilatedj 
and if E is r:ecatlv0g   the J:>OC1 fcrcos  (m)   oventually go to aerCo 

r,hen the op;j0S3d units are equally effective,   £= b and 
c» d.    In  this oBse the equations take on a  siu)ler forta 

lo'^'Vito Volterra,   "The' Theory  of  the Stru,^gle for Life",   Gautnier- 
Vlllars^   r-^^-iris^  2931. 

',:j,   LotkR.   ^■V:ie,:\er.tr.  oi   -i^y^-lcr:   i^:* ology''   '■■'la... iaus  nncl Vilkij.5 

•   •   ••t 't" .,:   Z   \/ •'[' •••• '"• '"» I   Z i,^-ir'li.i'.-iB.T tera,   proportionft 
•••;V^ ^♦?(-?«Vy-«*^>*»ti*'«»^^^?---^^A:v^i^:L;*.:.:sj :it to be justlfiea-in thf 

csse  e insider ad in   tlr-ils vo.'.U3e<. 
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n 

••••••      i      ,'•, • • ••• •••• • • •••• ••• 
• •   « 
••• •    I 

• •••• ••• 

A- 

!•: 
r 
(m,.  ^- a«-c 'HO   t 0 (^ul8) 

^f"-. i'Ac     '     ^      a.-c' 

of the factor E r'eheroines i/'^ich OJ" the 
> 

?ZSipp-l™£pJ^lPXLfi-.."- •'^-•^ '^''- exa^nle of tlie behavics? cf the 
solutions of Ia.ncho5rfceF*''s""f'er.eT'allzed equations, Tig^  l6 shows 
the results for eight different cases of injtial  st^'^ngth*    The 
attrition rates havo beon chorsen as folloi'^s; a -• 2j  c -- 1«    The 
top set of four curves COTTGSBOH'JIS to tho cane -"hen the initial 
fl'^hting strength of the opnosed forces ffe eqral?  the lavier 
four cnrvns correnvionds to tho case v/hore the Mitia''  fighting 
strength of the red forcos is tvdco that of t!:e blua forces.. 
The first t'.vo cnrv&B on the tor> TO-I "\To.r-Gnt cnsen '.^.ere JTiatial 
forces and prodiictlve strorrote are eqvxally ^latchedj  r,o that 
the battlo ends In a dra^:?.    in t'^e other biases either the initial 
forces,  tho Drodnctive strR-'gths,  or bot'-', diffor,   .<Jo t'uit one 
side or tho other is everstiiaIly wiped out. 

The la 
It repr^ir-ents 
with a ts'/o to 
In-ffal fiisada 
t3rodr,ctl"^n adv; 
the blue force 
half of tho du 
nui^berod by th» 
overcomo by th 
raT)ld27 be cardie 
short order.    Tho Ij-; 

st ci^rv":? on the bottom ror? is tho tiartioular  interesto 
a case 'v'/horo thn oventual vjirmer started  ot'.t 
one handica'o in ihitlal fighting strengtho    This 
'•vantage- v/a;' niore than overcome? by a th»ioe to r>ne 
■iiitap'e.    For the first third of the conflicts 
s r.f^iro  still fnrth-or denloted,  and   -^or move than 
ration of tho confijct t!io bluo forcoc ■"ere o'jt- 
0 red foro'.-;S^    Onc'3 the :'nitia!l  handicao had b-^ea. 
ft l^^rpcor "oyodrictSon,, hcv-ever ^ _ the. 
oec' 

p^-^-r "oyodrictSonj, hcr'e\'r;'rj^ the, ^dvajitaija. ... 
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a  characteristic Jof; •» t »*" rr"^ >•*;'i«'f!»io»»'# «v;*...•.,, ... t^.^.i-a^^ 
to a  cert-in ext^-^-j^j ^;:p:.., J..] ,;>^;*. j^ \"     I   ••«   ;   j 

LostructlLin of ?r\>.iucti;3r. -  Til's geuernllsed Iianchest-^:r's 
eoMatinns,   uiscu3seci rbc've,' are  cripable of  soiaowiiat nore  soph- 
isticated interpretrticn  taan hrss been  given  tiien in first 
;,-!art or'tViis  section,     '■ e   tb.ere- as iiKieu  that eacn cor;jbntaii.t 
npint-'in/d his  oroduc':lve c"aai:ity ccnst-i.t.     Tuis i^ever has 
be'^in i^xrctiy tnie,  rnd  si):cG the ruveut oi   the strategic 
alrforce it is f&r f'rc-,. b-'^dj.u: true^     ^.L^e productive capacity 
of -^  nation de::.>'^i.ids or,  the  t:.t,reiigtii of .th'-  eneiiy's  strategic 
forces anti  Hi so   ,.'■►.  the strength of its  o^ n uefens'-^s.     Proauct- 
ion ulni3:ishes  ns   '.he eaemy's  stratei,-C  rcrccs inci'cr.uej   ana 
increr-ses  PS its o'm   iO-reriSive forces incron.so,    'E?;cii siue 
must ap.-'ortion its forc^-j  betv/e-'i- i.efense  and  otrategic  ofiei.se, 
so as  siriult^n ously  to C'.niuisii the eneny's  proQUctive  crjjr^city 
and  to  •vioe  out tlie eneny'x,  tiefoi sive forces in the aost 
exi)euitio-"'-  ['^--^-nner. 

It will     e  ox  interest  to vjork out  ?   crude p.pyiroxiufi.tion 
to  this  stPte  of affrdrs.     l'"e asEV:ie  timt  bob    sia'>s  oivi.de 
'their  tot^-1  forces into  two partsr 

ni= rat + ^^s^  "■"■ ^H -^ ^s 

nif:i  lit  T"ctic''l ioices'i  m,..,  n<, Strr te^^ic  lorcese 

The  strategic  forces ?re' directec   on3-y  n^^ninst   Gho eneuy's 
productive  cnpacit;.',  r.iiere-'.s   the  t.aoticnl  forces ai-e directeu 
ag'^inst  the  enemy's  sti'agegic a;id  t-:-c ...ics.l   forces.     The   t''.ctlcai 

forces are  the  "fighting  forces"  .--.ud  tiieir attrition rates,   f/iere- 
fore,   correspond to  tee generalised Lancixester's ecuPtion 
discussed  phove  (at least  to  thr  rough aegree of ep a'Oxii;;a.tion 
v/hich c ■■noerns u.s here) . 

Tlie  effect of tiio  str'-teglc forces  is  Suowai in a i:iod:ifi~ 
cntion of  the  enemy's prod'.;ictiV3  rate.     It   tnkes a   cert^''-:i?:.. 
Hraount of  str'^tegic force  to keep a certain r-auount of tiie eneiay^s 
f-ctori^s  cut of coralssion.     Therefore,   one uight  expect,   to 
the first op 'roxLiationj   ths;t the dif.inution in. the enoiiiy's 
production is proportioncil  to  the  strength of one's  strategic 
foi'ce.     The  e 'fectiveiies^.  of  this force,   iio.:ev >r,   >i.open'. s  on 
tiie  strength of  tiio enemy's  tpcticri force;,   v/hich in pci:ro viofenu.s 
his  productive cipncity^     To  n  very. cru.ae  approxi-.a fcion one 
Might expect-tiiat  this fnctor of effectiveness  for tiinrinution 
of  the  eneny's ' )roau^;tive  ca.;jacltyj>  '.-ou±d be  proportional   to 

i^xv   X .! ti.-..'    Lit.. i,,\, ,i.ii.    i/.^u.,    j-L.^4.. t.^,^j.^u^^. ,^„-^^!.. ^^..j.u,,^,,.,,^,4 ...,„.,,,,»,,■., ^»^... a. 

ing  th-'  ■expected bcjU:^; ;• J *,l,^o  ; *,,• •,., '... .:. S... »'»» I... J.«* 
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^'(■Khfi'A 

•..:...: .:.    - •- ••* ••' • ; •*•• t^'   V 
Blue Prodi:ctio;:= Q(l -J3''-S .-,  ) (1 -f^f^r, ) 

The  formulas l-^ad  to  absuraities  if  tiic  ratio   ..eti 
strategic  anu  tacticRj-   iorce:i b3C0j:ie  too  iar^e.     HeverUioless 
it is not dlficult to  see  that,  \:it,i.dn reasonafce Units, 
these  loriiulf'S  are  cruae  a,)proxir:ir.tioi.s   to   tiie beiiavior we 
hsve been  aiscussing.    V.'e h"V-^ n??ae  a  further  siiipJ^ifying 
as:.ijuiption in UPking  the  coefficients  in  the  oBj-B/i.taeaos 
both equnl   to P .     Our    nly excuse for  tnus  ilmitiiig ourselves 
to  cas'*s  rhere  the op,)osinfc;  strfiteg„c  foices  are  equnlly 
effective  is  that this fssu,iption is not uurej'sonahle,   anu 
r-^ny further coiaplications introducea novv will render  tiie final 
solution  to ■)  co.;.olicated for easy xmaerstanding.     The iiore 
co"i'i-)lic'tt-^d  c-~se  can be \v'orI<:ed out by  tiie  re-uer^   if  this 
is desir-^bie. 

Our ecu-'=5tions for  the increase end uecrense of  the op.;3sing 
forces,   tlieref )re,   turn out   t.o  bei 

2 

* .(4»19) 

d| _  Qp2i~ "^rri.+nt) 

Here v;e hr^ve  ag^in sinp.iifiod uatt :2:'s by lettinti  tiio  coefficients 
of the Lanchestor  tenas nil  h-^  equ^.l  zo  t..e  sane quar.tity., (2/^ 
Our  justificr-tion is  ngrin   that  this  slK;.}lification uoes not 
invalidate   bne  general  behavior of tue   solutions,   Piia  it  siapli- 
fies  the  forinul'^s considcr-^bly.     Once   the beh'^vior of  the  sj;ipll- 
fied eci:ation  is aiscussed,   furthf^r co^plic : tlons  crn  be   ■ udea 
.?s desired. 

Tnese  ecu-rtions  c-r^not, be  solved inia-aiiately because i.'e 
h.-^v^ not as yet laid ciov/n  my rules  :!y  to   tiie  relative  strengths 

of  t-ctiC?^I   ana  strategic  forces.     Tne  CO-LI."aiding Generals of 
the  tvvo   sides must decide  these distributions.     Tneir u.ecisions, 
of co^irse,   v,'ill be  bns.-d on a  great many   things;   po  itics, 
det':'ils of   )roduction,   efficiency of intelligence y^?rvice,   etc. 
:^re3-:inebly  -'^'Oxi  siue  should aistributs  its  forces,   between the 
tflctic^i   ^n..  strategic  pr:is,   in  sucii a  \,.i:.y as  to irui-ce  ones ov/n 
los3  rate  as  swall as  oosbible^   ?nd ones  er^eay's lost;  rate  as 
large  as   -;os;i.ible.     In  teriis of  tne  crude ^.oue?.. \ve are here 
coiTSl&eTi.y^.irs,   t;i;.5e»oo;;»T«nciic»Kj> Gt]i.^*i-i,*-)f, t^jie .geu 

 • •" ...• •M*;..* , J ...• : •: : .: 
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side  shoi-'la  £triv.£>  to iir^ke '{ll^lii  sJVi'f;'CifffutT^ti^ as .2iif5ii« 5;%* 
oossib'e.     At  onch iiist-i.t,   the values  of   (n.n)   are  fixed by 
the   ireviouo history of . the  situation.     Trie fieci ueiiorsi,   at 
e'-ch in^t'-r.t,  :.:ust rdjust nt  so  thr^t  the  quantity L is as 
larj-e BS  ooosible. 

This  •-n   ■?xaLipl'^ of  the "Ilininax Principle" v/hiCii is 
aiscus3ed In more' cietcil  in Chapter V.     In  nctuRl practice^, 
e^cii Qener-"! :.ust uako his >,.eci,si;m on inaaequrttc knov;! eage 
of. 'hat  the  otner Gon-;raI  hr-s ciecided.     The  "s'^fest"  uecision 
for epch Gen-r-r-l is  to  nssuiae  that tne  other General h?B3 ..laae 
the best po.-3ible choice  (lor his siae).     This n ans  that 
the Rea G'mor.'^l must ?is:;iirne  that tne Blue  G .nernl  is  trying 
to riini:.lze L,   and  the Blue  Gonorr.l must  -issLrae  that  tne Red 
Gonerrl  is  trying  to iriaxi^iize L,     Tlici^e  sii;:ultan .'ous  ^.ujust- 
nents  G-'-n  be ;;i"de  by reqr.iring; 

If the Red  General makes his  caoice  nccor--iing  to   theso  equations, 
then his  situation will be as E-o >d as possible if the Blue 
Genorrl ir^kes_^ fe§_cp.J^"C6soonain,'^, cno.i.ce for n, .     If the Blue 
Gonerpl does""not nnke this choice for  the  relative '.dstribut- 
ion of strengtli between tncticsl and strategic forces,   then 
the Rod General   cj^j)lv!nxs_i,mpToyQ'ii±B^ siturtion by appropriate 
nodific-'^tion of hislTsl'^nce betv/een  tacticel pnd  strategic 
forces.     Consequently^   the distribution, --ijove,   fori.is  the 
safest solution of  tlie   sroblen -ivith th'-  forces at h---nu,  and 
•■■ill be called tiie  "B?sic t'olution".     It is the best solution 
possible,     a-i:.  tho  t-.^o opj)onents aav" euunl inte.ili^'-'ncej  if 
one  side departs froii thds solutior.,   tiiO oui-er  siuo c:^n ob- 
tain  still better results, 

Tho 'Jiniuax, '^ilj.cd^le- A.>plying  the ninimax principl'- 
to  tiie  ao ■■roxhi^ te  erFpression for L,   ,ve i'ind  thrt; 

P n^(n-nj-)'' =  2Q n|(u~Li^) 

2P n2(n„n.^)   ^ Q ut(.,-»u^)2 

n 
• • • • ••• •••• • • ••• *••• ..i^,*  ••• •••• ••• 

■ • • • •  •  ••••  •  •••   ••  •• 

• fS •  • > •'••^'•'   ^■■t-^^-   V»» • ••• ••• •••• ••• •••• ••• 
'. ner* 
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IS the B^^sic SQlutiQ,]!^   es long -'s m<^pn e.na n!^',m/p. 

Ti\esc  solutions  are very interesting.     Tney  shoiv- that, 
■■'ithin  c^rt-'iii Units,   the  size  of   the  tacticf^l  force  of one 
side  chould incrqase if the eneny^s tot'-l forces increase  (i.e 
the  fr'ction of  ; eci  forces  Vvinich  should  oe • saigned  to  the 
t-'cticrl  rrn  . ep-nus  linearly on  the   ration betv/een  the  red 
"nd  the blue totfil fore ?s),     It also de,>enu3 on tii.e r-tio 
bet-ve ^n the initi-'l  productive forces  of  the  tv/o   sidoSj   tar^mi^xi 
the  cur!-:tityp,   altiiou.li   the depei;.a'';ncG on this  rntio is 
only  to   tfeie   -ne-thlrd pov/or.     l"'c r.otice  t:-:r:t tji.eac  fornuias 
world  reruire  the vnlue of ra,   to  be  soi.ietinos neg.ntive,  wiien 
the ratios of the  tv;o for.-^es become consiner' bly unbnl-nced. 
Tnis is of course due  to  the. crudity of. our initicl  ecaj.ations. 
snd  the  solntions v;ill hrye  to  be \v=^tche prevent 'sucii 
rbsnrdltles fror.i arising.     Aside  fron  tiie.:e cruelties,   the 
solution does correspond  to i-vhn.t ive inignt expect.     If  the enemy 
strengtii incre-^ses,   v;e  put more of our forces in  tne  tr^cticai 
?.rm.     If our  production is large,  v.e need B   30i.iev',hRt o3:'e£ter 
ctefensi'^e  sti'^ongth (tactical fore-:).     0)i  the ouicr h^nu,   if 
our oTA'n  fi,;;jitiiic,  forces  are Iprjjor  tnm  tne onei\y'-s,  Me c^n 
afford  to  put nore  of  our  strength in  tiie   strategic  Civi:,   anu 
so  on. • 

If we nov/ assune  th??t  tiie Gener-^is on both  siaes  continually 
^dju.st  tueir forces,   so  33  to correspond  to  the  "Brsic  Solution", 
tiien  it  turns out  th?^.t ecpiationa   (4.21)   Insorrea  in ocuEtions 
(f.19)   CO  respond  to   tiie  generali^->a Lancnester's fi^qufitions  (4.16), 
v.dtJi  tliO follov; n;-: c.mstrints: 

- J [pi:- 2p ~ 1|     b _ eC ~ 1      \ 

c - b 

.ires- 

-Al - A^Pp      u =^ a - 4('^/f)   ;  f=  (?/Q) 

ntation of   tiies-^  arnuiaenti) ^;ill   .:>erhaps 
^'J■■:i 

A gr"^o!'tica 
iPke   this ; ore cle^r.     In  so doin,;^  ^ve  C' = ]. use  so;:9\v..at less 
criiV3'^*f^ i^-;;^s:rl'jyf4»f;jy» ij?TK?/«^;^1ji^n*;v*»'«.^ j^        tor loss  rate due  to 
•..:.!!•-•     "•   •'    '''   "»'   5-^'--   c^-': :*.: i^'i^ts  for  the^e 

* " '"' '""    '"      '   le   3ti**tt!,f!,i.^ ^n(T tpctic:-!  forces. • •• •••• ••• •••• ••••j>«    ••• 
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Figure 17,    Contour plots of assumed production rates 
and total losses as function of own tactical force 
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Dili':   v:.7^tei^>2 Tfi^^'y^^^ l^,si^]^.^fM't,n^.  i-ei.*•tacticax  force 
w^ ir'lTi'^fci'^;,   tne red  procueti:;n rats XIB^ its full  v-iu;;.     If 
tlie  r^;lative  strori^^^ths  arc  nvr>r£ed.j   tJie  proauctioi.  r'.te i'r^ijs 
ne-^rly  to sere.     Tne lower  cji:.toi;r is  t^.e  total  rea loss vaU- 
due  to  .fig'iting.     Tixis loss  rr>to i.3  ^oro if botn  t2Cu:;.c;=l  iorces 
are  soro^   and it xncre^ijes lli^early v>ltii ii.creaje  in   altuer 
forcej     accoruin ■  to  tiie g?ner::;:,  Lnncfiester tor-i.     'mo red 
loss  rate  w"::)er:u;3 noro  str.>ntily on the  .:;iv(>  of  ZIIQ  oln3 
tnetic-1   v'orca„   n^,   tiien  o- ia^'„   as iaontioi.sd  earliorj 

Thesvv curve.^  c-u fce  cjinbinou in various Kays   to  obt^ii: 
tae r^2d or hhie net gniL as a function of  (ra.,, r^ ,)   for varioiis 
vaxnes  of m fii^d ju     Tliis ins been aca«e for  s^verSl  uifx'erebt 
relative  tot-a str^ngt-is i;- Fi,j,   j.a.     f.ae -jpijer   throe  sets 
of  contcnirs d;:.s^x;.?y values of  ti:e  bet rnte oi' iv.ere'ise  for red 
forces, ,?'r.d  ti-e :.:idale  roo   s-.oiY;:i voiues of  txie  corresponding 
mcro'se  for  tlio  bine forces,     i^oi^'itive 'VKIUOS lae: n net loss 
rrte^   -rd   positive  vru-ue;.  ueai.  r.ot  fj^iu   )er mdt  ox   Ui^e,     I'im 
botton row of eoiitoi,ir3  Si.O''S vslvies  o,i   ti^e fiircti ..-n L,   tiie 
GifiereiiC;e between rod  ar..d blue  j:?^in..     .^cc yruini,   to  FcuBzi(n\ 
U.2(0   a Liiniwas point is  t.)  be  founa  on  these   Luvx^^oes. 

The laininpx points  =n^e nerkeu utx  tn.o  e-Ji.tours toy iv^. 
FxRiulnlng  the center plot of  tho  bottoii rov.,   for la" 1.5^, 
n ~ 1,0,,   v?e  3oe nliat  tjio rainlnax u:)int corrc-oonds  oo ^roxin-tej y 
to nit '"  ^'"^5 and n^. "  o„55.     If tho   Rea Geuorrl   ch-ni^es nis 
rslotive distribnti.n-: of  t=^ctic"...   ana   sCratsgic  forces,  uakii..g 
nt eqn.^1   to 1.0,   £or inst'oiee^   tnen   tao  Blao G^nerr:.:^   by 
eorresoondingly in,cro;sirqj. tiio Mue   t'^'Ctic-1  foi/coc,   enn rauHce ' 
the blue not loss asm increase  the  reo net loss.     Conseouently 
it is   3Rfe-t; for  the  Red Gonerol   tu  ulstribnte nis  forces 
corresjonning to  tlr.; '.liRl^.i.'-'x point^j   at lt--jt -until j.e cux doteruin. 
vrfietlior  the Blno Gen(-r-hi  is ooin;; iikenise.     If   the  3.n.iP 
Gonernl  hps not ciono   so.   tier   the  feo  Goi.eral   c: n   -^u-Just ra^ 
to  improvo  tPo  sj.tu.ntion,/ 3£  con  be   seen froii  tne  contour. 

The differential  oqna^rions  eor:"oS;ionaing  to   tnosc losa 
rntes can be ^solvou numeeicaiiy.     P  contour plot ior L hps  to 
be ur-im for onoii in-^trn-t of the nor|   too pr0i)er uiatribntion 
of  ticticni   -'nd  scr-tegic  forces  cm  thon be  '..eterLiineu end 
the corrosp 'naini; j.oss ri^too  for   txi-;   two  sinoo  c':n  be  c;oir\putea, ■ 
T.;ii3  is  then incort ;d b'-c.;:  intj   tliO opuDti.u.s  for  tho  rnte 
of c.??ngo of  (is^n)   to obt'in  a  fijosi   solafcl.jn. 

15.   f;e;nrtl ni  --^t ■  n.:;o:h - o:-'" 

oi^i^:;gi:i^Sv■w..r.:.'^;v;?■'V^^*^.•^^-'^^;^^ reiaten to those ■■ 
;i.n ciie::tifioi'Y to  oi-nay xprchuon I'ates,.     .An  '^xc.ii,:'le  OJ.'   tnis  csn 
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,,, •••• •• • , •••, ,   f     •     ••••:; 
be  ta,f'Ti^.^r;:^! sv.pajt^uai. asiftU.j-^s of ti^'I^rttl^^suLiirriiie war in 
the»|^giiii*i,     TSL(hlAtiAi^*€fK\f:etrf^*l'C^^if -JX-IA* the  general 
problou cf rir  oiiRnsive rction  B^.Blhbt tne Gen'r:n  subim-iue. 
It asoiinos thr^t s  certain •-■laount of oii'ci'"it '-no. numb-sr of 
crevrs ar-^  pvajlpolo for notion nt,,ninst ziie  subiierii.e,   ov':rr ayid 
fibove  the number of aircr';it and cre./s neeuea i'or pro toe ti on 
of  convoys.     It discusses  riie qufiscion  -s  ".o hov/  tiiii-; ofien- 
:3ivo action shovild be ciistributod in oi-uer uost eifeo tiveiy 
to  reduce  tli.'-^  total number of  subunrii.ea in  the  Atlairjie at 
■" ny tiiae. 

Tavie distinct  tyyes of offensive  :;ction  ni;^=inat enemy 
su'T;iarin^-2; C'^n be  t'~kgn: 

1. 

^. 

i3ubi.;?irii.es  cnK be hunteu  out ib   tne   ntlrii„tiG  ann cz-s: 
be  sunk or •imjBgec 'ti'-are* 
The  submarine repair bns?s   nlonfi tno  coaat of frr'ij,ce 
can be  bonbod,   so  tliPt  fe .ox   siiriuai-incs  ,>5r nonti. cnn 
be rosorviced and put  to  3o& again. 
The  Factories  in Gernsny wn.:;.c..   ,)roduce   subi.arin'^s  can 
be bo.jbed^   so  n.a  to reduce  tiie  .jrouuctlon  race. 

"Rf^ch of  these offensive  actions n^^ its  e^'fact in redijc- . 
intgthe nunber of  sub;n?rin.^s  in  tae Atj-.intio>   eitaer  rsaedif'tely 
or  at  sono future  date.     An important  strategic  qUvest;Ion^   v.M ch 
must be aecided  from  tirne  to   ti-iO,   is nov^  tno  avail^^ble offensive 
air  strength is  to be distributed swong these  three activities 
in order, to  produce  the tJieatest  reu-;ction in  subi;iarin'-/s in  the 
Ati"ntlc at  tl5e.   ti:::e when it  is laost noedeu,     liefore deciding 
on  the relativf:  ap.iortiojiuent of  streiigtn.,,   F.  t;rc-'-it nuj.-ber of 
differe)-;t  factors vaust be   tshen  into  co3 .?ii-crstion..   Along v.dth 
other factors,   it is  p-ossible   that a purely theoretical   stu.dy 
of  the effec'Gs on   the  suhnarine  distrilxiti >n oi'  cnai.gos in 
oroduction,   sin:\iTig^   or repair may be v;orth conaiuoration.     It 
is  certain  th';t   the analysis  suninari^ed in  the  follov;ing   .''^ges 
is  entirely too  sinplified to represent the actual  case in all 
its  Complications.     i:ov-;rtiioiess  it is felt  tliat  tne  results 
of  tints  Sim )le  theoretical   analysis  sho ilu  prove  surigestive 
-■'S   to  actual    los ;Abilities. ' 

Cirpula.ticn o_f U-Eosts- In order to  study  tneoretically 
the  I'eiPtive  effect of car:;aging  the  factories  or  tixe  repair 
Yif. <■ >es or xn ^ ^r -^  r->, f-^ ing  the  subir.Brine uiroctlj' in  tiio Atlantic, 
wo must stixdy  the  activities of  tlie  averf»:   sub.iarine»     Sub- 
narines are produced at an aver ■go  r& to P  p^-:r uontn and are 
bein6  s^mk at an  avn^'ge  rate  3 p ;r laorr&h..    Iherofore^   the net 
inQj;'5Q^ <y^ th^5.o;^r;umbor p-T i,:)nt'.i is ? - S \;nicii is  crimed I. 

• ••L    • ■''4 ■^lOikl^^''^- ,'i^<^ ;a''/»ii'^?|^"^'5»i?f|tr)*'*.f*'*...rJe J'i-^f.submarine  stayed 
on«»>;^«*¥» i..**'*"^ •••«''«»»." »»i 
tine  the  3u.b;,)^rino  '.vent  u; iSiTM'  to  one o(   t^io   oiss 

■After  this 
.ong the 
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•   ••   •   • 
French co^st foi^.r^jayr; retueiiui;-'^i*»%o^ijii|* t^l* hl^ll'l 
Thereior-e, on the -ver-ge/ -'joxft !].;lir t.ff! fMi.itr.r ij» ^smfc-..' 
innrxi.es ii.  tne Atlr^htle retu:r):ed  to   tiieir  brse   eacii nantli. 

. The 1/ngtii of tirae the  subiiarine regained at tue re jair 
b?se  ueper.ded on  the .r5r:iount of rej-air v^or]: which x^ad  t) be 
carried out,   and  on  the deiiree  of efiiciei.cy  of  tae b'.se it- 
self.     The ever-ge p.raount of  repair v.or.:  recuireu ao,)ei.dea on 
the '^ver'^ge nunber of U/boats wiiicn ./er^- aaileged eacn uonth;, 
and the efficiency of the brs ^ uejer.deu on t^^o  a.aount of 
dpr-iniie  the bnse hnd received  that ;!Oi_th.     The  o-t^ ils of  this 
inter-relatior. will be discusseo. wore fully later on.     ^t 
this  point it is   mly necennr^ry  to notice  that  txio  reoair  brses 
hnd  r  nexinuj:!  cn:)acity for refitting  subi.iPrii.es,   •..■a.lch capacity 
could be dir;iinished eitlior by  boubint,  the  br.sos or by incre-s- 
ing  the overnge anount of dpr,.age  to a  sub.prine  on  ,:>3trol. 
Thus the return flov; of subunrines iron the repair bases  to 
the Atlantic  constituted r?. bottleneck.,,,   whose  size n-.d  an 
iniportnnt effect on  the   totrl nuiaber  of   subiaarine-.  in -the 
Atlantic  Pt any one  time. 

In fact it is possible to see tliat a uarkeu rouuction in 
the flow rate L o£ sutainarines froi. bf;sGS to Atl-^ntic v/culd 
produce sn effect on the number of subasrinos in txie Atlantic 
in a relatively short tirao. Ihis is due to tue fact that the 
TJ/Boats remained in tne Atlantic no longer than nbout two 
months, so th-.t after a that after a ^jeriou of tvvo u:onths all 
the subraprinos which v;er > originrlly in the Atl-.ntic nau been 
replaced by subu?:rines vvhich csue from the repair b' ses ulth- 
in the  t'vo months  time. 

In order to obt-'iln results of a uore quantitative nature, 
we must nake certain rG0Sv:^nr:ble assui.ptlons about the inter- 
re', ation ships between  the  various rates  and nuutersj 

re  define  the followint:-quantities; 

A =» Average nu^aber of U/h in At antic 
B = AveiTge number of U/B in Bas-;;s 
P = Production of U/B  oer nouth:   c-nsti-ii.t 
S = Kiiniber of ll/B sunk per r.iontu 
^-S" J a Ket increase i.a nm.iber of U/j-i  oer Lionth 
t « TIKIO in laonths 
L - I^uraber U/B leaving b?;;S'.;s  oer lior rh 

_ L = T4(l-.e-CBAi)     ' •        ■ 
i' ~ haximuri  rnJ^e.i^.J^);>ii;ii^ U/i; S3MX.2 etv^*nM4f# ^^gm 

to Aj,.^af4t:    :    :••:  ..•  „•  :  :..   ::..:: 

C is usually 1. 
l/x  " LiG^-n length of stay of U/B in Atlantic = 2 mont.,- 
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the Atlantic depend;-: on  the niLaber lii  tue bases at any   'mo 
time^   in  the manner t.iven by tuo equation.     This indicates 
that ii   tiiere are a  suall nunber of  submarines in  the  bDsos 
ther.  the repair v/ork en proceed efficii^i.tly enough so that 
the  subnv'^riiiGS crii:  be  sei/t out a^ain about a nonth ai ter 
thej  have c rrie  in from their j^revious cri'ise,     Tne  ecuation 
rhov/s  this;   for  sianll  vrlues of B -^.6 rnte  of  leaving,  L,   Is 
£.0 n"oxJ.:.iPtely equal   to  tne nur.ber   ,  B^   ii..  the bases.     "When 
there  are a  large nrunber of  sukaarines  present in  thejbcsos, 
hox?ever^   the  stpte of repair of  ti.e  bv-rses  c;nc.  tne  av ra^e 
ca:.-iage  to  tlie  submarines be^;ins  to u?;ke itself  felt,     he 
assuiie. that there  is a  fiJced maxiuuij rate of repairing  sub- 
raarines af any given  tiiie^ which Kuaubt^r is indlcutea by LI on 
the  plot.     It Is  ass'UKied that,   at  the  tiue  considered,  no more 
than   this nuifoer,,   -Ij,   can be  put  int^j op K.T-tion  each la-nth^ 
no matter ho';; uany submarines are pr3 3eut  ..n tne bases await- 
ing  repair.-     The  curv3 for L  tner :iore  aeV':.r rises hig^.er  tiiau 
the v:\lue M, 

For  the   purposes   :f  this  stu^:-./ it  Is   tue value of u vliich 
indicj'tes  the state of efficiencv of ti. .a- ny .nerease 
in dp?.-'age  to  tb.e  bases,  by  bonblng  them,   or  ai^y increase in 
•aV"-rage cruage  suffered by submarines in the Atlantic, v.dll 
o'ecref^se the value of M tenporarily.     The questj.on of the 
relr-'tivfe efiect of dairiai;;ing  the  factories ar.o, Up;:.iDgint:  the bases, 
therefoie,   resot/es itsalf to .the  Question of the  r'uative 
■ffect of a  chaUiie  in I -■ ? - S  ana a  chr^nge in ih 

Eguations„ of FlOM ~ hit" 
for the flow of subraarines c 
equations for the ciiange of 
funaaraental equatiotiS for th 
in dinensionles;? forin, if th 
follo^vln?? 

these  assiauptions,   the  equations 
n be  set- up.     '-^iie  func.amontrl 

and B can  be  set up.     Tlxc 
cha;,ige of A and B  c-n be vrritten 
variables are  chans'ed in the 

'■«/M);   p ^   (i/M); 

k ~   (K/C) ;  u = Ct 

Ihon  the  opei -tions beco-.,e? 
(i.^'i) 

••• •••• ••• 
• • • • 
• • ••• • 
• • • • 
••• •••• ••• •■ 

•• ••• • • 
• •••• 

>  • • • • 
•  • • • 
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Solutions of thos'3 equrtioLS., for the rrngo 0<uCiO, and. 

for the v;^lu-s: 

v;ere ran off on the Differential Analyser at n.I.T, for tne 
initial conditions 

X - 0, .1. ^   ,<.. I JQ - Oj, Ij, 2. 

Graphs hrvo beon obta..ned from these  solutions. 

For G-aall  vnlues  of u.   th^^  folJov/lng  series  ex >r:usloi\s 

4-1 p~kx ■••■rl-e^'''^ ni 4  .,.... 
hold I 

•>'■ ~ V   -s-i '••fx --T -i.oy'^ 111 j- 

For  lergs values  or y   (^xoep^ for  tnc   cc.ao3 i: - 0   -jr  p ^ O) 

^tJ2J;£§A«5ii3i\£iHiS."^^ ^''*^''''' "t-yjpical solut3.ons  ore' givon  In 
Pigs, 199 ""OtsPvei~"ar©^elTr0n for the  averag© ntinber- of u/Boats 
in port and in th© Ho2*th At,lantiCs for  differeirb times after*    ' 
the £!itart am to dif f apont net production of u/Bca ts psr 
Eiontha    It will b© noticod that  at first the nurabsp of u/Boats 
In the bases is less fchan the ntaabsr cf U/^Joats in tho North 
Atlantic,    Koiievar^   aftej? six Honths  (fop the "jalue  of I.I 
chosars in tho exampl©)  the sffoct of the bottleneck in the 
repair^ basos bosina  to make Itaelf feltc,    The increase In 
the truiaber of U/Boats in  the llorth Atlantic Is not as  gpeat 
as at fi-pgt and the oscaso IT/Boats pile up in the bases j 
sin CO thej con not get repalTe.d fafst snougho 

However^   such soiutions^   starting v/ith the beginning,   Pre 
not of  the  gr-'Stest nnioimt of interest  for  our purposes iiere. 

V'e are more interest^-^d in finding out vliat h.appens  to tl'c 
C\ 

IJ/J 

pond to ttio  serious pttsch on tlie baS'^-s or on the factories, 
or on fi   sudi..en  increase in  thv;  offensive  ngnlnst u/Bor;t3  in 
Atlantic.     A case  in pointyi^s^^v^v^:i,]:Ai;,^^i;»   i^4ij.v;nic«» jL5^t#^#», 
A,   tho number of Uj^^-Slsjjjn   tjio .^r?:n-i.i?;  fcA^Gi'o:«».i'i jjfj«?r 51 : 
sin^l-^  attB,c':.     In»tijl;f t-'a;^ le n!vi^ 'iia*:c?M...MM »*»»tp«? VHTM'^S. 
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Figure 19,    Typical solutions for the submarine "turn-around" 
problem. Plots of submarines in port and on patrol as 

functions of time, for different values of net 
increase of submarines    I. 

150 

c 
JO 

< 
c 
CO •^- 
o o 

CD 
■ 

d 

> 
< 

100 

No attack 
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BEFORE ATTACK 
Net increase in U/B, '■■ 
I = 25 per mo. 
Max. repair rate for 
bases, M = 50 per mo. 

AFTER ATTACK 
Case I, attack oa 
factories: 
I reduced to IE.5 
per mo. 
M stays at 50 per mo. 

Case II. 
I stays at 25 per mo. 
M reduced to 25 per 
mo. 
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i.ve assume  a net deerease  oi'  tiie ina./iraui.; repGxr vc.te of 
bases  to oi.e-half its initial vlue,     in tho cn,se3 suj-m uors 
it v; aild  s^em  th?t redaciiig  the e£ieat±vehos3 of  tl.ie  repair 
bPS'^s is  sliglitly nore r^mcrclous thai; rediiclng the effect- 
iveness of  the  rf'ctories.     This  is rot nlvvnys  tho  Cf!se, 
hDW"ver« 

The curves of Fij;, .20  are  still  not  exactly tjie_ones 
'.'••■■ich  .;e need  to  ans^ver our qiiestions„     Aaotiier  set Is  gxven 
in Fig.   21,   tiiis  tifie  olotted onl:' for  the nonti^s  afcer  the 
^-ttacic.     !]o  ss.aiijotion hss   been nrae  P-S  to  the  snteceaeiit 
C"urve>   except.   Ui?-. o f-x   tij.e   uj.....e .JI   ;.U.-.U-..   .jitsi^..   .—..  T-   i----^-^ 
Tl/Boats  in  the Atlantic  on., fixty U/Boats in   urs--;..     V-s-^^i^ 
vns  np-iroxixintely  tiie  cnse at one  tii.iO uurlug i.orla '■v.v_Ll). 
Th«=>  curves oiotteu nive  txie nusiaher of lJ/i3o-^ts  In  tiie Atlantic 
a ^Inst  the'niMber of i.ionths  -fter   the  attnciCy   for unior-niD   ^ 
^isauv^ed vrlues of I,   net increase  in   subLi^-rinos per montii,   ana 
M',   th'^^   ■.axic-n;j- rrteof repair of  suaa-riJiOS at rll   b-ftes. 
Tuesn  curves  si.o',v  tJio  effect o:   different rec:"»uxions of effect- , 
iveness  of the fpctories vnd of  the  reoai'r bnses. 

For  some  tiiie  uuriHi;  the v/rr  the  average value  of I v;as 
bptv/ean ''2.5'and 25  ^nd  tho  ?wnrar;e  vr^lue of 11 V;PS  bet'-'oen $0 
and  '100.   Consequently we woula e^pec u   that  the nmioer  of U/Borts 
ij:  thp   Atlantic vrauld have  follov:eu  a  curve  soue^/hfore  oet^veen 
curves  2  and 3 of Fia-   21   (curve  3  is nore li]Lel^}   if no 
r.tt'whs hsd been ngde  on bases or  factor!-rS. 

Cnrve 6 Indicrites  that if ne attrxhea the U/Boat rectories 
strorglv,   so ss to reduce  the ret production to zero,   this 
still'v;ould not h?ve ;,vepXij aecifRsaa  trie nunber of ^b/Boats 
in  the  Aclantic in a   short  tii-ie.     Cur-.e 4 in.dicato3  that 
ar  ^ti:Bch  on the b?s::s \;aich only roauced  to  one li-'if  the ^.^rix™ 
iiimi  r;-'te of repair \70uld likewise not hpvo dli.inisiied  the 
r-unbev  of U/Boets in  the Atlantic  to  an appreciabis  extent. 

OirvB 7 indicatos  tb.ot althoui^ii   tho  factor Les  ai e not 
tonclied,   an attack or.  tiv3  bnsos xjulza reduces  tuo nasir.itr:'  rnte 
of reorir to a quarter of its initial value \JQJ.I^ apprecie.uy 
reduc-   the^^nuuber of Q/BG-ts in  the Istl-ntic  in a   fe.; ^wntl^s. 
Curve  3  indicates  tt*;t* ejr(;-..ti2.-^«Sj..:ii^**i'c^ftV>fp^:.J^r^ n«-^e.^ 
out,   it al;::o  vecAJ2\c,lu':lo.:ctior^c^ ^e^sr^,^ 
in.itirl  efficiency*bSitDr^  flibfe v;o^ni.'..   oe  ^"p,u^ec.;..po.ie  reauciiion 

i.t3» 
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Curve 
no. 

25   50(^^1 prod.   g 
(Good repair 

1E.5 100|^*-P-^i^  Z 

12.5 5o(^^*»Prod. 
IGood repair 

25   25(^^1 P^o*^* 
ipoor repair 

100[No prodo 
IFull repair 

[Part.prod^ 
±ei,o   <>c [Poor, repair 

0        50fNo prod. 
I Good repair 

2 3 
Months after attack 

^^4 12.5 

5 

6 

7 
8 

25    ofS^l P^?"^-    9 INo repair 
25(No prod. xo 

[Poor repair 
^f Part.prod. ,-, 
"iNo repair ^^ 

Figure 21. Solutions for the submarine flow problem. Effect 
of damage to submarine production and repair facilities. 

... .;Bif.ty subniA?in,es left in repair base after attack. 
• »   ..II:= net $nc5;^as«*irf.slilf5*J)^*fa<5nt4ij.M = maximum 
'..I ...: .:. ...tai:§ j:it'3;epa5r bf slibs j^r.ja^nlJh. 

••   ..»»..., 

166 
r.-6 170 



CONPIDLNIML' 

, ,: : :•.;:'" •    •'•. .••• .••• •:• ?  

short tir.e,     ..*. I       ,1. :... :..• 

P^or  tiie  snort-term el'fects,   taergfore,   t^.oso Ciirves 
seei-n to ii:aic-^te  thst t^ie cirina,i;ing cf the repair bases h-a a 
greater of feet  t.an  the dpnnijlng af tn.e  factor! .js.     Tiiese 
conclusions i.iust be  t-'ken wit.t some CMitlon,  i:iov;ever,   since 
the solution here worked out Is for a  single Ettr.c: at  tue 
begin.irg of  tho curv^iS and for no change in rate of ;)rodi5ction 
or repair thereafter.    A bolance of the probable effects of 
other factors,  howev-r,  v; uld indicate  thnt  the r-.ctual  crirves 
w.aild fall  rbove  the curves considored here.     Therefore if 
the present curves do not show B  certain type of att?ck to be 
SRtisf?;ctory,   it would not hrive been sati^;factory in actunl 
practice 0 

Other curves can 'be drr.vvn for other initial conuitions. 
T.iiey are not v.^ry dissinilar to  tue  set in 11^ 21 and leau  to 
no ulffei'ent results. 

• •• • 
• • • • 

>•• • • ••• • •••  • 
• • •• 

••• •••• 

• •• 
• ••  • 
• • 
•••• •■• 

167 



• •  • •  z 
• 

</ *   ■■■.   f-f-J-. .--i- T  ■•--'. ■ 1 ^*; «•" • •  • 

;;:0'^." ii^.:-ortant contributlono have been made by oper- 
at-one reeearch metjUods in l-iie analyaic of tactics. Kejiy new 

■ si'iualionB arose in World War II •Involving new oqulpment 
or- neif tactlea on the part of the mem:f  for ¥hioli the correct 
tactical answer had to be found.  An l£ni.n8clla&e aaa^fsr had, 
of course, to ^3 wsrkecl out by tho forces in the field, but 
it often turned out that suoh pragmatic eolutions oould be 
iaiprov&d upoa through further study. Tae  problem V&B  usu- 
ally approached by the operations reeesrch ivorker from two 
airectJopAS^  the obeervatloRal, and the analytical.  At^^the 
onset of the new conditions the forces in the field vould 
be fox-cea to try a nusEber of dlff'erent tactlce, and if de-- 
tsilec. data on the resulte of theBe trials could be obtained 
from the field, they could be studied f>tatletically to aes 
which tactic seefBed moet promlfii.n^. 

This initial 'lata, if it wers conplefce anough, could be. 
used to olstain ar)p":'axiTfiat-3 naasures of sffectivaness, and 
to obt^-rfn a ,'|er-eral plctiire of tha posfflble behavior of the 
forces in-v^olved. As scon as thic ger.eral picture could be 
cbtsined togsther with the approsla-ate measures of ©ffee- 
tivenesr, invol'\?ed in the operatlcns, it \'ms  then possible 
to study the operations analytically. Knowing the physical 
capebll-ities of the eqiiiTOTaent imx'lvedj optjmura tactics could 
he'vQTked  out i:heoretic&il:.y. For this theoretical nork to be 
of miich ^iractical value,, ho\'?ever._, the n-.^.gnltude of the 
constants iri\*olved rmst  be deterrained^ either fi'oai aettial 
operational data or .from data obtained by carefully finaJLyaed 
tactical tests, 

The firft Gection In this chapter ^^ill givt llluetratione 
where the correct tacticf. became re&aorably obvioue after a 
8tat'iet3c£-l Ftudj- of the operational data. As soon a£' the 
average resultB from  the differeat actions were computed, 
i'S became clear vjhich wa« the bee^. action to take in a P&J"- 
ticuler circumstance.  Later Sections of the chp.pter Hill 11- 
luQtrats various methods of irjrkiug out optipuum tactics ari^' 
alvtlcally, and will discuEs some of the general principles • 
wntch are often useful In such analysis. Kethode of study- 
iag tactical teats to obt-iin measurss of sffectlvenasB wl^l 
be diecuBaed in Chapter'VII. 

16^     statistics! Solutions -^ An exainplt of a case wbere 
.••S5^!?i^e;^r.''li2iTii:di:.cJT^^^^    appropriate tactics, comes 
: lr-^f^:it   rfh'<:l^^'<ot'^^'Blf'f'£^'i^:'-i^nifg,tc  dod£e an Incoming 
... ..w. it. ...r.j. ...• .... .... : : :\: : : 
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units o    As  soon as it was cle&i'* tfet  the plane was  in a dlvs 
heading for a partlcylar Bhlp,   tYile,  ship could attempt  to 
Evoia being Mt by violeat. Es.neuvers,   or could continue on 
a steady coui'se and trust to  Its antl-alrcr£tf.t fire alone 
to destsr-oy  tho eneia;/*B aim.     It wae laportEnt thZi?e£or<B,   to 
find out wlsether raci3.cal ship mansuvere ■f./ould spoil the aim 
of  the Incoming Kamikftze more than they ivoulcl epoil the aim 
of the rlefensivs anti-aircraft fire. , 

SSIi&BA„iI^i£™L2™5ii'?^l§£ ^l?„SiL£I, "^ ^»"* ©-""J-er to &n,si>>'er tills 
questlonj accounts ¥e:?e~Sc*'Dreeted of ^77 cases where the 
enesny  plans was obTlouslj &, suicide plaae heading toi^-ard a 
particular ship.     TMr-ty«siK percent, of these planea,   1/2 
of them,   hit  the ship they were aiulng for;   the others Kissed, 
ii8 a result of  these 1/2 hlte,   2J s-.hips were sunk.     Thie is 
shown in the following tablet 

■DD,APD       AP,APA    L3M     SBall     All 
.   BM.DMS       AKA,Am LST    Graft     Ships 

LSV 

2^1-1 .    21   ^9   3?  Ml 

36    h-^      22      22   36 

Of the ^i-77 attache etudlccl, only 3^5 reported In enough 
detail to be able to ascertain the behavior of the ship and 
tho ultlr>i8.te state of the plane (i = e.,, \i;hether it ^rae severe- 
ly daiaagefi or destroyed by anti-aircraft fir© or not). These 
attacKs were analyzed to deteriKiae the percentage of hits, for 
large and small shlpe, according to whether thay Mere naaeu- 
vering or nox, 

Maneuvering  Number of .attacks .....'" fG"'   " iW '"T^ 
Percent Hits 

on Ships ........  2E    36    33 

BB 
CA, CL cv 

CVE 

Noo 
Attacks m Kk 37 

Percent 
—ritr kk hi 4g 

Koii" 
Maneuvering      t ■Jumher of  i^ttacks   .' ...^l.. , X£'l^.. ...:^«^^» 

oa 3h5.^i: . ? , •„• •... \,^-^:. :..^^:. :...3*i«« 
  -ip, 1) 15.1) 
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:*': ",Vl X,-^^ii'^'Art**or^iL»i'y-ar5ig ^••^:t:3«;^esults indicate tliat 
•••JbSlfST^t^tHi^S^f^r^ffl^a;^^^   ^^^"^^  ®^P^'^^ radical 

.  aan-werrt^hen attacked 1>T £ suicics plaoa. The percentage , 
Sf suicide hits on these ships is c^-nsiderably smaller i^lien 
thev raar-au-'irer than vfhen they do not. The :able_5 OJ. course, 
toils nothing about vjhat sort of raE.;AOUvers shoulo. De employ- ■ 
ed, but n clearly denonstrates thpt these larger snips 
benefit from maneuvering i^adically in the face oi' a suiciae 
attack. 

Destroyer.*? and. s-millc^r fleet wilts^ aa well as &vx±l-' 
iaries sho'dd not lEanauver "Jith radical turnsj a-?:cording to 
this ?.ablB hecauBQ  thay receive a higher pQTQQmage oi  Hits 
ighen th<^y 4o than 'men  they dD not n.'ane'sver, ine laole d^oes 
not indicate whetho? tha smaller shjps ^ould prmxj from tae 
■ase of slo.i tu.rns, but it does sho-g that thay should not tts« 
a combination of high speed aM  fal:. ruddsr* 

pprt of the reason whj  large f:.eet anits should maneu- ^ 
V0^' and rmaller ones should not apparently lies in the eftec<. 
of" radical imiiemevs an AA eJ-fectiveness.  This is shomn in 
the foilo^ving table, giving yeroen^:r,f^es of suicia© at-cackers 
^jhich are seriously daaaged :u7  AA firo during their ax¥€ at- 
taelcB. 

Small 
U!iits Total 

Maneuvering Ifaiabsr of Attacks - 

Percent AA Hits 
on Plane - 

36 

77 I"! 

144 

$o 

180 

62 

Rianbes 

Percent AA Hits 
on Piaiie ^^ 

61 

.74 

124 185 

69 

Tli3 data rasortsd in this table is not partieularly aeos,:irat© 
since it depends on tha Judg^ant of the officer ^ritin| %hB 
action report as to whether the Inc-OTiiing plane TOS sarijasly 
damaged or not by tMe AA firo.    Such vidgments are not a1- 
^airs accCTats, nor ara they alwajs cl^^arly stated Ic the_^ 
resorts,    Nevertheless the results seemed to sncs tmt IOT 

ir?'^. 
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the 

"»fhea perfoi'Klag radical maneuverSj probably upset the staDll- 
lt,y of the gun platfonu sufflcisntly to cause serious Ah 
errore, v/hereas tiiis aase not seem to be true in  tiie case of 
larger ehipso 

Divicilng these data still further, Into casefi where 
the suicide plane Qme in on hlgli"-fllvee, and othsr caees 
Inhere it name in oa Ic^-dlves does not seem to alter the 
coRcluBlone conoernlr,,g tsaneuverlng. It is apparent froni 
the detailB that no satter what the diva ariglfj, deotroyerB 
and smaller fleet units should not einploy radical maneuverB 
In order to escape suieias hombera more often. 

Effect of An.|^le of Approach -^ The first three tables 
Bhowed'tiSt"radiCErifiaaiui?erB vfire gooa or bad deTJending 
on the -type of ship being congidered.  Kothing vae said, 
however, ahout what moT.euvers  were particule.r3.y good or 
be,©. By eoneiclering the eiTect of the Buiclde plane's angle 
of approach, some riotif r, .say he h&A  as to what, if any, 
maneuvers ehould be employed oy the vessel un-der attacli.  A 
hreakdown, of the data to show this effect is given in th© 
following table? 

High Dives 
Aiiead 
Bow 
Beam 
(quarter 
ABtern 

Psrcent Hi ts K usher 
on Ships of Cases 

100 1 
50 6 
20 10 
3« " - 13 
go K 

j 

(5.2) 

-, r Low Di_Vj3_8 
Ahead ' "                            . 3o' AI 
Bow ^1 i? 
Beam bi ?^ 
Q,uarter 23 13 
Astern 39 ^3 

Because of ths difficiiities of daterminiug ansle or ap- 
proach on maiieiiArerinK ships and bscaiiss of the effect of man- 
euvors on M effecii^eri^ss, only aon-mneiiYsring ships have 
been considered here,. FurthprK^i-'p, .l:5^gaiS5g Qt, ths ^3a3^.m«^;» _ 
hor of attacks in *^i*c|i.5:i-50 r^juuis^^ d§ta.i?re:i«;£cijm5; n«*.at^e^mt 

: : :• : *... : *.•• •— '— ••  
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i-^l -^^ •*la(|,j&o: br^k JJkf^Jkta ;]owrj Jf/taSt^i?) types.   Grouping 
aV:iji^t*:.i;t;ags*£l;i^*to.^'*;&feSJls"%«•*''5^5 ho^. ifj^reasenable because 
alT'sMps  are of  the same ge.rieral ahap^ aad. the relative die- 
trltoutioji of  fire po-wer avowid all  ahl;-)  types  Is ver-if  sis- 
liar.     In other words,   tfcsre doea not  ippear to be any reason 
to  Buppoee that the effeot of angle of  approach would be 
markedly different aaaoag ship types. 

Tvo facts are ap'oaretJt fi'om the  table»    High divers 
ixchlme a greater meaBurc of euccese  if they approach from 
an ar„gle other than the bean,   but; lov? divera dc beet If they 
approach on  the ehlp's tofcaai.    Put; conversely,   u ship is safei* 
if It preser.tB  Ite beaa to a Mgh diver and turas its beam 
away from a low diver.     The latter facv Is contrary  to Biacii 
opinion on tlis aubject and cert&iAly calla for soms explan- 
ation. 

^S,^2Il.-i.S2£~^j,'^~M.^^lJf^ " -^^ 'UsouBslon of the relative 
safety  of  ships  agaifiTt "vi"Fious  anglss  of  approach amst be 
based on ti-to  indepeadent arguments,   that -which considers the 
amount of AA  fire power which ears be trcught  to bear fct a 
given angle,   and that which ccneiasrs   the relative  target 
dimer,.eions preseatec?  to & plane approaching frca that same 
angle.     It  la the relatl"^e weigrt-of  thoeo two argumesi-tD, 
rathe-T than  tlxe conclusion of either tv   iteelf,   vhlch must 
decide the isr-ue» 

The ari"Ui»ent concerning AA fire pow&r Is clear cut.. More 
AA fire povKir can be brought to beai" o« the beam than on the 
bow or 8tern. And this iB true no tnat'Oer vhat cllvs angle in 
being consitlared. Thua on the basia of this arguaent alone, 
it would apy>aar as though the ship we?®'alv;ays safest if the 
plane approached fro^a the beam,   regard Lass of the di?e angle<. 

Tbe argureent concerning target diTienalons  is  Borae'what 
more invclvsd.     First we Giuat consider   the rel&.tl"ve eize ' 
of range and ceflection errors ©ade by   euicide divers=     In 
the oaee of high dives vhen all euicice roiss&c of 5OO yards 
or more are eliminated,   the average errora  in thf; point cf 
crash ere about 'QO yarcls  in range and IS yards  in defD.eetion. 
The j'ange error is c^easured along the plane''8  track and the 
defloction  ercor nox'Eal  to  the plane'E  track,   Gaauffiirig; the 
bridge struotiire of the rshlp to be  the point of aim.     These 
figureti are necessarily rough becauee of  tha lack of preclBlon 
in the. action reports.     They  are sufficiently accurate,  ho'^/- 

.•8V^?, ,lQ  in^lipate  that range  errors  are about  thres  ti-nea  as 
I   lai;gl; S.S 4f^f"is?'a*l.*o*n«*efr5wfe ••'tCit'^-^irji.s*^ ,i^'«, tak'2 advantage of 
•••*.^SB: dS-,-ai-.:ilJ.ti--^t3u,tX».r!?., It  'la a4p!f4l;:-:t $hat the small dimen- 

1?P 



"?J^- ■'MlillllJIIIIIfVt 

!     ?     •••     •       •••     *       ,,       ,." sioa of tho E" 
a high diver       •..: .,.: .;.      : -. ..., .;;^.;..|  pi: .., ...   . 
in othar words- a high divii'ig plane slioald oa "3.*:t'ed'   *   •* 3 
begia.    Thus botii this arg^iir,ent and that coriCerniag AA *.,.... 
power indicate that the ship Is safest if a high-diving plane 
approach©g from the boas. 

i.i ttj C *i B, iQ-f}- diving [jiane,   the piouiuu ta BOii'i'- 
what ciiirereat.  If the derieetlon error Is eaiall enough, and 
if the plane is flying only a few feet above the icater, It la 
apparent that rangg errora ars of little .lisportaace.  The 
plane simply ooutlnues flying until it hits*the ship. Put 
differently, a very large effective target in range is pre- 
eentecl to the low-flying plane'no'matter from what angle it 
approaches.  Siaae range errore cannot ver} wsll he taxen 
advantage of in this case, it will be better to take adyan- 
tago of deflection errors by placing the anall cllivifjneion at 
the ship normal to the plane's cov,iree, or, in other ViorfiE, 
hy turning the beam avay frorr, the plane.  For low divers, 
then, the AA fire pover coneideration argues that ths beam 
is a safe aispect to present to the attacKer, hM%  the ccaeici- 
eration of target diffieuslons argues that the bsarn ic  a danger- 
ous aspect to preoeat.  The figures of Ta.bls'(^,2) indicate 
that the sebondi, arguaisnt is the more important.  Apoarei'itly 
the distribution of fire power around the ehlp does" not vary 
sufficiently to overcome the aiffersacee ^5 ^•■•fget dlnsnsions 
presented to a. loi^  diver. 

Further confirBiatioa of these resulta is gi/'/es h^j-  ..an 
independent analysis of data' coacarning maaeuvering deetroyers 
The folloE^ing table preaente the r^jaults broken davn  s.ccord- 
ing to dive angle and whether the destroyer xma tumiiig its 
beam towards or away from the plane„ 

High__D3.-/_es_ 

haneuvering to iressnt Bs,aB. 
Kaneuvei'ing to Turn. Beam iiyaj 

Low Dlvee 

Suicide 
Sueceh'a 
Percent 

1? 
73 

?<uaber 
of 

Cases 

Maneuverine to Present Se.am 
Maneuvering to Tvirn Beam Aya? 
  •••• •   • •*• 

^7 
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to present its baaai to a loTj-diver,.    Although tlis nuiaber of 
cases here is small5  the figores 6.0 confirm tlis results of 
tko analysis of angla of approaeh on noii-manenvGring ships 5 
and hence are given added EigiiificancQ, 

e. 

Su)?:gested Tactics - On the be.sis of data included In 
this stillyj the follcwing ecncltieions are jiistlfieds 

1« All sliipc should attempt to present thoir beaias 
to high-diving -planes and to turn their beams mm^ Tram 
lo?^-dlvlng planes»    This rfecoi'mendatlon^  it should bs 
noted,  is based on. tSie a3sii'3ptii5n that ao graat differ'- 
enee exists in the damage dona by planss crashing from 
different angles of approach.     If thei'e is Goaside3?abla 
diffs'i'enc©»  it mlsht h& :iee@3sar5r to ehangs this 
rec OiiKaanda ilcn. 

2. Battleships, ernisers^ asid carriers should 
employ radical oliangss of course in order to evada sui- 
cide planes 6 

3. Destroyers and sEialler fleet miits and all 
aiaxiliaries should tiwf:^ islot^ly to present the proper 
aspect to the diving plan© hut yho'.slrl not turn rapidly 
eno'agh to affeet the accaracy of thaire M, 

The ijapoiftance of ships  mplof±.ig theaQ optimiM tactics 
is illustrated by the fact that oalj 29 percent of the dives 
on ships 'aslng the proper taefcicsj a';j dsfiaed abo-sra, ifero 
successful I #iareas 4? parcent of tiia dives ware suceassful 
on ships using otlia:? than these tastics, 

IHfeiiSfe? 5.§Jllii.U^®'1, "• 'Aa aj^tremaly interesting attack 
on a very'WTflcvlt pfoFIam fej the use of statistical analysis* 
¥\,'££j the inve£tiga,tic>n of the metises of the losses of our own 
r.nbe?,arines in the Facifi.c di'jrlng World T/ar II,    Eiccept for 
intelligence sources ^ the cslciilatiozis here havo to he made 
by indirect msthefis.j    On© he^srs the stories o >.*• 

*'i.a¥e S.nes v7hich 
(0ns does not 
do not s:"eturii,) 

those subEiar- 
to retrain. 

hea' 

for tho imbsaas'ine forces 

321 damaged 5 biit ha-'/e 
Tihat has happsBad to those sutearin©s 'whici 

CM the other handj it is extreiiialy important 
ImiW what.tactic of the en«aiay is 

eausing tha greatest ntimher of thssa caotialtiaS: 

'*€ol.le515in*5 i?Scv».*'^i:vo?i oi» the ^^i.^slof  *•    ..*    : .„• : •: :  : 
could be ohtainsd 'by 

ufiSge for thos© 
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submarlaas getting acae, arsci e:r-.i'apoi.at'.i!g x]^*;**r'?b^?ul*S • W* the. 
case of those which did not.  Such extx'apolatisn waa made for 
U. S. subffiarines in the Pacific: the results did not reasonably 
explain tha iasown lossea. An extrapolation using x'Sfteonahle 
ratios of casuiiltles to damage for surface and air attacks 
^'seulted in figures for expected caeualtles which ver^ about 
one«= third to one-'half of the actual caBualties. 

This dlBcrepancy might, of course , have indicated that 
our expected ratio of casualties to damage wae too saiall by s. 
factor of 3; nevertheleee, there was a fair possibility that 
another cause of casualty was entering, "rfhlch aia  noo enter 
into the cause of daisaga.  If some type of eneasy tactic re- 
sulted either in a complete ml so or  a total casualty, then the 
subpaarines which ccoii® back damaged could tell ue nothing con- 
cerning thia type of tactic.  It was suggested that the effects 
of eneuiy submarines v:ould ariSwer this dascriptlon; any toipedo 
hit would presumably eo damage our subraarin'c &s to prevc-nt it 
from returning to basej whereas, a torpedo Eiiea islght be 
noticed but would not causg dnsxage^ and so might not be Btreseed 
in the action report. The follotjlng analysis waa made in an 
etteaapt to estimate how raany of our submarines could he.vc been 
sunk by enemy submarines, by counting hoif many of our submar- 
ines sank Japanese - isubs. 

In general, available information concerning encounters 
of our subBiarlnes with th© one-my does not provide answers 
concerning cur losses.  Ae a trite example, it vjould be il- 
logical to attesipt to eEtiinate our aubrr.arlns caeualties 
caused by DD's^ on the basie of the DD'e our submarineB have 
sunk.  Similarly the ability of submarines to shoot down ene- 
my planes bears no relation to the ability of eneay planes 
to sink aubmarines. This io siKply because for these cases 
there exist no coffiE;on baees for cornparlaon. 

Coroparieon with^ *^.fiS^'^P®,^'^.^J^'-^.^'pgj'^?:h_Q...£§„^^^     - Ho>;eve2% 
in the special caie where our*"eu"boiarines encouter"eneffiy 
subsarines, a basis for comparison does exist. Although it 
is not true that U. S. and Japanefce eubroarinea are identical 
either in design or tactical use, certainly no U. 0. eubEiar-lne 
will ever encounter any Japanese craft more lik© itself than 
a Jap submarine;  and although opposing submersibles, when • 
compared, show detailed differeacss, they fitill are fundair.ent- 
ally alike in that they operate in the same medium, 
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ujiot il-.*: :v^ j,,V"'J^-*f^?|^ f^r^'^sSi^S^ va4,Bl,si.^i*Aiteci.  The next 
b^:', * •.*'***'*;■* •;o that  directly concerning auaiarlnss lost 
'■■-)■    .i:c>.c„iu:tt.ioji concerning thoee which were attacked but 

■ .-=d. Presumably the number of U. S. subraarlnes claiming 
to have been  fired at and ffilseed by enesy submarines bears 
a direct ratio to the number fired at and not cissed, end 
coneequently unable to report the action. Thus, for eases 
where our EUbaiarlnee v;ere uneucceesfully attacked by SiV.'b-' 
marine torpedoes, there iBUst exist a proportionate nuffiber 
of attacks on our submarines with less fortunate reEulta^ 

While there are 8e\''eral Indt.pendsnt methods for eetl= 
mating our eubmarlne losses^ preference la-aet  be attached 
to thoee depending on the fewest aseuajptionec The most di- 
rect approach is simply to assume that Japanese attacks on 
subaiarinee suffer about the same percentage of misses that 
oure dOj and apply this figure to the number of times we 
have been attacked and mlesedo Taere was no reason to sup- 
pose that the percentage success of attacks Japanese subiiiar° 
Ines made against U.S. submarines vms greatly different froa 
the percentage success of our attacks on Japaaaee (Submarines c 

The Operational Data - i^'i-om  the hsginnlng  of zh4  Vvai" to 
15 Jime  1944""tK'-3r"*e '^eFe"'l7  submarlDe atta-ilcs on ou?? snlsmarlnes 
and 43 attacks by our submarines on  Japanese submarines.  In 
17 of these 43 attacks by U. S, subiaarines the Japanese sub- 
lEarine riias  simk or daraaged and ir. the other 26 casos it i^as 
missed. The breakdown bj ysaTB  is fihown in -Table O'^B). 

TGRPSDQ ATTACKS, SUBI-^AROS V3 BUBKAEINE 

SurA^or        Suj^aarin^e 
Famaged        Missed "" 

B Attacks on 19^-2 3 
Japanese 
Submarines:        19^^3 ^ 11 

Total 17 26    (5%3) 

Attacks on 19i'^2 ? 9 
u,., S. 

^ Subiiiarlriee i. 
I   •••   •     ••! 

• •• 

• •• 

• •• • • • • • •• 

19i^3 
,••••   ••••• •      ••••      • 

• • , ■ ••: ;;..•         • 

•■•       ••           • 

? 
• ••     • • • • •• • • • ••     • • • 

• • • • • • 
• • 
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miB8 66 
Japanese Bubmarines, whatiier by day cr nlgrn;, and. y^hetnef sux'- 
faced or siibmerged; hence, tve hit  about ti<;o-thlrde as niany 
Japanese eubDarlnes ao ¥s ^ieeed^ Applying thic factor 

■ to the numbere of caces In vhicli a U. S. subiaarine wee attack- 
ed and missed, gives the probable loaees from Japaneee sub=- 
Eiarine action shown in Tabl© l^o^O-  The second column gives 
the calculated figuresj the first, the,rounded~off eetimateSa 

E3TIKATt^ LOSSES OF , U_- S . SUBMARINES BY JAPANESE 

l9'-^2 .6 (5.9) 

1943 7 (7.2) 

13kk  - .       5 (^KS) 

Total IS (17.7) 

(5.^) 

It turned out that at the tiuifi of the arjalysis reasonable 
estimatee of the ef.fectivenees of Japanese anti-submarine 
planes and ships explained oar eubaarlne casualties only In part 
and left approximately Ip c&smaltieB unexplained.  The 8ur= 
priBlng correlation betfe-een this number l^j  and the number 16, 
estimated by the above arguiasnt to have taesn sunk, toy Japanese 
suhaiariueSf made It appear likely that at least some of these 
casualties coulri hav© Ijeso caused bj Japanese euloma-rinee. 
It was probable that not all the l^j  casualties were 
due to Japanese submarines; for it was llltely that the sneay 
submarines were not as affective ae ourSj which vaB ths 
aseuruption riade In obtaining Table (&o4).  In aaclltloa, there 
must have been a oertaln nusiber of casualtlea cauced by enemy 
minse and by ordinary otiere.tlonal accidents^ "which would ac- 
count for Bome of the 15 • Me^'C^rthsleea, the above analysis 
indicated t=hat Japanese subsiErinse were llksly caueeo of 
eoBie of the casualtiee.  Such a poestbility had not heen 
seriously considered beforeo 

§H£S£§JiS5;„il£MHS'J^, "• "^■^©^'^ th'iB  analysis was brought to 
the attentitm of "the"hTghsr coaiiaand, the results euggestsd 
the addition of certein equlpmeat on our subinarlnes to de-' 
tect Incoming torpedoes and certain tactical meagures (which 
will be dlscueged in the next section), to protect a^^;5.UBt, 
this unexpected dasf;*:'' .• ••• ;••• ;,,: ••*. '•*. *J* J  *j* ;*" ; : 

: : :•': •...:    •..* •— •••• ••• •— ••• •— •" 
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ecl*!ii.«l|y iBfjiiX SiSr :ftl:«i^'u«i«*n 4i ^f c-'Uf^f^fitf that man^  of the 
unexplained 1^ caBualtles yere  due to enemy mlnea and oper- 

• atlonEl accieents. lleverthcleaB,   the analysis had indicated 
a eouree of danger Milch liaci  been previoualy ininimiaed. "and 
eiiggested new equipaient ann tactics to safeguard ou? submar- 
ines against this danger, After these aafaguarde xiad been 
put into use, reports from  subiaarins cotaraa.ndere Inaicated that 
the new eqipment and tactile, probab-ly eaved three ox*  four 
additional subc.arinee froir. being sank, 

lL:™.^,MS;lLliS.£LJl2iH;ll^^ ^^^''^'^^JIt-^'9£Z '^ ^  great 
o.eaT of "tactleal'aru?AysTs"invGlvTa "the"T/x\       of- the the- 
ory of fsarclru The details of thie theory ar-s presented  in 
another volume of this eez'ies, but one theorem ie KO Important 
for our present diecussion thiat it will he worth while discuse- 
ing it here aleOo  Thle theorem aight be called the '• Keen Free 
Path Theorem", by Its analogy iiif,h  certain concepte in atatia- 
tical mecharilcs. 

Covered. Area - The thaorea concera.g the pzx7babllity of 
locating or of damaging or of aolllding vith soaie object, 
called the target, -whi^h Is placed at random soaevhere vith- 
in aa area A,  The search object, v/hlch IB to collide -jsith 
or damage or find the targat, caa bs a :)atrol plane^ a tor-- 
p-8do-, a bofflb, a slxtean inch shell, et-Co Each'object has an 
effeeti've range of action against the target;  effective 
range of sighting, lethal ri?.dius target width for toroedoee, 
etc„  After e certain length of time, some portion of the 
ft.rea A v;ill heve been covered by one or ruore of the search 
objectB, ao th&.t if the t.'rget lo within thi-e covered area 
It will liave been dieccvered or dtitiaged at least once.  For 
instance, if the sej^rch object is a patrol plane, the ccr/ered 
B£J|§ is equal to twice the effective laterjil range of iisldn"" 
of the plane, tiineB the speed of the  plane, tiaeo the Isngth 
of tiE\e spent in searching the area A.  If the teat object ie 
a sixteen inch shell, tbe covered area la aqual to th© niAiaber 
of shells fired inside A times the lethal area of the six-- 
teen inch ehell for the""target considered.  If the search 
object is a torpedo, the covered area is equEl to the effec- 
tive width of the target ship tis.ee the length of tr&ch of 
the torpedc, and e-o on. 

, We ■HBBUK.e  that tlilK covered area ie distributed &.t  random 
Inside the area A, There asay be sosie overlap, in that the area 
i^-epTfetjeijcor* '£iiB.i\.9nQ^^ .bi-^-.J^ ^^eiime^ that this Is done in 
fr ^'^-J:^??: uiju-a-fs^. . TI«# '*\^-a»:*^^ee:^>£.t^, •5::i5;«™ giirea the orot- 
  ...• *..• : „,•: •:: • 
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ability of euccp*** '-**- ■••*' 
covered area and' 

?robablj.^it;,y^_^ of git - To find the value of this probsi- 
blllty, \ie  conilder "We situation at some gi7@n InEvaiis; when 
the covered area is equal to GL .. We can call PtOjcCv the value 
of the proba'blllty tliat the target Is not yet aisco?ered or 
damaged before this ias'cgint.  We then Increaee the covered 
area by an amount dC  If this new covered area 1B placed 
at random Inside tha ar-ea A» then the chance that the target 
will be found or daiaagea in  this new area Is equal to the 
ratio between d<C and total area A. multlplisfi by the proba- 
bility that the target has not    been found or dsiQaged. be- 
fore this. In other words 

&F{o,ct)  a l-liact/A)P(o,cc) 

The solution of thle differential equation, which aatlefiee 
the initial oonditlcn that the probability'of no hits whence' 
ia zero is equal to unity, is the folloi^ings 

P(o,.ay s 8"?^;  0 « (ct/A) ~ Coverage Factor  ] 

Am  Total Area; a  « Covered hrea. >        (5.5) 

Probability of Hit s  P(>0) ^ 1 - e"^ 

Referring back to equation (£.30), we see th«.t the 
probebllity of no hit®, P(0,,-v:,), is juat the Poieoon^distrlbu- 
ticn probability of obtalniag zero points i/hen the ezpects'"! 
number is 0.  A little study of the analogy betvjesn tha 
present case and ths case diecuBeed for the folaeon-clistribu- 
tioa nhovfi the C5omplete analogy^ and IndlcateiS why the cover~ 
aga factor 0 is equal to the expected value of the number of 
hit8. To carry the analogy fertb.ei', v@  can Bay tliat th© 
probability that th© target will have t)e@n  discovered or dam- 
aged or hit ffi times whsn tha covered area is sC ie F(!n,0), where 

rr.Bs.i 

(5^6) 

^®E£]3H*^-™^JJj2-.J4llMiii^» " ^ ^^^  eimple exaisples will 
illustrate tihe irEefulnesi of""thie theorem. For iastancep 
suppose a merchant veesel can make t>o and a half trips, on 
the "■       " "      " 
en emy 

the "Mean Free Path*^ of'a "ship before ix, gei 
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'-^'^ :■:. : .••• : ■   - v:.^- .^,   : ^^.^^-c:^-:.* : ^^5 number of Mto 
iiiC n: : •: :^^^ :^^^ .... .„•,.,.• .:.,e:'e i^g--:....:*^' an area, a line 
la covorea \ namely ^he d5.s"cance covered by tiie ehip) and the 
coverage ''■'^'■■:^z' 0  is «-:••"' to the ratio between the nunber 
of trips . . ' Lihe "Meain '  ,... P&Uf,   (in this case 10 trips)^ 
The probability of oomlng through n tripe unscathed is HO,0), 
obtalnad from equations (5,6), with 0s  (n/10), 

dEf:£_S2iE^^^^''^®"* - /mother exafflpl'..^ can be taken from the 
study of area l&oiFirSmsnt. A laortar eiiplaceaaeat, for in- 
stance, 1B f5omev;here %irithln an area A.  The lethal area of 
the aver-age five inch shell for damaging a mortar le £„ Then 
if n five Inch shells are fired at random into^the area A,   the 
chance that the mortar is'lll be unaamcgea is e""*^, where tHe 
coverage factor 0 equals (na/A). The prGbablllty cf the mor- 
tar getting hit m times is"given in equation (5.5). 

Now suppose that the probability '^hat single hit on the 
mortar :<;ill damage it beyond repair tu^'ne out to be pi  and 
that th3 probability of bgirig aolc- to :.-'epalr the loortar after 
ra hits is  U-p) .  Comb::nation of probabilities sho%-3 that the 
overall probaglllty of completely disabling the mortar by 
a shell?? fired into the area A is 

i/rab. Daaiage beyond Repairs 1 ... Probability j^epairabillty 

^ \^nirj Prob,  Repairabilitys JL.,   (l~p }®r(K,0) == e^S^ i^ (l-p)'"0' 
m^Q 

^   ©-^0 ,Al-p)0 ^ Q-P0 ^   0^{n&/A) 

Therefore, the probability of eHcaping complete destruction 
can ba eKpressecl in terms of a new coverage factor 12ftip"aA). 
This ahuKa that la many caries the covei^age factor for "complete 
destruction can be obtained fro:a the coverage f- .QtoT for a hit, 
by multiplying by tfee probability of complete deetruotion when 

■hit, Thl3,aiffiple property cf 0 Xa tyoloal of' the Foleson dis- 
tribution. 

Another exa;Tipl6 of the "Keaa Free Path. Theoreai" can be 
taken from, the study-of the "effectiveness of mine fields". 
An Influenae mine-has a range' of actlori R for a given ehip. 
If there are n mines in a given area A, then the probability 
thp'n th •; rhix,  ^;^11 hit a mine is feivs:n by 

I    ••?    • ;••!        •         >i,.sjv,        j.   8-     , 
 :. ...:.:. ...• ...• •..•    :    : :•.: : :-P'B track through 
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Id the iBine field. 'Q '^f^^ '^^' oK-t^phip 'ih. fh^ tU 
is thus (A/2nR). *•• *  • •—* •..* : : '..• 

APt3-Aircraft Splash Po^ar - Another example of consider- 
able ^i-tirffiTTtady of anti-aircraft defense to/ol^es the 
definition of the splash rats for a gi^^en Matter/ ox^antl-- 
aircraft gwis, Frm  the-accisrac^ and ^^^?, »;./iC t t lilrl 
Fims« It is possible to compute the probability' ta^t a g..¥9n 
5lane ^111 be shot da^m bat^^aen range v  aM ^jngs j J. f A'^^i^.h 
This can be m-itten as s(r d?« -flhere s(i%^ is calle.^ t.he spl^J^ 
iata-'  ordinarily this rats is small for large values oir and 
increases as r dtoiaishes. In.this^^casa tne^copra|e fEC.oi 0 
3 s ealled. the ^^-i^l!^!^''' ■s'l^^v'^^r,. vjincn is O:,;-.-^ ?.ri^.--A i.-- ..■i.-;}..,.:,^^'.■..'^-5--. 

Splash Power, 01r)- /s(r)dr;  sir) s Splash Rats   (5.S) 

Ths probati-lity that the  ple.ae is sf.O.ashed before It 
reaches range r is l~e°°".  Ey drawing contoure of conEtant 
aplaah power about the aRtd-»aircr'aft battery, one can clatsr- 
mine the efrectiveness of this battery in various directions 
and,^ \r  necesEary, can work out its weak points.  Since the 
sxilaah power Is additive, the poTJero of different batteries 
can be aaded together to give an overall contour plot. Con-, 
tour plots of thl8 sort have been useful In determining th© 
correct tactlca for our o-ija planes against enewy nnti-airoraft 
fire; as well as evaluating the effectiveness of our own anti- 
aircraft batteries. 

Ships Sighted arid. Sunk b^gubm^^^      A more  complicated 
exaffiple"'comeB from tTe GoSJp&riscn  oTXhe effectiveness of 
subaiarlnes ueed on independent; patrol againet those used in 
coordinatsd attack groupB.  Suppose li  subicarineB are aesigned 
to patrol R given ehioplRg lane.  Suppose the shipping lane 
has a width W and that et.Dh submarins haE an effective range 
of vision r.  Then by an analysis eimllar to th^t carried 
through above, we ses that the average number Sof ships sighted 
per month, ie 

S - FU-^e"^^^^/'^^) • '(5.9) 

Sightings per sionth per subraarine - 1F/N)1 l-e"^^^^/^) 

where F la ths total traffic in ships per month. V/e see that 
there le a definite eaturatlon effect as ve inoreaoe the num-- 
ber of BubaaringB. 

a merchant vesEel onco it hae  been Bighted, then by arguments 

ISI 



  .••, /•• .••• •:• :••• •:• :••• :•*. 
ejnlji.j^^tlfc t^t^3s.|ii53l«^ee«in:oi::t!Air!|nr'^4i3.noii 15.7) w» can 
o<M¥^tB:t}^.^,Brsg^ mm\>W  oY-alnos-uaxISV moath by the N 
sabtnarlnea on independent piitroi.       '        ^ 

^No. Ships sunk by K, submarines en inaepencient operation. ■ 

Jn^|E^£|en^      - This property of the Ioi.;eon distri- ■ 
foutlon, which enahx^B  ue to roultlply thf! ooverape ffjctotv fnr. 
Sighting by the probability of sinhlng once the"sigh?Jni U 
made  .o obtain the cove-age factor for sinking, hf.B JUI'^JR^ 
teresjing effect on ^^he r.aturation of farces. Ae an SamSi e 
o. this, suppoee we consider the case where the shloping lane 
is twice as. wide aa the range of vision of a flubmarlne  Then 
o' Ifi   rrX^®*' f "J-^'^^f submarins nouia see a fraction 0.6^ ' 
o,   ai.1 of the snipping tx^'aveiling along the lane.     Two aubmai-^ 
.nee ^-ould on ths average, sight 0.56 of all the 8hir.A/ Con., 
sequently, tne addition of the second submarine on in&^ven6^nt 
patrol would add to the total nuiibar of new sightings hJ 
only about one^third of the number of sxRhtingr, \he first 
submarine^^^hafl obtained; this is an example of the saturation 
eirect.  ihia aoes not jnean that the second submarine does 
Tnlt'^'^t  t:f ^""ff 8hiPB ft£ th« first one; it only meBUB  that ' 
K03t of Che Bhlps sightea by the e(!Cond subs.ftrine hatr© al- 
ready been, sighted by tbc: firBt, and that only one~thlra"^f 
the eeccnd subEai'lne'e 'eS/ghtinge are net/ ones. 

If ao¥ on the averag®,- onl,v one quarter of the Bhi DS 
sighted by the Bubsarine are sunk, Me  can use equaf^on '^ 
O-IO). -co deteraiins the number of ships mink bj  a number U 

{2r/W ^- 1; Prob. Sinking If sighted ^P^O.25) 

On the averages 

1 Submerlne sinks 0.22 of shipping flow. 

2 SubBiarinee sink 0,39 of shipping flow, ■ 

-  th© 2nd fflub. giving a gain of 0.77 of the 
.1st aub^i catch. 

... ...i Sj^i>ma;5l*y3B ^lali,p,>:\ g^^^-^rA-yoX-n-:  '''^«w 

.... •••     9»     ' ' .: *^*e.rJf'.^.6V;..'givi)^,Arr?Jifia4 gain of 0.64 
■-'-'   the 1st r-^>ih's  'Jatch. 

ifp 
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the k-th suD.   giving an addsd gain or  O.h^ of 
the I'st  BUb's catch. 

and.  so on. 

Here we ses that although the second submarine does not raaits 
^^■^y "■8'w eXghtinga, it does account for nearly ae many addi- 
tional sinkingB as does the first aubciarine. This ie due to 
the fact that the firat Bubi-aarine does not sink three-quarters 
of the ships it eights.  Therefore^ although the second sub- 
marine usually sights the same ahips sighted by the first one; 
it has an additional chance to oiak them, which Is nearly as 
good as the first subTjarlne» Howeverj, as we keep on adding 
submarines the saturation effect comes in again, though not 
as quickly.  The fourth submarine accounts for less than 
half, the additional number one might expect, due to the 
saturation effect. 

Grou£_0£er^tion •» Now suppose these N subiaarlnes act 
together ae a group'instead of attacking ships independently. 
In this case they will patrol station independently, but 
whenever any aubmarins gights a ship It will signal all the 
others who will rendevous on the eubniarine making the initial 
sighting and will also attempt to sink the ship. ¥e will 
assume first that all of the submarines in the group of K man- 
age to home oxi the first one and get their chance at sinking 
the ship.  In th^s ease, the probability that the ship is 

•which it had if only sunk is 1 - (l-ll , incitead of tha value P 
one submarine carried out the attacko By 
as before, we see that that 
group of N submarines is: 

,N 

the nufflber of 
the same arguments 
fihi-p8  sunk by a 

Hg = 

* No. 

fj_^  ,,4 2KrA) i>-il-P) 1} 
C^oll) 

ships sunk by U  submarines in group operation. 

The relative advantage of group action ever lu0.eF>erulent 
action is given by the ratios 

Relative advantags of group over idependent operation 

'-1 
»    • • • • • •• • • • 

• • •••    ••• 
••••       •       ' • • ••     •• • • •       • 

I • ••• 
■   • 
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anipplng lane la very vide, however, the advantage oontlrxu- 
ally InDreaeee ae we aud sore and ti.ore submarines to the 
group, to the degree of £pproi;imation considered here. 

Actually^ of course, other inefflcieneles, becide eatur-- 
aticn, euter E& the group gete quite large. Not all of the 
BUbraarines are able to hoii-e on the one vhlch hae a^ide the 
sighting.  The Gersans Geldom taanaced to home tore than three 
or four'acldltl-oiial U^Ajoats,; and U. S. submarines in the 
Pacific seldom honied more than one additional cubmarlne. Con- 
sequeatlY, the gain would be less than I;hat Known In Figure •■ 
'22, although it would be greater tha:.i uaity. 

If the shipping travels in convoys, the advaata.ge to 
group action it- again lacreased; for thare are a nuaber oi" 
advantages in combined attack on 9,  convoy« 

Although the Gerpjen "'Violf Packe" i?oti'.etir.;e& reached a 
dozen or more, anclyeiK of the eor'U outlined above, using 
data on Japanese Bhipping, indicated that groupe of U. S, 
submarines of about, three per  group would give optiaiUE; re- 
cults in the Pacific'.  Following this a/ialyslaj group tac- 
tics were tried. AftQV  the opsratio.tal taotios had been 
perfeJted/Dv practice, It turned out th'it th© yield per siil3~ 
inarln.2 in a group oi" thrss was aoo.at 50 psresnt greater 
than the yield per indepeadeat subiiiarina^ Thus the ^xnal- 
ycie v?ae borne out in practicec 

the etad;>' of the proper aistrlbutlori of ccmbat-alr-patrol 
ICiii-} unite, about a taok force, to protect -.he force from 
ensmy bomber planes, Dui'ing v«,)rld. War II, t'h© taek force 
lts3,ir had the search radar v.-hich made Qhe  first detection 
of the "evieray planes. This detscuion ¥aa not B.1V&^B  nrnds at 
the same range; there waa a certain probability distribution 
F of detection, which depended on ths tyoe of search radar 
used. To be specifio, the probability that the enemy unit 
is detected between a range B. and a range rl^-fiH is equal to 
Fia)oR.  The irtegral of F over all valuer of il rnvsi  be 
in^J;V^oi^ lesp, for thie Integral equelf the fraction of ene- 
tiS  cil.BlKfi*^ete$1fa£ ^t*4''^f«e:iysr,!ff*.c«i.c-il-.^"... In actual prac- 
t^fe^, .i;.^r^:i5f.^;f 3:.5cl ^r J% th^r. rftu,jf^i^Jv;:,F In early equal to 

^k 
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F  = Probability of sinking a 
shit (jn54;si*6hle4 ^•0\!25 ••' 

w = Widtai:o^.8)l\:fe traffic.Tan^' 
r = Effective range of vii^Wn" 

f7w=!(i: : 

4      6      8 
Number of submarines 

Figure 22. Relative advantage of group action over indepen- 
dent action for submarines against merchant vessels. 

Pofrol circle 
CAP unit 

CAP unit 

Enemy 
planes 

Figure 23. Defense of task force from enemy planed by combat 
air patrol units. At instant of detection nearest unit 

is vectored to intercept. Angle ]^  is random, since 
bearing of enemy planes is random. 
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operaaor^al ,ci.c.ta tai£*?K, during the last year of World W^^^r IT 
Irorn actions In the PacllMc. '■  ^" 

Detecttor- Is not  eaouj^h, cf cc^uree- i:he conibat air patro^ 
ffiufit be vect-cr-ed to intercept i.ho ?:nemy plaaee and ehoot. them 
down. I'dnce  the speed of '^he ccsbat air patrol ie approx3=» 
roateiy equal 'GO that of tho eaeruy boabei's, both enertv and 
friendly planes i.;iil ha'fe traveled an equ&l dlatanee'between 
t.?ie time tliat tlie enemy planes aae detected arid "che tine the 
patrol planee ijitercept the enewjc    This situation la ^nown ' 
in Figure 2'},  where ve ha¥e assuRea tho.t tne enemy planes" 
are comiag in on a straight course directed at the tat"'! fore;-* 
and that the nearest coir^bat air patrol unit ie vectorea cor-'* 
.rectly. Consequently, the farthar a^ay tts CkP  unit is  ^Yori^ 
the  enemy at the iastance of detection, the nearer to the 
ta.Bx. toroe  will be the Intaz'ccption.  Ke should place the 
unit so they can aake interceptlcn as; eoon SB DOBSible. 

It ie rather obvious that it is  d<;Pirable to intercept 
tne enea.y boisbers ao far a^«.y from the t&Bk force as T.oasible 
This gi^'es the CAP units a longer tlEie to ''i^or-k over"'the ene- 
my unit and to scatter It or- ehoot it (unm.     l^ven  thouph^t^e 
planee are not all shot down, a luiattered enesiy  unit se«="n<s"to 
find it more difficult to get into the task force, oerhaps 
becauss the leaclsr Is a better navigator than the otbj=;r i;lan'»s 
in the eaeray unit ahd if the planea Bcatte:;* thsy loae th'slr" 
leader.  It is of advantage, thersfore, to place the CAl^" 
units in such a way that the interception will tslis place an 
the average, as far fro.a the tEsii fcr-ce as possible/ The' 
operational data on the fraction of ene^ny olnaeB  lost after 
Interception, aa a function of ranee of int©rset)tloB„ shovra 
in Figure 24, empbaeisc^s this point. 

^,  ^£i^§A£..2LI|lSl5i£a?:,^S2^i^!^^ " ^i^e tactical situation 
which ie to be analysed, can now be stoteci. The CAP unite ar« 
ciade large enough to be able to handle the enejsy unit ^wniiout' 
undue IOBS .  Suppose that oiil:/ a i-vaiaber n of syoh unlt'-t can 
be kept aloft at the sao;© tims.  if yo do  not know the airec^^ 
tion of the snemy attack, th-t^ Q&P  protection should be svm- 
metrically placed.  We assume that the units are uniformly 
spaced around a patrol cirols of radius p  about the ta«k force. 
At the instant of cietectlon the neareet u.alt is sectored to 
iaterception as chowa in Fii^jurs 23. ¥0 assuae that the'sneed 
of ,l;i*e.i,AP.^inlt.U.ti4§. ss^e.ajj ^5j^t of the enesiy  plaaea. 'The 
ra^g^  o4.:in{te/^ep«ic?a.r'(^Tl'?^.; :;.:. l-r:i-f:4'*.^ as ^^ell as on 
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P, the probability of detection of the enemy planes, 
between R and R+ dR; and E, the average percent 
loss of eneiny planes when the interception is made at 
range r, obtained from operational data. 
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Mean patrol distance ot CAP unit trom task torce, p 

Average effectiveness of n Combat Air Patrol units, 
each patrolling along a circle of radius /» about the 
task force, in keeping off enemy bombers. V/hen enemy 
planes are detected, only the nearest unit is v§c.t(}rftd 
to intercept. ••. •  : .••• :"• :..: ••'. •**• ':* :..   :  :.. ti... • ...» •• •       I" ,       , 
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.^.and' H, ■ acaordln'K to the equation: 

r* • :  :  i ;/%;;■•• • ••• :   !•• 
'..• : : •... :... ■"' —• ••• -'  

\ifj  also aBsuKE that the fraction (v.f eneRy planee loat, tdiea ■, 
an Intei^xeptlon takes plaoe at & range r from the task force, 
Is Elx-). An aporoximate curve fo;.' E,   obt&.lned froja opera- 
tional data, is showii in Figure 24, 

At the Inetarit of detection Ghe CAr unltj vhich Is vec- 
tored to the interception^ happeus to b-, at the position cor- 
responding to the angle 0.  >i?here 0 Is lese la magnitude than 
i^/n)  (or else thle unit iv-ouia. not tse the nearest one to the 
enemy plsaee).  If the enemy planes ©re equally likely to 
come in from idiy  uireetions any \'-alu8 of 0' le poaeible 
between the limit [?r/n  and - ('^-/n), Oonfsequently the average 
value of E, the fraction of enemy planea getting through 
after the intereeptionj Is given by-; 

) 

/ R<S C ^ ' / 
Howe-/er ranges of flret uetectlcn are not alv.-ays the eaffiej, 
but vary aceordlng to the dlBtrlputlon function F(H). The 
average value of the fraction of enemy planee'lost by CAP 
Interception for all v&laae.  of detection range la given by; 

r 
s,.,(p) ••■< j i--(R)E,(fi,d,)aii       (5.15) y       -  r 

Which might be called tfc?' £fXecJlvj3ne8 8_o:f_t2i§_£A^ 

:^„§ii!iSi£_^S£lSi£ "* ^'^^^se Qalculations cannat bs carrlefi 
through'analytically unless the .functions E and F are ex- 
tremely elDple.  If we rate the effectiveness of an inter- 

■ ceptioa as a linearly Inoreasing 'funetlon of the range of 
interception r, then the flret atep In the calculation can 
be carried thrcugh analy11ca13 y. 

..; .... ...   

•• : ••: : ••: : -. •• :•*:  : : :. : 
Ic?*' •••• ••• •   ...  *,,•    •    • • .. 



Aeeuffiej 

E n 

>• •    • •■ 

"2/1        1 Bin "^  l/>-Rco6  (^/n)     ( 
r    -^2       ;r jV-,i:coB T^r/nTJj 

I1 U/2R^)    v^i^   ,^^2    ,    t^;p 

Even this Bimpliflcatlon doee not allow the eecond integra- 
tion In Equation (5>.I^), to be accoraplished analytically, 
except for n -= 1. I'ov  this special case and for a 8lnr45le 
aeeumption concerning the filEtributlon function F v;e obtain 

AseuRlng  F ^ (R/H^)e"^*/^Q 

ri / 

O  iii t:   • 
Z  '^   UT'/B.O) 

The probability functilon F starts at zero for K ^ o,rises to 
a maximum at H = R.^, and theii approaches zero agalAi for very 
large valuea of H,. 

The average effectlvenesB of  a single CAP unit is given 
by  W^, where the function Kg is the Beseel function of the 
second kind, of iniaginary arguriient,. and of second order, ae 
defined in the "Theory of Eessel Functions" by \<atson. This 
function is plotted as a dashed curve. In the lower set of 
curvee in Figure 2^,  for R^ ™ 2^ miless. Vie  note that its 
maxiffiuffi value la at p =. 0, indicating that if there is only 
one CAP unit which can be kept aloft at a time it is most 
effective to keep this unit Oirectly above task force, as 
long ar, one does not knoiv the direction from which the enemy 
planes are likely to coKse; for if the single unit were patrol- 
ling at a distance from the taek force it might get caught "off 
base" by an enemy unit coming in to the task force from the 
opposite liide. Thla result turns out to" be true for other 
reasonable asfiuaptioas as to E and F; if only a single CAP 
unit is aloft at a flven titne its most effedtive position is 
directly over the taek force, (unless the direction of enemy 
attack is known). 

^:^y-fi^-fiA,..5?..M.,y.fik'^g, " '^^^-  Integration for the ir.ore gen- 
eral c&i'i','"vlth eev'eral CA.P unite aloft, must be carried 
tl-irough numerically. Consequently, we might ae well ue-e 
the .curves for £' and F obtained frora the operational data^^^ 
shown in Figure PJ'^,   .''V iW'j.'ii" j,;*^ •»"fii?i'*ga*]:«5ulLat5*'5' 
shown iu the low^^r I : .1 I  •  •* : ,•'   i':^  F:5^ur«| ?^, 
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mazimxei.'tfaliiss .of tk€^s©»«(»^i|»fe.'?:iiiilti3t^:t!fe:tf:siim'm radius of 
thetp^bi^ll S!:irr>le ig'^  U*IK^ if •-gL-:iit:^*''^f -5orl'5fetJair patrol. We 
notf«©* IhatV•«*€«•'tIk nm^af^*-Qi**'Z ''la^l'f'■d^,h'&"*±f  only one GAP 
unit can be kept aloft at a tlEie It should patrol ovar tha task 
force ^ If two isnits can be kept aloft they should patrol on 
opposite sides of the task force and afcoiit 20 aiilss avjay froEi 
the task force? if threes vjii.t&  are aloft^ tliey sfeoulcl patrol on 
a circle of i-adius 2$  miles spaced lEO'^" apart along this circlej 
etc'. Even foi' ai-.i extramelf l^rge mmber of GAP miits, if these 
are distributed on a single circle, the cliaaetei* of the circle 
should only be 35 ailes In radius. 

The discussion prefiented hare is only the begimiing of 
the eoaplete taetlcal stiid^r* Oae imBt  IriT-^stigate the possi- 
bilities of vectoring out a second imit to ^'Isack up'' ths 
first ^initg for it sometimes happans that the first unit does 
not make an interception effestiYaly,  This can  be takan into 
account to Bc^e  extent by smccessiva nss  of the fsanction S, 
but, strictly speekingj the Mean Free Path Theoreia should h© 
used to obtain a more. aetai3.8d answer.  In m&.n^  cases, also, 
it is" more likely that the enemy units will approach from one 
side rather than another.  In this case^ the int€tgration over 
the angle 0 mist include  the prohability of-the ensmy imits 
coning in from a given direction,   i'he results woiiM indicate 
ho'ii the diispoisition of CAP imits would have to be modifiedo 
Tho present calculations also do not ±nQlwl& the  effect of the 
altitmla of tha miaiay miita on tha interception problem, IMxiy 
of these aspeets Iia-^/e bocm dealt 'flth in vas^ious (EG Studies. - 
Space caimot O'Q  given to thsm hers.    .    ■ 

.l^Jl£i..tOL«.l.liiliL.So£S§iSSil °" '^-"^^ last axaiapls given in 
this section'will^'coatlDiia"'the analysis of tha sub-sub prob- 
l8in discassed in section 16. Eisr® it 'iras shown that there 
'^as a possibility that cur can sii'bmarii^es in  the Pacific MBTB 
being torperloed by Japanese submariaesi and that there vms  a 
good. cbsBc© that several of our casualti.es were duo to this 
caTise, PresuLiably the danger -sas greatest Yjhen our subisarine 
\,'as traveling on the siwtace  and the srieiay submarine was sub- 
Eiei-ged.. It \ms  important^ therefore, to consider pc^slble 
neaaures to mininiso this'dang€)i'.,,. One poasibilitsr was to In- 
stall a siiaple iindsruater listening device beneath the hull 
of the Submarine to indicate tha presoneo of &  torpedo hoadod 
toward the submarine, Torp-adoes driven by coapressed air can 
be spotted by a look-ouv;^ since th©^^ isav-e a charactsrltjtic 
wake5 elsctria torpedoes^ on the other hand, sannot be spotted 
by their "iMkea -All types of torpedoes, lio'ieveri have to run 
at a^jspeed consldarably greater than that of t.hs targst^ and 

of 'dndarwater 
soTffi^,..Jihss iffO'Siml* ^'chai^iStarisfis liSfi'^ ln2ne« can b@ de- 
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tec ted by -ravy  sl>::-ilik*tn4'BT'^i;i^iy >^llf'^:'^^c€i*s>,   a^u*1i^i .^i^j- K^, 

Dy 
1 direction f'xxS «^l0iii. th^I r«JiArti;,j::5;i,efi5»<»aa^'b?2 clt^t^rttlJi-s 
j airly simple taeans . 

!U.crophoi"»e equipment to perforE. this function had al» 
ready been developed by KDHC; it remained to det,ev:alne  the 
value of Install.ing it.  IJJ other 'worua, evsri If the torpedo 
could be heard and varnlrig given, could It be evaaedt    The 
chief pcaElbility of^courae, lay in radica?t. ©aneuvcre. A 
subK(ai:'ius (or & shiri) presents a ffiv=.ch Bmallt-r target to the 
torpeao encUon than it. »loes broaurslde on.  ConrKgcucritly, as 
ooon a.B  a torpedo 1B hcarxlj and its direction is deters^ined, 
it is advlsabie for the euhTsarine ':.o turn toward or  avay 
from the to:^'p«clo df-nenalng en which 1;^ the eaoicr raneuvar. 

'■^l£P'.2.§i'^ilLr:.^i-.Il£lic-li£ *■' '^'•^"'•® slt!.',ation Is shokTi In Figure 
25. fier'S t1ie"'"suhi-:arfne ia shovn trai'sl;\ng \#lth spesd u , 
along the dr=8h-dot line.  It discovers a torpedo at range ft 
and at angle on the bofeMSheoded to^aarri it. For correct fir- 
Ingf the torpedo is not ais-ei at "whers the B\ibma::'lne IB,   but 
at Fhere the Bubitarlne will be i-heri the torpedo gets there. 
The relation httveen the track g.,rigle; 0, the angle on th';-- 
bovj 0 , the speed of torpedo and subEi;a,r-lne, and the range 
H can be v/orked out frOE the geometry of triangles.  The aim^ 
of coars V, i« never perfect and operational CHXO. Xndlcntea 
that the stankard dgyiation for torpafloea f::,rod frosa U. S. 
submar-inee la ahout 6^^ of angle. 

In aoet oass®, jacre than one torpec'.o I3 fired.  For In-- 
stanes,. If three torpadoes are fired la a salvo, the center 
torpedo le usually almecl. at the CL'«ter of the targfy-t.  If 
the othsr tvjo are aimed to hit the bow ansl jitern of the tar- 
get, the salvo of three le salvi to have a hundred percent 
spread.. Due to the probable error In. alsi^   It turns out, to 
be Bomewhat hetter to Increase the spread to I50 percer^t^ go 
that if the aim %ere perfect the center torpedo -^'oultl hit 
amitlships; and the other tvo v^ould iiJ.ss aheafi and ttern. 
Analysis of the type to he given in  Chapter VJ. phows that a 
salvo of trree vith 1[30 percent srreah gives a soiaewhat 
greater probiXity of hit than doea a salvo -/Ith 100 percent 
spread. 

A  glance at Figure 2^ cho-^-fB ■fih<i-t If the i^;;|-£i,'Saig],-ft 0 
is less t.h&!-i 90'"* the suhEarLne should turn aa shSrpTy ai° 
possible toward the torpedoeB in order to preee-Ut as sniall 
a target a?; paealblo; if the tracJi angle is greater,,t|;!^:3 .,, 
90^ the turfi ehoui^ b.B ^a^sf *?'rfn':^;5e**tsi'5e*infci^; , As^susi^/jg: at 
three torpedo Ealfo j^,^*: :1*';0': t-pIsiSd/'m^'K .j^^tSi^iti 5iw^i«^i 

• • • • ••• •   **  ••• 
on 

19A 



Torpedo 

Torpedo 
speed V 

Tracks of spreoc 
of 3 torpedoes 

Straight track of submarine 

Submarine 
or 

Submarine (or sttip) *^'P 
speed u 

Maximum possible turns 

Figure 25. Quantities connected with analysis of torpedo 
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which the aubmarlne atarte its turn.  If the rd;v5:e is largs 
snougn, t;he subisarirs,© can t;ur;; «:;ompiet-el7 vowarct*'o2' a^-ay 
from the torpedoes (tills Is called'"com^Jlng the  i^racks'') 
and may svea move coniolsstely outside of the trA^k  of the 
salvo.  If the torpeaosG are-not diacovered urviiiX £>t sho^^'t 
range, lioi^evsr, ver^ little .UprovesKent can be 0Dt;uPRa bv 
turning. '    - 

the submarine if it Btas-ts to turn -when it heare B  toroedo 
at soir.e range ant) a different angle-an-the<''bovir. liils  cart 
be plotted on a die^sram shoving aonzonre  of equal probability 
Oi sinking, anrl thest ccn, be corAparecl Kith contour's for pro- 
bability of slaking if the fiubmarlna taicss no evaaive action 
but continuee on a  atr'aif^ht eourae.  A typical set of con- 
tours la ehowr. In Flj^^jarv* 26. 

The eolld. ooatours show ths probtbllitiss of a hit when 
the Bubifarlus ts.kes correct evaelve action,  Th© dotted 
Gontoui'B give the corTeep6r:ding chauces when a BUbKiaritVa con- 
tlnuss on a steady couree.  One sees that the dotted coatour 
for 30 percent chance of hit covers a E.uch greater area than 
the solid, contour for tm  eane chance.  In other words theee 
longer raiigea, the evasive action of the submarine has a 
greater effecc.  The, contours for bO  percent chance of hit 
do not shctf the corr-eaponding 3,Eiipr'oveKerit, -slace by the tlaa 
the torpedo If; so elose to the .submarinethe rsaneu'/er has llttl© 
chance of helping 'the' situation,. One  eeeB that if one ca.a 
hear the targedo  as far evay 2,000 yarde a -very larga rsluc- 
tion. in the chanc-s of being hit can be produced by the cor- 
rect evasiifa maneuvers. 

Since these coRtours represent, in effect, vulnerabliity 
diagrarus for torpedo attack, they euggeet the airectlone in 
which Icok-out activity? should be eo4)haeised.  The greatest 
danger existe at a relative bearing corresponding to E 90*^ 
tx'ack angle, and th.e sacto?:' from about 30" to lO'-i'^ oh the 
bcm Bhoulcl receive b.y fcr  the raoet attention.  The riarrow 
separation of the contoura correepoiuliag to evasive action 
emph&glxeE the  ©xtreme Importance of thf,  range of torpedo 
detectloxu lu  many inatancea a r&daotlon of '5OO yards 
detection range nay 
escaplRg. 

3aj out in hg^:^ ^,h§ .iiar^e^i 3i><^;'te£bi^*tj»*5 5r** 
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Figure 26. Chance of surviving torpedo salvo by sharp 
turns as soon as torpedo is detected, as function 

of torpedo range and bearing when detected, 
compared to chance of survival when no 

evasive action is taken. 

U.S. fleet type submarine at 18 knots, 
3-torpedo salvo (150^ spread) at 45 knots. 
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Another facltc^^ ^/^r-:' -..lUje ef<^1-V .'^f eta^??:'^ ^r:-"'jng 
is the promptnee*».S:.U.> .:,-. :i.^,l*^.^r.r,'. .*..|a^„^ jFor: ^'IJ r; : 
torpedoes every 10 seconde delay in execution *of"th^ t\irh' 
correepondE approximately to a reduction of 2j?0 yards in the 
dletance froni the ':orpedo to the targets  Thus it ie apparent 
that a 20 seconds delay in ticglnnlng the evasive turning will 
probably halve the chances of Gucceaelul evfe.eion. 

These same calculatione, v/lth different speeds and 
different dioiensions for the target vessel, may be used to 
-indicate to the submarine where it is best to launch its 
torpedoes in order to jalnlmlKe the effect of evasive turn- 
ing of the target ship. One sees that it is best to launch 
torpedoes^ if possible, with a tracK angle of approximately 
90°.  One sees also the Importance of coming close to the 
target before firing the salvo, since evasive action is 
much less effective when befrun with the torpedo less than 
2.000 yards away= ' 

This study showed the value of good torpedo-detection 
microphones, vjlth ranges of at least 2,000 yards, and sup™ 
ported the case for their being installed on fleet aabir,arines. 
Publication of the study to the fleet indicated the danger 
from Japanese submarines and   the ueefulneee of evasive 
turns, and produced an alertness which saved at least four 
U. D. submarineB froE being torpedoed, according to the 
records. 

IS.    Keasure and Counternieasure - Some of the most urger/t tasks 
and the moBt~excitTng~bpr-)ortu.oTteB for operations research 
lie in the field of the devising of countermeasuree to new 
enemy tactics or weapons.  Nearly every aspect of Vtorld y/ar II 
showed.an interplay of measure and countermeasure;  the aide 
which could get a new measure into operational use, before 
the enemy realized what it was, or which could get a counter- 
measure into use before the enemy had perfected hie methods 
of using the measure, was the side which gained tremendously 
in this interplay.  Operations research workers helped con- 
siderably in speeding up these reactions, by following tech- 
nical developments closely and by relating them to the most 
recent operational data. 

Most of the operational ueclsloas f.nd planning on 
countermeasuree requires a great, deal of technical background. 
Information from espionage and other intelligence sources 
often comes t}\rough in fragmentary form, md unless tho oer- 
son analysing bhe.i' 
itlee, only a fr,-*' • 

-;?• rr;.;;5. •t1tie"?^<C^!ll5ial 

• *• '.■■•■"••*•»*■' 
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: ;•,: :  :  S : %. *•»  • ;••  ;. :•• ■ : ■; -nres laust then fee 
,.* ;■;•... :... l'*l ..*.*.:**»•...!•-.•., ,.sr«...??«*.r^V;apable of turning 
ov js qulckljr and accurately. Since it of ten 
happens zhaz eak points of an enemji' meagiK'e are things 
which could e..;..../ be remedied by the enemy if he thought it 
necessary, it is usually quite important to keep our taio\7ledge 
of such info3?raation at a high security level.  The problem 
of introducing enough technical men to the intelligence 
information in order to solve a problem rapidly. iL'hile main- 
taining proper security, is one of the reasons these problems 
are difficult ones. 

5£iL^'^iril£9£lirit£j^2_J'*°opsitic jPorpedojeg - The first in- 
fo raiaUo~n'"on"Tne"" German f^5'"A5'ouctic'"l'orpeao oaae from es- 
pionage. The first information which was of technical 
value came fi^om the fragmentary doeoriptlons of the torpedo 
by prisoners.  By piecing together these descriptions a 
fairly sensible picture of the design was obtained, and by 
using the two available guesses as to size, the dimensions 
of important units could be estiniated roughly. The problem 
was serious enough to warrant requesting a laboratory to 
build an acoustic control head according to the estimated 
specifications.  In the mean time, calculations involving 
the properties of diffraction and of acoustic resonance 
were utilized in order to obtain a preliminary estimate of 
the acoustical behavior of this torpedo o  Combining Dseaeure- 
KentB on the sample built by the laboratory, theoretical 
calculations, and further detailed Intellis^ence information 
made it possible to obtain a rough estimate of its charac- 
teristics - 

The important characteristics were the speed  of the 
torpedo, its turning radius, the extent of the region around 
the torpedo within which the hydrophones were sensitive to 
sound, the frequency of optlmmK response of hydroohones, 
and the sensitivity of response in the steering aiechanisBi 
to changes of direction of the sound source.  The torpedo 
was to be fir^d from a considerable distance; and to travel as 
an ordinary ti»rpedo for the ruajorlty cf its run.  The hydrc- 
phones were then turned on, the speed of the torpedo was' 
reduced to reduce" Belf-noioc, and the torpedo' i;teered toward 
whatever noioe source xms  in front of it* 

oince the sensitive eletieat wae a pair of. l-iydrophonss 
which could only tell whether the torpedo was steering to 

torpedo probably -fej-ould 
On a pur- 

'ard the source 

wnxcn couj-ci onxy -cei-.i wnetner tne torpedo was el 
•*p4§,,^''i-K'^'^'  or left of the aourca, the lornsdo pre 

: : ..: i   .A i'il^-lV :-:'"l-> :  :.-; course 
 ® •..-...: ,1, ,,^* ,,,• \»    • : :*.: : :,-i toward 
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pellerso If ifag: iPJlP^'Ilo Y? .fe-KCl^HL ^®^^-^-^<^ of: Ithe: «h&. ^he 
torpedo path v;lll exhibit a gi"eatei'"*and grUate'^^'ciIrv^ttfre 
until the torpedo turns around the stern of the ship and 
begins a stern chase (ualeaa the torpedo track is so nearly 
a collision track that it hits the hull of the ship as it 
goes hy)o  If the track angle ie largej the greatest curva» 
tureof this pursuit path may be less than the maximum 
curvature possible for the torpedo ,=  In many cases, howevei', 
the torpedo will not be able to turn sharply enough to 
follow the pursuit course» At thi8 point, whether the tor- 
pedo eventually evlnge back, on the ship's track to complete 
its stern chase, or whether It loses the target connpletely, 
depends on how concentrated around the- bow direction, is 
the directional listening pattern of the torpedo's hydro- 
phones = 

The obvious countermeasure to each a torpedo is to tow 
after the ship an underva'.er nolseraakerj, which is enough 
louder,in the proper frequency range,than tha propellers, 
that the torpedo -will eteer for the nolserr.akeT rather than 
for the propellera. Noleeacakere could be tossed overboard 
to drift astern, but thle could require too large an expen- 
diture of material, 80 it ^ms preferable to tow the noise- 
maker, if this 'A'ould provide sufficient protection. Pursuit 
curves, for various Inteneitiefi of the noiseraaker and for 
various dietancee astern of the ship, had to be coisputed. 
using different reaeonable aBBumptione concerning the spread 
of the directional lietenlng pattern of the torpedo and its 
range of acuity.  On the basis of these calculations it ya.& 
decided that a single nolseffiaJs.s-c,, toived some distanca astsm, 
would pi^ovide reasonable protection against a torpedo vith 
the acoustic and control properties which seemed most probable, 
The specifications also required a certain aiinitium intensity 
of the noisemaker in the Important frequency range, which by 
that time had bee) determined to be within 10 and I5 thousand 
cycles per second. 

The experimental tactical unit of the Antl-cubsriarine 
Developipent Detachment, Atlantic Fleet, was then utilized to 
make full scale measurements on various types of noisecTiakerBo 
The parallel-pipe vlbratore called F>CR turned out to be as 
loud as most and to be Eoraevhat easier to handle than roost. 
By this time a working model, eotimated to correspond to the 
German torpedo, was built and could be used to verify the 
calculations. The results 
ffieasurc gear, 'the 
craft for their pro' 
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■^'■'r.:  u. ^..^-ii.M  calculatione &!sn   ^,r:81.s had already been 
finlBlisd by the tlcie the Germane came oui: with the T-^ tor- 
pedo in  opei'atlon. k  ifefe' dest.ro:/ors were sunk by the torpe- 
do before the couateraeaEure gear could bs euppliedj but no 
destroyQTB  were hit by T-^ torpedoes w:hen thsy were toving 
the nolssmaker according to doctrine, although many acoustic 
torpedoss were fired at euch destroyera (ami aeveral noise- 
Eakere were blown up by direct torpedo hits I)„ The German 
U/Boat cofflinand was greatly disappoint eel at the rapidity with 
which this ccunterme&Eure "^'aa gotten Into use and the conse- 
ci;pnt' fallnrs' of their P'^'^ f^-.y^-^.r^r-^ 

i!t3S}&£^S}S2±'i''l.HlB^,§:S.}i£'S^  "" ''■^■^*® radar field wae the greatest 
arena of cl)unTerniea£ureB"Tn Vorld War 1.1, and the struggle 
reached ite greateot complexity in the aspects connected vith 
strategic bofi.blng.  The activiclee in this field are euffl= 
ciently coiapl'ex to  require several volumes to explain them, 
and space forbids their dlBCusBion here.  The radar counter- 
measure struggle in the anti-U/Boa.t campaign waa a compara- 
tively simple one, but It demonstrateB most of the elements 
of the problem, and will be disSuesed-here for its simplicity. 
A preliminary discussion of this phaee has already been  given 
at the end of SJection /, 

Radar has been only one of the many weapone aoplied to 
counter the enemy uee of U/Bcats, but It -pleiyed an' important 
role at  certain critlc£.i tirtu;a and ca.uged grave concern to 
the U/Boat Comriiand,, -The moves and counter-aovee of the r&dar 
war offer an interesting exj-^mplts of the linportance of quick 
and accurate evaluation of enemy aeaaures, and of the oper- 
ational eff ectlvenees of eneiay ouuntermeasurea. Only x-arely 
Is a couritei'ttieasure vsidely enough applied or aufflclently 
effective to Justify the extreme  tactic of abandoning the 
weapon; usually the prompt application of counter-counteraea- 
sures will restore the effactlveness.  This is particularly- 
true of the radar vs eearch-recelver competition, v-hich wo 
a continuing problem throughout the U/Boat war. 

V.:,c^.   \]:e  start of the vr:r the GeriEana were fully avsrg 
he poeBlbilltlee of ^c ;;•¥ radar and had developed 

their own airborne search ftqulpment.  iRlhan, in the eunimer of 
"■-"^     '-^ '-''  concluded corre^*'"'^ '"-".t the allies v;ere using 
  ...  ^"^^^ pearch. ':. ^f?t^6  « oraeh'program for 

I :  ..:  :   ..:  :  •„  •"' :•.; *•*: "*. :  : ,-.t,o detect the radi^-. 
• •« ••..; .:. ,..: ,;« ,.,• ,,,•••,,♦      •      l r*.; :   :ecl onU/Boata waa 
t;he RbOO ,. ,b  a  io* **'    '    * *    "a liiriit  of  130 c;i; 
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It was of the; h«t«ir^d|Tie..'Sypfe, ,1iftoiigh1j tp b» ITi^ J5»«-;J5 '^pe 
capable of Bu1^fAQfk^i%»<Beniiij^v\,ii,^,'»&iiii*'^,,S'^(l^t^ f.-i-?g/^'s 
In fact, if tt had been designed as a transisitter it cou-ld 
hardly hage radiated more pOi^-er, Its operational succees 
against the British hK II radar was undeniable, and It vas 
accepted as a satisfactory warning receiver by U/Boat 
captalnjDe 

Meanwhile, Allied development of S-band radar was pi'o- 
ceedlng, based ut)on the magnetron transmitter tube, and was 
put into operational eervice in early 19^3 ^s the U= S. ASG- 
and the Britlah Mk III typeso From the start thie met with 
operational euccess and U/Boat oinkings increased.  The 
Germans becasiie convinced that Allied aircraft were using 
some new detection device and started a frantic activity to 
identify and counter it. For a time they occupied theniselTee 
with the Idea that it was an infra-red detector, and experl- 
rcented with their own infra-red detectors and with epecial 
paints Intended to give no Infra-red reflectione. They also 
considered the possibility of a frequency scanning radar and 
developed a scanning receiver with a cathode ray tube presen- 
tation.  This was of definite advantage to the operator, 
but it etill covered the eaae -rieter wave bando 

The einklngfi of U/Beats continued=  In desperation they 
Juniped to the conclusion that their GSR radiatione were being 
homed on.  The Metox receiver was outlawed and the '*1ft!anz" 01 
introduced,,  This was of an improved design and radiated much 
leae power.  However, the alissost pathological fear of radi- 
ations which had oeen.  bred in the minds of U/Boat captains 
prevented thero from trusting it„  Continued sinkings and 
ekepticism of the technical advantages kept it fro® being 
ueedo Nexti, the German scientists turned to the much leas 
senaltive crystal detector receiver, which was entirely free 
froa radiation, and produced the "Borkura". This was a broad 
band intercept receiver which covered the 75"=300 °^ band,. 

Finally, in September lf^3, the U/Boat command recog- 
nized that 10 cm band radar waa being used for U/Boat Bearch, 
One of these sets had been captured at Rotterdam by the Ger- 
man Air B'^orce in March 19^3* a^"^^ O-erman scisntists had soon 
determined ite characteristics but the news reached the German 
Navy in September.  Koi-: this six months" delay occurred is 
one of the myoteries of the war and a significant factor in the 
U/Boat war. , (It can perhaps be explaiaed only by a criminal 
lack, of liaison between 
staffs). A further fiela 
first effective S-banu r 
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-■s*** "^ .9^-''.  Curing -ihiB  Interv.;;.! the i'l 
ox .....,.^,.,.,j>.,.|.,...^p^,^,.^...,^^ :• I..'-:■■:..•-r-:-"- each mci^ 

fiqp %.* I ': •... :.*. '"'  •••' •-••*,••• V ...••• • ■  ^^®^5r best 
'^'- ^-'       ■' '-'-^ ■'    ^-i-'-i ^Jife si-aii, wxtii a full coKiole- 

■ ^'^^^ ^'^   ^ ■ iaentsi ....,ich receivers.  The U»4o6 was sank 
t-inci Dr. Grev-en was captured.,  Other experimental petrols 
had even shorter careers, 

,^g^os Search Receiver ^^ Out of this confuGion finally 
case the "Naxoe" Intercept receiver covering the S-12 cm band. 
The firet models were crude, portable units raounted on a stick 
and carried up through the conning tower,on surfacing.  The' 
range was short, due to the crystal detector principle, the 
broad band coverage and the Bmall. non^directlonal antenna; 
estlmatee of range from F/W reports are S  to 10 inilee. The 
equipment was subject to rough handling on crash dives and 
was often out of order.  Continued development Improved the 
reliability and it eventually proved Its value in giving 
warning of Allied S^^band radar, usually at rangee about 
equal to radar contact rangee. This resulted in an Increaee 
in the number of "disappearing contac-ts" on the radars and 
an even greater nuiaber of Bucceoaful ev=M=ion8 which can onlv 
be eetiraated. 

Allied reaction_ to int^liigefio© Teoorte  about Naxoa aK 
early as December 194^ brought the fear that G~banol radar WIB 
comproiKlsed, A serious morale problem developed among Alliet' 
Aiiv flyers with this nsws and vith tha related drop in U/Boat 
contacts. Radar was turned off completely in several squadrons 
Tactics were improvised to salvage some usefulness for the 
radars, on  the assumption that the asR could oat-range the 
radar.  On the approach "searohllghting" the target, sector 
scan or. change of scan rate were not allowed, since such 
changes would Inaicate to the GSR operator' that radar contact 
had been made and the U/3oat could take evasive action. Atten^ 
•uators, such as "¥lxen\ were initiated to cause a slow and 
oteady decreaee in transmitted pover as range closed, eo ae 
to_^ confuse the G3.R operator.  In order tc use this success-. 
fully, the contact must be iiiade at a range of 15 railes or 
greater.  Since this WEB great^-r laaa  averags radar oontacli 
range under many conditiona, it could only he  used for about 
naif the contacts. Production was slow and installation 
slower; ¥ixen never- did nave an operational opportunity of 
Justifying the effort epent In its development.  An intarlsa 
^^,ct^~ -*^ a "tilt-beam*' appro&ch to reduce signal intensity 
; ^... .... .lgB,6^<l m§  $r.<5J30B&ri,^ ,TMs j-equired unusual sKlll 

.. .  .|Oj.fcn*5iaa'b.;4*>je:5n:p,llc-^. f/id. •i-'a^.ar operator to be eff ec-' 
. •••, .f'^i" A'p'.i;-''*.. v*.^ :.v.'^:. :,,,:„* rroven, AliEost in 



desperation tije •tai*|l<> or.«|u:-5aijtig* tii^' 5p5nn,et a^^ •i€5»f' |lie 
360^ scenning f?fdM^)»Wci &j(^ro'a«irifa^ tyid^iaC. JJigtljorjifi^'waB 
suggeeted.  Tlie chances of a eucceesful navigational approach 
were small, however, as compared to radar homing on the tar- 
get. 

f^.±ll..ig--ii!?,fi.?l:.±.S?.r}. " '^^■^® chief error made by the Allies at 
thle phase wai In o\;er3S^tlamti_ng the capabilities and effi- 
ciency of the Naxoi"GDR,""""imaly's86 of sighting data, mentioned 
in Section 7, eoon Ghox^ed that the GSR was far from being cer- 
tain protection for the U/Boat. Efforts were nsfcde to revive 
the confidence in radar and keep It In operation. The val- 
idity of this viev was indicated by. thd^ continued high rate 
of U/Boat sinkings up through August 19^^ vhen the with- ■ 
drawal from French coastal ports caused a large drop in 
!J/Boat activityo 

The uee'of radar of en even higher frequency was an 
obvious next step=  Development and allocations of X-hand 
equipments even preceded the advent of Na.x08 and vere  fur= 
ther Btisiulated oy  the problem it presented,  Hovever, the 
Gercians were .not caught napping this timcc im^ Hg^- felir^d 
bombing A/C was lost over Berlin in January 19^4^ and from 
the damaged rems^ins the Gsrmana leai'ned of the frequency 
bando  It was asausned that this frsquency would also be applied 
to ASy radar, and the develcpraent of X/'Isand intercept receivers 
wae started even before use of X/band radar by the Allies in 
U/Boat search-becaiRe operationally effective^ A well designed 
receiver kno'wn aa the "Tunis",- which consisted of two anten- 
nas ^ the '*Mueck0" horn for X/band and the "Cuba la (Fliege)^ 
dipole and parabolio reflectar for S/band, was developed av^d 
installations started in the late Spring of l<-)hk,     Installations 

-:-.': -.-■  have been completed discing the period of Inactivity 
following the withdrs'A'al of Norwegian and German basesc T%fO 
aiTipliflers vith a ccimnon out-put to the operator's earphones 
made it poeslblfe to search both bands aiffiultaneouely.  The 
chief feature was the directional antennaSs which gave in- 
creased sensitivity and range; the range probabl,!' exceeded 
radar contact range for all y.  and 3  radar a of that time,.  To 
obtain full coverage the antsnnas were mounted ia the DJ\ 
loop on the bridge and rotated manually at about two revolu- 
tions per minute.  The unit atlll was to be disBiounted and 
taken below on eubEerglng^ and BO could be used only in'the 
surfaced condition,.  It eeems to have been a. reliable and 
effective i>;arning recei^'er-,, 

  : •:• .••• .••• :..: •••: •••. : 

radar'"ffiTgB'T''haTe'" become" 3*V»*.].w4*:>i€» «€«iln4>sr»"Uo ^ftoh'tilre^tWna"! 
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^ai  :  : : •: :     :     :..: ,^% ,..• .:. :     .:. :... :..• 
poinl'th'^ •     :<:,e"' for o/il;?' short ti.Ee intervale. 
The prcbfc^'...4 ^ v^, v... u.;.Section Is deterEilned by the chance of 
cciricldence of these tlae intervals v='ith $he intervale Vfhen 
the receiver antenna is directed tov/arcl th© rader.  Know- 
ledge of the radar and G3R hecorj widths and sc&n frequencies 
Kiake it possible to compute the probability of detection per 
rolnute,. Pi, for each intern;!ttency schedule. Th© cumulative 
probability of detection in the tirae? required for the radar 
aircraft to approach from GSR range to average radar contact 
range le given by5 F^ ^  l-(l™p]_)*'o Tlie probability of un- 
detected approach to a radar contact i Q,v =: l-Pr,) can be made 
aa high as 70 percent by proper choice of the Intermittency 
schedule. A small reduction in radar contact efficiency or 
sweep width 1B to be expected, but Is in general much leas 
than the loss In eeareh receiver detection probability, and 
the result is net gain,. 

The aboye tactic of Interniittent use of radar le of 
most value agailnst highly directiorial search receivers such 
&.&  Tunis c All-round-looking receiver antennaiB will not be 
countered to the same extento However, the paychologlcal 
confusion of the receiver operator in interpreting the short 
and Infrequent signals will result in a definite but uncal- 
culable reduction in efficiency. Furtherisorej, the shorter 
range and reduced sensitivity of the non-directional antenna.3 
will mean that a .shorter time interval is involved.  So there 
may be advantagas of Interoiittent radar operation even for 
such non-directional search receivers« 

One of the most Important results of the intensive Allied 
uee of search radar vaein driving U/BostB under the surface 
and so in blinding and partialIj immobilizing them, reducing 
their effectlvenese. Kold-dovn, or flooding, taotica to 
achieve this end are of recognised value for coxivoy coverage 
and in congested are&£.  Radar vlll no doubt continue In 
use even though a future GSR of greater sensitivity and more 
perfect coverage in produced, in.order to prevent U/BoatB 
<rroE again adopting Burfaoing tactics. Furthermore, no device 
is ever 100 percent efficiem: operationally, and will occaBlon- 
ally  fair, ' Continued use of radar will capltallri© on this 
Inefficiency and will result in sumo ,  : ?asful contacts» 

M.ll^jL^^tJ2.LJt^^%91111B.l§^^„3L^^i^^ "'  '^'^'^® pre- 
aj.ag~dlscuFsion'"oF"rada■'"oounteimeas\rrii" 11luitVates one 

J .**''b€^*".kfe«j fil|i3.W^n^*:v:' ■■•:••:•••• j'^-.oerations research In the 
: '...l: r*' •■;QI"»^^*^-::'*-:**  : :•• : l>^. r^vooer  ei5ti!Estion of 
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the time to ir:'*^.*;;^.•:^:•;•^'•:•-••?*>.^.?^i^.j'^ 
out above tha *..: ...: ,:.  : .:. •.,, •,*, •..| ^^j : :* : : :i 
eubmarine forces      ■• off taeir micro-Vt'aVe J:" ■' * ** 
the German micrc:     .w.:,arch receiver had become w., ^ v,^ .,-.. w,- 
Thus the Allied     Gubixarlne airore.ft were reduced by a 
factor of tvo or three In cffectlvenesB before It was 

■really necessary to make the reductiono  A detailed coBipBa''ieon 
between visual and radar contaGte In the Western Atlantic 
ehowed that there war, little actual reduction In the ratio 
of vieual to radar sveep rate until the end of the war. 
Therefore, even If the Germans were using their search receiver, 
it was not doing them much good at this time, and there was 
no reason to hamper our o-wn- radar search aircraft by Inti^o- 
duclng countermeasurcB until effectiveness had improved. 

This situation la typ;, cal of a great number of cases. ■ 
There are Indicatloae that the enemy has begun or le likely 
to begln^ the use of a countermeasure which ssay destroy the 
effectlvenesB of one of our measures. We have in turn de- 
veloped a counter to this vhlch may or may not reduce the 
effectlvenees of the en^my^s  couuteriBeasure, but which IB 
detrimental to our measure unless the enemy 1E using its 
countermeasufce. In a few caBea, the sffects Of the enemy's 
countermeasure are eo apnarent that 'we can nearly always 
tell when he uses it. We can then follow the situation and 
can Introduce our own counter when the enemy uses hlg coun- 
termeaBure a great enough percentage of times to make our 
counter worth-while. 

In a great nujsber of cases, however, we cannot be sure 
In each encounter whether the enQmy  was using his oounter~ 
ffieacure or whether he was .^ust lucKy In that particular 
case. A certain percentag© of the time the enemy's counter'*- 
Kieasure le not used and our meaimre le effective, in another 
percent of the time our measure falls even though the counter 
meaeure-is not used; in part of the time the enemy's counter- 
measure is used but is not effective, and the remainder of 
the time the enemy's countermeaaure is ueed and is effective<. 
In Buch cases, we are not aa Interested in knowing what per- 
centage of the time the enemy ueee his countermeasure as we 
are in knowing whether our counter would be able to help the 
situation^ 

Such a question csn only be an9ve:i'ed by trial in oper- 
ation.  Each, month we try a certain number of times using the 
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  .••. .••• .••• •:• :••• •:• :••' :•> 
doe» m>r.5we tw a^^ji ii^ts^-.tcj ej?* wije'^Rtir: cite enem;^ has 
Imprav'el i*cs»'^o«jnt«?i-Di%.f.sn:ft^= ••SlTice •/I5.r*!5^a?f trials are 
random affairs, we Kust be sure Uia our resulta have meaning 
statistically.  Gonseqaently„ it ia ■«?sll to provide criteria 
for determ;lninB when v;e have need of ou-i' test. 

Discrete'Cper&tional Trl>a&  - There  are tt^o cases ¥Mch 
iriUBt be^5oH?rdired"iiiraratily7'"^Th8 first is that where the oper- 
ation oonsiste cf a dlEcrete try, such as firing of a torpedo 
or guided laisslle, The other ceee is that i7h3re the operation 
Involves continuous effort, euch as the aircraft searching 
for a eubiEarlne or the eubruarine waiting for a ship.  The 
first case can be eiieEDlified by the following example, we 
have been using air-launcbea anti-ship guid-ad mlesilas 
against the enemy with fair success» This euccijee has reeently 
been  reduced, which leads as to suspect that the enemy is 
usla^ certain jamming methods which disturbed the homing 
mechanlBin in the guided misBile„ We have developed an anti» 
JaHiminF device which can be inserted in the homing mechanls'i 
of our misslleao This detice is complex enough BO that in 
a certain number of cases the homing mechanism yill break 

■ dova and f F^II . 

On the other h&nd, when it doea not fail^ it will 
counteract the enemy's gemming  equipment in a certaia per- 
centage of the casee. '^e  are eure that if the enemy is not 
using^jf3iGffi.ing equirtment, the anti^ Jamming equipEent would 
he a detriffi«nt to Inetall.  If the eneuy ie aeing Jamming 
equiDRient enough of the time, however, it probably would be 
beet' to install the antl^jammine'i aiechauiems. Wa must a^ake 
a series of tries with and without the anti»jaffiming equip- 
ment in order to see which is the beat result, on the average. 
Sinoe the eneaiy Is probably changing his tactics from time to 
time, we must continue to m&'&e  these tests; at the sa.me time^ 
however,, we must arrange our actione so that the isa^ority of 
the time we use that operation ^hlch we believe vill give  test 
results,. 

Matheiuat 1 cal Dj3tails. - To see what should be done we 
first""cainslder the £^'neral caee where we have made n  tri&lc 
without the anti-jfrnmlRg equipment U'RCtif: I) and K trlal8 
using the antl-.lamming equipment il'actlc XX).  Suppose in 
8 Of the n trlalB without anti-JaTiming equipnisnt, we are 
Buccesaful {X,e.,   the  guided missile filnks ■: ship, and in B 
Japes out of the N trlee-wlth Ta'3tls II, "^e have SUCCSBS. 

.*•. : : .'fh4n'i.i.::r/^r\  1*«. >J5r^»er Ikiaa.i^S/^i), our information woald 
• • ••*• • l<-4a u« In.VhVfR t]5^5lj»?;be«6»€*fi./J5:countermeasure was not 
 effective ^''.'pb'tyM^'^'^^x'^'A'vkile  to install antl= 

Jamming equlp^int yet.  fio'wsver, the results ¥e have actually 



If 'fc'e actually knew the valutse p amx P^ t-;© could COPJ.- 
pute the probabJ.lit.y of obtaining the re-eult ise diei. From 
Equation l2J.p)  W'3 seo that this pr-obab5J.lty is; 

n' 1^." 
n~s,' 

Unless n and 
difficult one 

lilW^WfT 
i are feotli sia'sallf   this  expreBSion is a raith 
to handle.    In genej^'al,   he-waver^   w© '«ill h 

jfi-p 

save 
to £saif.e enough ix'-lals to be sure of .our Eiisver so that n and 
K will not be srcallo     If these quantities ax*© not grnallp 
hovever, "we can use ths approximation methods dlecuEsed In, 
obtalalng Equation (2.2S).    Thfi£>e sacie Eaetliods glv® th© 
appro^ciiBate results 

:^aU>. .p) n^S'^ •J 

This probability h-aa a maximum at p -~- (o/n) and .? =* iS/S), 
as ahowa in Figurs 2'i,    In  terms of t,hlR figure, ¥8 see that 
our queetioa io as follovfs; *Ae have ol)talueci rggult-s s and 
S; 'i^^iat is ths prolsabllity that p is larger than P? From 
the figure we eee that this niust, ecjual the Integral f(pj,-P) 
over all the epace to tha right of the diagonal clasliafl line. 
A great fisal of algebra is needad to show that this prohahllity 
is 

r 

/     -■'•        rsJJ 

'vJhere P^^ is    lih€ UB.Ci tlOii 

......   ,-, vT   ,:^-l /P  r 

S/ j 
(5=16) 

ti-' ven in Equation (2,26),  According 
to Figure 11 this probability la 30 percent if the quantity 
in the wavy hracks'ts Is SS-PO; it is approxisiately 2.0 percent 
if this quantity is -l.J-l and it is 90'pere.ont, apDiTiXieateljj 
if the quantity is fl.^. 

1^'e can say that if n„ S have gush -valuos that this 
probability (that Taetlo I is better than T&otis XI) is le sa 
thar), one chaiioe in t 
tic 
charii 

ws ^voyld naturally arefer to yise Tac= 
11/ (anti=> Jamming de%ie:jh*: SJ^ice Itl-sa^cn's^^i^-ilivaly ti :. : :**: 

ige his counter-t&otlj,*^,J h5!^a^5ir^**5t,;\e.j^^ :   : 
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p, chance of success with Tactic I 

Figure 27, Calculation of probability that Tactic 1 
or Tactic 2 is more successful. 
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should not use Tactic  I ¥®r.j  ofteai     it Ehculc. be used leee 
than-one-tenth cl the tlmc^   as &. matter of faot-,    SlsiilBrlj^ 
iX' the pi'cbabillty Fy-^ ig  lei'ger titan 90 percent,   %■?■& shou3.a 
not  uee Tactic  II  &n;y Hore  than or.e  In  ten,   •;;line£4j   etc,. 

™lii£?:.-X2.?!,JlFA§;!!;£ ■"" ^^'i*'^'^ this sort of reasorning in tslna, 
yje proceeS to'Taai'a ru3.w^s of rn'oc-adure,   v?hlch of necessity 
must be ffiore clsax'^-aut  than the probabilities s\»;.5r oan b«»„ 
Theae miles,   which ^'laverthelsas glvg .a fairly  good approx-    . 
imatlon to  the dlscijesiori of  the last, paragraph,   are ae 
follows.- 

l&)o     If  the quantity  ia the curly brackets  in 
Equation 14.16)  is less timn -Ic^iv  u?5e Tactlo 
one-tenth ae often as Tactic. II „ 

(b).     If the Quas'itity  in  the curly brackets  Is 
betxfeen -l,^- arul zbro,   use Tactic I oae-half 
as often as Tactic 1.1. 

fc}c     If th« quaritity ie between aaro and +1.^, 
uae Tac";lo I t-viiee sts otzen aa Tactlo II „ 

Id),     If  thip, qimnt-lty is lax'gsr thaa rl.'^'K   uae 
Tacti^j  I ten tlmeB as often as Tactlo 21. 

(e).     If situation & or d eontlnue© for aevaral 
monlhs,   and if othei-" IrntslligeBce indlsats  that; 
It  is ilk sly  to continue!,   discoritinus Tastic I 
or Tactic II  ent.lrely„ 

These requiresiC'snts  can he presenteci graphically  in 
Figure 2E„    Frori; the results cf  the week Si  (or aonth-s) 
trie.la,   y& plot oii thlG chart  the point  Ce/n),   {&/'3).    If 
this point falls  to tha right of the difi.gonal line Darkecl 
''No Decision PosBlfcle",   ther.  it is more likely  that Tactic    ' 
I  is; preferable.     How ours ve a.re of 'chis i-eBuXt^    .hovever, 
depeadfj on  the sise of  the quantity  (Nn).    Ths rule as 
given above can therefore be translated into the following? 

(a).     If the point  ia/n),   (,3/K)  is  to  the right of 
the lov^er oontour line correapondlng to the product 
of  the EUKsber of  tiaeg Taotio I xma- trlea ma tl^^  
aumber of times .ffr|ct«f,T: f*B waS 'CfJ^fi* .tKea'^^sVlac--: :, : :   I 
tic  I  ten timsa :&.^ of^ej^l aa^ta^tlc'i^!'* •„•      : ...* : *: :   t 
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Ratio successes to trials for Tactic 1  (s/n) 

00 

Figure £8. For s successes out of n discrete trials of 
Tactic 1, S successes out of N trials of Tactic 2, 

a point is determined on the plot. Rules in text 
tell how future action should depend on posi** 
tion of point with respect to contours. 
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(b).j   S:,f..'Shs: pcwiat Me ,&?5t/9r|?8!j  fee lo'Mr Ics^iScJr f foa- 
as 

often as Tactic II» 

(c}o  If the point ie  to ths left of the diagonal 
line, but 1.3 to the right of the upper ccntour  for 
(nN), uee Tactic I half ae often as Tactic XI<, 

(d). If the point is to the left of the upper con- 
tour for {nM),   uoe Tactic I one-tenth as often as 
Tactic II. 

(e)o If situation a or d continues for several 
Eonthe, and if other Intelligence inaioate'S that 
it is likely to continuej dlecontinue Tactic I or 
Tactic II entirelyc 

Thus we have derived a set of miles ¥hich tell us what to do 
about introducing any particular couatermeasiu'e Mhen.  ths 
operation consists of the discrete tries» 

One aotices that the greater the product (nN) iss, the 
Bharper can be tho diatlcotloa between courses of action„ 
Thifi correeponds to tJ:.t.3 general principle of probebilityg 
that a large nuabcsr of trials rsduces the chance of a mis- 
leading reeult due to fluctuaitlonso This condltioii is 
aometimea difficilt to achieve in practioe, for the tneiny  is 
changing his tactics and It would not do to lusp together 
data taken before oMd  f,ftcr &  chfijige ia orssmy tactics =. From 
this point of •vlBVi,   It XB  preferable to use data taken over 
as short a period of tic© &e  possible, v;hioh means a ssall 
valua for n and No  General rules cannot be Eade up for 
handling such QltuationBr, '£>ach caes lauet be dealt with on     • 
its ovm merits, utilizing all available inforaation, and 
exercieing common aertee. 

Continuoug Qpera^    - The second situation, where a 
aontlnuel" effort must be made, ie dealt with in an analagoug 
mannero As an example, ve can, consider the search for 
U/Boate by anti-submarine aircraft.  Tactic I will be the 
search by radar planes, and Tactic II can be the search by 
visual means with th® radar set shut off. As loac; as the 
enemy  does not use radar warning receivei^s effectively tha 
radar planeB will disco?er Ciore U/l3oatB per t3aousand hours 
of flying than will vigual planes.. This Bltuation, however, 
will change when the V'arnJ^g .s"£if.?«4-.ver» )Dif>Kif*«ti7»rc;t,^fr<lotT¥,< I  .**• 

• •  '   •   •        •   I     -.     ..   •   •       •       • •• • •   • • •••••    •••   j    ••,     « t   .     •     •••;;; 
Let UB  suppose VVJAI tfHJ-i«»f» %M?»5,mifiaWfth**fadaf' plane's 
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have |"lj-jf,p :h.outa, fceir'aiilitg.^rol- ^Y45Q^tBy I^^XT^MZ ^^^ same 
time ^ji6. p\'^'f,i^h.A&l'iljMiiv\'jtm' »h eccaf?/ *M'iflpposQ  that 
non-radar planes havs flown E hours„  During this time, the 
radar planes have made m contacts with U/Boats and the' visual 
planes have made M contactso  If the effectiveness of radar 
planes, la contactisper hour Is p and If the effectiveness of 
the visual planes is P, then the probability that the num~ 
ber of contacts mentioned le actually obtained turns out to 
bes 

m; B . exp (-pe- 4'E) fj-,(PfP) 

from Equation (2o30/ 

If m  and M are large enough, this expression may be 
approximated by one whicii ie similar to the discrete caee 
discussed abovec 

f (D P) Cif  6 
2..2 

¥^^a\l'\ "^PC-" i ^P e m\2 

Returning now'to Figure 27 ve eee that this function has 
Its maximum at p =(E/e), T ^  (K/Ei)o  An argument entirely 
analogou.s , to that given for equation (50I6) ehowe that the 
probability that the effectiveness of Tactic I is greater 
than the effectiveness of'Tactic J.I is given by the follow-- 
ing expression„ 

Prob, ) 

where F is the function defined in 

By arguments analogous 
above we can deviee a nev: co 
in our decisions in the cont 
given in Figure 29. The ree 
expressed in terms of the po 
Rules similar to those discu 
with Tactic I £.nd II reverEc 
that it IG important to get 
poselblep for the eae^y  is 

Equation 

(5.17) 

(2.26). 

to the discrete case discussed 
ritour chart ^hlch will guide us 
inuoue casec This chart is 
ults of our test operations are 
eitlon. of the point (s/E), (n/N). 
3sed above for the discrete case 
d, apply herCo Ve notice again 
as laany contacta per month in as 
Ikely to change his tactics. 

■> The 
*-ere not 

nor how often 
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Figure 29,    Continuous effort    e    and    E    expended on Tactics 
1 and 2, resulting in   m   and    M   successes.    Rules for 

future action, based on graphj are given in text. 
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<l 
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i'i^.^.i^i? 
:r:;ft.,L 

•••   •••   ••••   •••   ••••   •••. 
-•*■' a action 

ri 

par';:icaiar situation,   ?fn:icli co.iia be  r^^lecl on to hftld for 
aiio'Ghe:? month or  so,     I;! other caset?,   h^vaver.   ifltelllg^ncs 
IB movi cumpletii and bo-i;h siass iuiow ir'aaeoua.biy well yhat 
the othsr Bids can do,   «,nci i«aat 'u-alue  the chsslcsa ha'/.j.     Sup. 
pose both eides  are Ifesoiag w.at;ch ovsr the results of each 
action,   and can change from ons tactic  to AnatheT as re.pidl'/ 
fiB  tbey  8ee isU-at  tactic  the opponent chooses,   if  thej caa 
gain, by  eltangec 

ir., this?  caee it P^ to a!j.a. p3-ay in advance 
The  enoE-y iiaa  trie clioicrj of ae.ing a me&fturc! or  not 'UElng itc 
Correepondiiigly^   our ova forcea have tLe choice of using a 
countevEntif.Eure cr not using it,    Thla aakeo four poBslble 
<^()mh^.naV..on&.,   efch of vrhlch Mve a certair, iralue to our sicle 
and a correjpending oaKaging offeot to  the opposite Hide. 
Tills  can be  :,Ilu0trato(l  In  the fo;J.owing diegra.m; 

No  Use of 
Keaeurs 

Uss of Measure 

TCozioR 

Ko  Use of 
Countej^me&e are 

Uee of 
Ccunterr^seaeure 

¥. 
XJ. 

w 

p 

12 

£2 

ufie 
SonetiHvay V/p-|_ Is SiiiaXlez' than Mjj,   iruiicatiag that our 

of tile countermearsure io a d<vtx>iaien.t  to us  if  the  enemy 
lot using the rQeaaur-e, 

ftvasft smaller  than »Vco  i' thj 

jn feB 
we knew she  tactics  of  the enemy,   we isast adjust our o^n 
tactics so that  the value '^h >.  is as  large as possible.     Cor- 
responaingly,   the ena^- vllx try  to adjust his  tactics  so aa 

0;:>  th3 other hand W^.p  is -aaually 
 - ...~.    ....—  ■■■^■^   ~~   -ne countsrmeasure is at all  e:rfec- 
tivej  aad Wj_2  is 8vija.Xl3.r tba.:i W-,;j_  If   tha iae.s-sure is to pi 
fit  tne enemy  (.a sraajll W Is best  .for tbs enemy),     hs  Boot 

to make M as  small  as posflifcle Thie  le an  exafficle of the 
E^C!,MiH'LI!?''Aii.?.^:S-^.'J ^■hi<''^» occurs  ir,  t.he  iheor^y of gM.:es an 
cirscuiriaTn"''''^1*Tie Theory.of Oawes*'   by  Von HfUD-jaaa and 

itieton Univcrattv PJ'SPB. 
•••. ••• •      ••• •••• ••• 

*   *   *        •   •       •   ■ ,••   2 • : ! *       * *       • •       • 

d i 

• •• • 
• • • • 

I     !•••     •     •  •  ; ••••••• 
••• 



000      0000      OOO     =000      OOD      SDO oo,o o=„ o     ■i.OiPV, 4 :T  4 *. 45 „-^ 
Definite SCafie.« Them:a3:Se B^^nxx^'g^p^ (>f postJlbLliJies^^, 

call  the 
(we have 

matter what the -eneay does, we would profit hy  i.e  use ^^21 > 
.¥?rand Sp2>yi?)= The enemy, If his intelligence Is good. 
would know this and would choose always to use the measure 
if W??<WP1, or not to use it if WeiO/gg" The P^i^t here 
is that if both sides know the valueB of all the comhlnationB, 
ihev will always prefer the one tactic which will give them 
thf Jet gllFforShe least IOBB) no matter what the other 
does. A Blmllar case occurs vhen Wix> Wp^^ but ^-21 >-^22^J°^ 
here it is always to his advantage for the  enemy to use hie 
measureo 

Indefinite Case ™ The other case, which will be called 
the In"5?fTnlTr'SI^ for reasons which will shortly J^come 
c3 eaF"lT"wl^r'i"wTT> Wpi and VJ2?>Wp3_ (we lose by using the 
counter melBSr; iP'tlae'ine.y if not^ialng the measure and 
thP enpmv los^^B by using the measure if we are using tne 
counte?measu?;l ''We cal see the '^^^^^-t^^^.^e.J.^,^,?/ f^^ 
out what we should do if the enemy'a espionage were perJeci:, 
and compare 't  with, what the enemy should ^-^, J;(^°^^^f^Pf""" 
age were perfect.  (To make the analysis specific, let us 
take Wpo>Wii >¥pi>WipJ I^v the first caee, if we should 
decide to uSe coSnterSeasures the enemy, knowing our decision 
in advance, would use no measure and we would get ^gU ^^ , , 
we should decide not,to use countermcaBurea. the enemy would 
use his measure, and we would get W^p- ^^J-"°e W21>n2' J® 
would prefer to use countermeasares In this case, since Wgi 
is the m^UlM  of the array (in each row J^«^'^^J;^/^^J;f "f 
values WpTi^the largest of these). On tne other hand if 
we knew beforehand, that the enemy were going to use his 
measure'we certainly would use our count-ermeasure, getting 
WP2' or if we knew the enmiy  were not going to use his mea- 
sure we would not use our countermeasure and the result vouid 
be Wiio In such a case, it would behoove the enemy not to 
use his measure for ¥;LI< "^221  "hi  ^^^^S -^i-^e Eini^ax of the 
array (in each column there ie a maximuia value; wn XB  the 
least of these). 

The property of the Definite Gasej which makes it defln-- 
ite is that the'ffiinimax is J^^^same ja8,Jhe_m_axlmin, ec^that 
there is no questioiriF"to™which each side should do.  ^n the 
Indefinite Case, howeverr'£oh«=.^na^iUia|,,.^^^^^ „ 
maximin, so that it la r?ot? oi->piajJ.6 .JSiaf e5o%nev. sfi^  shfufd.^o.o . 
fhFTFFrect solution, &B'mma  fe tph® o^§acbS5ot535o?mft,,Keun5§ian„ar|a.o . 
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Side___a_. 

la 
Tactic 

2a 
Tact10 

3a 

Tactic 21} 0 

X 

1 
(falue to 
Side b.) 

Tc^^. hi :^,   Tn 0 0 2 

wb^'^r^  tsctio  -^a ad^M fee no measure  and taottc  Jb might bs 
. nc'couatern^eaiure/with 1 and 2a two different countsre. 

Here ve Eiuei; plct  tJae rcnulte of niixee, tactics on a 
triangular chart,   vhsre  the aJ etance iji  frcni  each edge 
represents   the perc^^atage of uf^e of one of   the tactice,   anc^ 
^hp dlBtance perj^cnaicular to  the p3.ane of the triangle 1P 
the -vrjlue ^^c plde b.    Buch plf.ts are Bho':^^. In Figurea 30c 
anci ^0 d.    At the edg© of each olde Is  A side vimi fi^S-^S 
the-  t-r'ace« of the planet; rsprooenti»g pare tactlca for the 
other 8lde-    The shaded parta In the  trL-iagle give th© oeet 
chrnc-s of tactic  for an.y mix sure of opporient^s taotA-ao^ ^We 
see  that If aide a uses  any mixtara othsr  than ix/3)  o:.   xa, 
;2/9)' of 2a and U/3)  of 3^.   elde b will ha ablf to gala; 
if Bid.e b usss B.ny other mixture tneii vl/;)) of ia,   U/})oi 
?b and ll/-^^  of 3b,   ela*? a will he able  to saiie aore.   ^.ne 
u.-f. v^rjue'to elds b If both eSo.&s play "correctly'   is  ^H/^}. 
If g^'-^e b tr-5ed to ca&ka more than this,,,   an alert enemy 
coiai arrange it  f.o slae h would make leES,    Therefore,   tnlB 
ivl^ed solutton  la  the safest  solutloa;   pretumeba.^   it  should. 
i)-"uB^d vhen?>Ti:r wt; oc not kxcv what  the eiieaiy io llahxe to 
dc    and should only be modiri«.d vhen we are reasonah^j/' sur© 
tht< enewj has departed fi'O^: h:*« "Ba>'e"   tuixtwe. 

Tiiere '^r-?--' oaaea witi. an  inflilts variety of choices of 
tactics and"oount8rtaotlo3;   vbere a rai:fjt'ure cf tactics  1^ 
nt^ci^eearj  for  safety.    An example la la  the Imucti ei&pllfied) 
nrohlwn of  the barrier patrol of R plar^e guarfiipg a channel 

.    from pasa^g^rc^cg^B^l^a^c^n^.    .^?i ssE-pgat.e  that  tne  sutearlne 
.^\ ^■v^n^'V^lkmi^m ^^^P'^& fhet^it  SS£   eubmerg©a    hut   that 
I   cp't^.r. ^.-^v 'J^r^^^^Bshe^^^ ^^mi%iir.     Esch day  thfc plane 

I 
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can fly back ^n<| ^Hf*'^^*'^*-^^s^*^*'^ ^l^ins^^l inic*?,n *ax»l>   though 
the next day ij.: ..,: .:,     : .:. ^..^ •...:••;     •     : :• : :  : ^f  ^ 
it patrols a wide pax'C sx x^ie c.uaiiaax it'ca*!>;  
efficiently, but if it alv/ays patrols across u. 
part, the submarines can dive and elude it. The poeitlc 
patrol along the channel mast be_ varied from day to day BO 
as to iteep the submarine from being certain.. 

The situation le illiiBtrateQ in Figure 3^» A. channel 
of length larger than a is to be patrolled by the planes^^ 
If the barrier patrol Ts at point x and if the submarine 
attempfis to go by on the surface^ the probability that the 
plane will contact tba Bubmarine is given by P(x; as ehovn 
in- the lower half of Figui'e 31. 

As we have naid above, the barrier cannot be placed al- 
ways at the same point.x; it must be placed here and there 
along the channel so tha the eubmarine can never be sure ex- 
actly .where it is plac5ed. The extent of the range of values 
of X over which the barrie/* is placed must, of course, be 
longer than a; otherwise the submarine could dive under the 
whole distribution. The relative frequency of times thf? 
barrier is placed at a point x is proportional to the pic- 
bability density 0{x).     Since the barrier ie to be placed 
eoinewhere each period^ the integral of 0  over x must be 
unity. Side A must then adjust the shape of the curve 0 
80 that it gets good resulte no matter what the submarine ^ 
does. The submarine can also have a choice of its point of 
submergence.,  It v/ill always run submerged its maximum die- 
tance a. It can of course come to the surface before a 
distance a and resubmerge for the rest of a at eoicae other 
region in the channel, if thie eeeiue beet.'" There ^-ill be, 
therefora,a certain probabilityo/(x) that the submarine Is 
Laumerged at the point.,x.  The integral off over  x aiust equal 
a, if the submarine is to have a maximunj Bubmerged range of 
a.  The submarine (Side fi) r.rustj _ therefore,, adjust probabil- 
Ttyf BO that it gets as ijdod a r-'esuJ.t as possible no matter 
v;here the barrier is placed. 

. -■ ' -   ^ 

Th.ls 18 iadxcatedin the follov/lng equation 

i'(x) = Prob. of contact if Barrier ie at x and Sub. ie ■ 
.  surfaced. 

0{x) -   Prob,  Density for Barrier st x. 

/0U)fc:.-: — / •     •     • • 
•:   ••;    .  ••• •• ...... ^oiii-a on iiex'Q page; 
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Figure 31.    Barrier patrol versus diving submarine. 
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J f (X 
G = Prob.of contact =yF(x)0(.x)    j^l-fix)} 

V 
d: 

:?.i S) 

Side A adjuBte the probafcillty density 0  eo that the proba- 
bility of contact G ie ae large aa possible and is Indepen- 
dent of the tactics of the Bubmarine, within reason.  Con- 
versely^ Side B, the submarine^ adjusts the probability of 
submergence 0 so that G 1B ae email ae poeGible and is in- 
dependent of the placing of the barrier, within reason. The 
problem is to determine the functions 0 and ^ for safe tac= 
tics for both eldee when the probability P is known. 

We will first determine the tactics of the Bubmarlne, 
determined by the functionV|, Suppose the submarine has 
chosen a functiony, and euppoee by chance Side k  has found 
out what this function is. Then a glance aj; the equation 
for G shows that if the quantity, P(x) [l-V''(x)J , has a 
maximum value, then iide A will get the best results by 
placing its barrier at the x corresponding to this maximum 
valuer The submarine would like to make this quantity aero, 
but this is not possible, since the channel is longer than 
the maximum range of submergence, a„  In any case, however, 
the submarines can choose f  eo that tho quantity Fd-V^) has 
no single maximum; i.e., is flat along the top. This is 
done as followss 

^ 

Safe Tactics for Side B (submarine) 

Over as great a range of x as possible, choose (i 

P(x' [l-^f^'Cx)] ^  H, a constant,  i^e., 

80 that 

tU)- 

H 
FTxT ' when ;nx)>H (5.19) 

0 , when P(x)<H 

H Is determined by the condition 

/(l"f)d:c=a. 

Probability of Gontaf''' 

The integral de.: I 
possible.  If nov the -■<' 

-.y.. n 

• •••• ••• 

* •,»f_  y .«*J«; 
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merge) then we have adjustec thlnga so feiiat tha probability 
of contact G le smallsr than H„ Consequently, thla distri- 
butloh of diving le the beet the submarine can manage. 

The details of the solution are Indicated on ths two 
right-hand drawings of Figure 32.  We plot the reciprocal 
of the pi^cbablllty F and drav a horizontal daehed line of 
height (1/H) BO adjusted that; the area between this dashed 
line and the (1/P) curve is equal to (a/H). When this is 
done, the probability of eubn;ergenoe will be proportional 
to the difference between Ihs  horizontal dashed line and 
the il/P) curve, as shown in the second drawing.  The proba- 
bility of contact is therefor-e equal to H, if the barrier le 
anywhere In the region between XQ and x^;   and le lees than 
Hj if the barrier patrol is placed outside of this range» 
If a is small, it may turn out that the hori?;ontal dashed 
line roust be so low as to break the shaded area into two 
parts (for the type of P shown).  In euch a case, it is 
best for the submarine to aubmerge in tvro separated regions, 
since it mufit conserve ItB short range of eubnjergend'© for 
those regione where the probability of detection is highest. 

,-^   any 
no barrier will 

We runt  now see v/hat the Bide controlling the barrier 
control (Side A) is to do about its choice of the denfiity 
function 0.     Supooae it choosef? a particular function 0, 
and suppose the oubsiarlne learns' what its %'aluee are.  The 
Bubmarlne will then always submerge in those regions where 
P(x)0(x) ia largeet. As with the aubinarine, therefore, the 
barrier patrol plans must be made BO  as not to have 
ffiaxioia for the function P0,     Consequently, 
be flown at poEitionswhere the piobabllity F is less than 
some limiting value K; and vhere P is larger than K the 
barrier density will be inverc-.;ely proportional to P, in 
order that the product P0 will be constant in these'regione 
The equations corresponding to thle requlresrient are 

Choose 0(x) 60 that F-0  ie corietarit over a range of x,   i.e.,, 

0{K) ^  h/'P(x) 
0 

,   when P{x)>K 

(5o20 r 
••. :  : .••• :*•• :••• *"• *"• *:* :.. *:* i'"* •"• -'^^^*^ on next page)   1 
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SUBMARBTE TACTICS 
(siAe B.i  

BARRIER TACTICS 
(Side A) 

^ 
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H-(shaded area) = a h-(shaded area) = 
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0) 
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Figure 32, Solutions of problem sho^vn in Figure 31 for 
safe tactics for both sides. 

It turns out that H « K, and that the probability for 
contact G is equal to H, which equals k = h(Ii-a)« 
Ftuiction ^{x)    controls the frequency of placing bar- 
rier at point X, and ■V(x) is optimum probability 
that submarine is submerged at x» 
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The  ^2^..c^:j^'^T  &^^p^.^^\^r^-oih^ol   I 

: J r-^,.. i-:••:•.••••-•     •;•••• 
/""    fix/PU) ^ (1/h). ■""  "'   I 

iTobablllty of contact G>ii(L-'a), i^hich Is aiaximua ^iien K«H. 

The protolfiEi for ths distribution of the barrier- IB not 
yet completely eolved, since we can vary the value of L and 
readjust the Yalue of h.     It certainly would not be advis- 
able MO make L smaller than a, for then the Bubmar-lne could 
dive completely under the syeteis of barriers. On the other 
hand, it would not do to make L too large foi' then h would 
become too smallo  In fact, v;e E;USC aci.|uBt h and L ao that 
-the quantity h(L^a) IB a maxiniuD^ 

A certaxu  amount of algebraic Juggling must be gone 
through to £ho'.f that the requirements that hlL=--a) is a mas- 
imurn correspond to the requireaieRtB that K=K„ In other 
vords, the range of x i^hlch is covered by the barrier turns 
out to be t2:ie same range which ia covered by tiie submerging 
BUbmariner This is of course reasonable^ for any overlap 
on the part of elthe-r side would represent waste sotlon and 
reduced eff ectivenese.  The technique for obtaining the dls-== 
tributlon for barrier patrol 0  le ahovn ia the right-hand 
curves in Figure 32, One plots again the reoiDrocal of P(x); 
chooeee K equal to H and the end pointgxg and x-, to be the 
saiat' as in the analysis for the submarine,  vve chooao the 
normalising factor h  to be such that h times the area shaded 
in the right-hand figure equals unity. . Therefore, the beet 
the 6Ubir.arine can do, if the barrier pa.trol io fully alert; 
and the best the barrier patrol can do, if the subsarlne 
commander io clever, is the  eet of tactics defined by Equa-- 
tions ';;;,19) and i^.2Q);  with ths recultlng probability of 
contact of 

• • • 
• • •• 
• •• • 

Safe^_Tactlca_ fo__r fio.tH^ Sides 
Integration'is oarHe'd "out over" that'reglori of x  where 
Plx)>H.  The constant B ie related to ths Eaximua 
£?ubmerged range a by     - 

K" h(L.-^a); .vhera (1/h)^ Jdx/F(x) 
and L- /dx is the total range of x over %;hich '    -  ) 
P 16 greater than H.  The probability of sub- 
mergence for th^ li^.ls ^*.-...¥:..*eu in Squation (>.19), 

:  •..* *... *••• ••  , 
  , (e/.21 

contra on next page) 
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P(xKH 

and the probability of contact of plane and eub le 

G -  H (5 21) 
-^ 

A number of other examples might be ooiieldered, where 
this.method of analyeie of tactic and counter-tactic would 
be useful« The difficulties a.; present are in finding a 
general technique for the eolation of such problems. The 
studies of Von Neumann and Morgenstern  -ow that there are 
solutions to each problem and anow tne general nature o? 
these solutions. They do not show, however, the technique 
for obtaining a solution. v«e have seen exaiaples of the 
problems and how their solutions can be obtained in three 
cases, A great deal roore work needs to be done in finding 
solutions to various examples before we can say that we 
know the subject tho.roughly. It Is to be hoped that further 
mathematical research can be spent on this Interesting and 
fruitful-subject. 

> •••• 
• • • • 

• • • 
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lii  9,*i [ff-: •',, Mr.:ia!Me*' a ola&a u/' problems 
which arise in the s;.    m of euch weapons as guns, bombs, 
and torpedoes, and In analyzing the best methods for their 
use. All these weapons are used for the destruction of tar- 
gets, euch as ships, gun emplacemente, factoriee, and the 
like.  The effectiveness of any such weapon against a given 
kind of target can be measured, at least in part, by the 
ratio of the number of targets destroyed to the number of 
ehells, bombs, or torpedoes used^ 

This ratio depends on tv/o primary factors;  the deetruc- 
tlveness of the weapon, i.e., the probability that the target 
is destroyed if the weapon hits it; and the accuracy of the 
weapon, i.e., the probability that the weapon will hit the 
target.  In addition, If weapons are used in groups rather 
than singly (for example, spreads of torpedoes, sticks of 
bombs) the result depends on the firing pattern used.  In 
this chapter we shall describe methods of calculating the 
probabilities of destroying targets, and of c3etermining the 
patterns which create the maximum destruction. 

20. The Destructiveness of Vieapons - Lethal Ar^a 

The eimplest case of measurement of destructiveness' 
occurs when the weapon must hit the target in order to de- 
stroy it, but always does destroy the target if it hits. 
Such a case is found, for example, in use of medium caliber 
(e.g., 5") shells against open gun emplacements, Th« walls 
of such emplacements are in general strong enough to protect 
the guns and men within them against the blast and fragments 
from' shells which strike outside the emplacement, whereas 
if such a shell hits inelde the emplacement both guns and men 
are destroyed.  The probability that a shell destroy the em- 
placement Is therefore Just the probability that the shell 
hits -a certain area, called the lethal area. The magnitude 
of the lethal area Is a measure of""'the destructlvenesB of the 
shell against theae targets. 

As a slightly more  corapllcated example, let us consider 
acme-oases of anti-submarine ordnance. The simplest case is 
that of a small contact charge (hedgehog or mousetrap). 
This situation is very similar -to the last: the charge must 
hit the submarine to destroy It, and It Is usually assesaed 
'chat a single bit is sufficient to. cripple 

: :• : •... :      ••    •••  •••  

the subEiarine, 
the horiaontal 
of its pressure 
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If we now consider the case of a depth charge vith a 
proximity or Influence fuse, it is no longer necessary to 
actually hit the eubuiaririe to destroy it, for the pros^lmlty 
fuse will convert a near miss into a deBtructive explosion. 
We let H be the radius of action of the proximity fuse.  If 
the charge ic Bufflcient eo that an explosion within this 
radius from the eubmarine will Bink the submarine, then the 
lethal area is increased to the area Included within &  curve 
surrounding the horizontal cross eeotion of the submarine, 
at a distance R frora ite boundary.  Finally, if vie  conelder 
the case of the depth charge set to e::plode at a preset 
depth, ve no longer have a lethal area at all, but a lethal 
volume; for to sink the submarine the depth charge ssuet ex- 
plode within the volurae enclosed by a surfacs surrounding the 
submarine at a distance equal to the lethal radius of the 
depth charges. 

Multiple Hits - In many  cases a single hit is not enough 
to destroy a target. A typical case le that of a torpedo 
hitting a shipc  Even for merchant ships a single torpedo 
hit is' not usually enough to sink it, and heavy coabatant 
ships are designed to wlth-Bt^md many torpedo hits.  To treat 
such cases exactly we should determine the probabilities 
Di, Dg, D-,, etc. of sinking the ship if the ship is hit 1, 
2, 3» etc. times. Then, if, for a given method of firing 
torpedoes the probabilities of 1, 2, 3^ etc. hits are l\, 
P2, PT, etc., the probability of sinking the ship would be 

The pi'obabilities Di, D2, D^, etc 
damage coefficients.      ^ 

are  Gometlmes celled the 

As a matter of operational experience it has been found 
that the damage coefficients in .many cases are related, to 
a very good approximationj by the law 

\  = l-d-'D^^)" (6.2) 

which is Just the lav of composition of independent proba- ' 
bilities (see Chapter II).  In other words the charjce of 
sinking a ship with any torpedo hit is always the same, re- 
gardless of how many previous hits there have been.  This 
may be interioreted as aaan^^jig .'^^at p. ^torpedo 'ill only sink 
a ship, if it hits a "vital ^%tot'\ .Sird'ti^y kr-'sj-ifi 'cfth^f-.tiiaii .••, 
vital spots will dsiiiage«,«»bt>'SJri.(Jj; .aiWi;. litij* g/4»p».„»Thife^]|jiitl*X : : 

225 



if > : 

not only for ship damage from torpecloea, but also in many 
other cases -such ae AA hite on aircraft= 

When the "vital Epot" theory can be applied, the lethal 
area, of a target is defined as the product of the effective 
area of the target and the probability D (the eauie ea  our 
previous D]_) that a hit en this area will destroy the target 
For example, a torpedo hit on a merchant vaesel has a proba- 
bility of about ^!J of sinking the ship.  Hence D ~ 1/3, and 
the lethal "area" Is 1/3 of the length of the Bhlp„ 

In Bome probless it is necesaary to take Into account 
the variation of the probability of destroying the target 
ae a function of the point at t^hich the hit is made.  If 
we consider, for example, the effect of proximity fused AA 
shells on aircraft^ the probability of destruction is high 
if a shell hits,, or pasees very close to the aircraft. As 
the trajectory movee further away frorc the aircraft the 
probability of deetructlon decreases until finally a dis- 
tance iB reached at which the fuse is no longer activated, 
and the chance of destruction falls to zero.  In such cases 
we must express this probability as a function D(x.y), the 
damage function, where x and y are coordinates centered on . 
tKe target in a plane.perpendicular to the trajectories. 
V/hen thl8 has been done, the lethal area say be defined as 

L s Jf   Di^ii')   dx dy (6,3) 

where the integration is over all the area for which D(x,yj,) 
iB greater than zero.  It is easy to see that the simpler 
definitions of lethal area are included in (6.3) &B  special 
cases in which ]i{'Xfj)  has a constant value over the target 
area. The modification of I6.3) to eases of one or three 
diffieneional targets Is obvious, 

5F^Si?H-™21LiL^£.^B.^£.«i5l'II:'™ "' ^-^  cases where bombs or 
shells are dropp"ed at randoir over an area^ the lethal area 
is sufficient to deteraine the destruction which will be 
caused. For any given target in the areaj, the chance that 
a given bomb or shell will hit the element of area dx  dy is 
Just (dx dy/A), where A is the total area bombai'ded.  The 
probability that this bomb or shell will destroy the target 
is therefore;; 
  • • ••• •••. •:* 

•• • •-.- I  •..• •«•• '••• ••• 
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"^ ^ f J,' 

or 
*   -.        .    . •^- •    ,        ,        I..!        •        .••••    . •" ••   ...  ... :••: ...: .„• :  ; %.• 

(L/A) (6.^); 1 

If  n borabe  or shells  are  dx'opped,   the pro'Dability   that a 
given target  Is deatroyed is 

Pp  .-  1 ^  e^nL/A (5^6) 

This is not- only the probability that one particular target , 
is destroyedj but also represents the expected fraction of 
all the targets in the area •which are destroyed.  The result 
is a generalization of that given ih Chapter V, Section 17. 

. A.S a numerical example, let us suppose that an area of 
1 square ralle is to be bombed ^-Ith 1000 lb, GP bombs.  The 
area contains 100 gun enaplaceraents (each, of lethal area ^00 
8q. ft,), and personnel in trenches (total lethal area, de- 
termined by Eauation 6.^, of 900 sq. ftj.  Since 1 square 
mile Is about "36,000,000 GQ. ft.; the ratio L/A le 1/90,000 
for the gun emplacemente^ and 1/40,000 for the personnel. 
A plot of the fraction of the gun emplacement aad personnel 
destroyedf as a function of n, ie shown in Figure 33.  It 
will be noted that &.n  enormous expenditure af amrr.unition 
is required to accompiisti much dee traction by area bonibard- 
ment, 

^^Jl£'^ ^'ill£>,i™-,5E^iL-!L^il£Sl.§. " ^^^  -^°^ consl4er the case 
in which tHi bombs"or""ehells are not dlatributed at random 
over an area, but are each individually alined &..%  a target. 
For the present, however, we shall euppose that the target 
dimensions are email compared to the aiming errors.  ¥hen 
this is the ease, we ©ay neglect the variations over the 
•target area, in the probability of hitting an area element 
Qx  dy, and again the lethal area Is sufficient to deteiiBlne 
the destructivenesB. 

If the bombing eri'ors follow the acrinal distribution 
law (usually a safe aseusption), with a standard deviation 
in-range cr, and a standard deviation in deflection cT^, then 
the probability of hitting the area element dx dy at k, y, 
where x is the range error and y the. defIctCtlon eri'or, is 

P(x,y) dx dy s  1 

:.:...:.:,..,:.:, ...•....:..:   ii ^/-: :•, 

90^ 
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Figure 33.    Destruction by area bombardment. 
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The probability cf dsetioylng ths target with a eingls 
bomb or  shell 1B 

p    /i^D^y^.y) 'Six dy ^  ^.'^-L^™ 

If n bombe or shells are di-opped iadepeadently, the 
probability of destruction is 

p  „ 1 „ { 1 =,     I- \ti 

Since by hypothesis L is small compared to cr|, cr^j, thia 
is approximately 

nL/2/ro-c-^ (6,9) 
■^n ~: •»- =- ^ 

To compare this result Vflth the case of area bombard- 
ment, let UB consider that the square mile of our laet ex- 
ample contained 100 gun emplaceruenta leech of lethal area 
^VOO aq. ft.) and that the bon.bing eri'-ore O'j.  and cr, are each 
200 ft. Then the ratio L/grro" 0"^ r; kOO/{2ir)(200)^  a 1/600 
approximately.-  The niusber of ooniDe which we raust expect to 
drop to destroy all 100 eaaplacements T«(ould be 60,000 bombs. 
It should be noted that this la the number which would be 
required if each target was >:"-ab.ed until it was destroyed. 
If It v;ere arbitrarily decided to drop 600 bombs, on each 
gun emplacement, then liy  Equation 6,9 the fraction destroyed 
would be d-e""-^) or O.&3. 

Aimed Fire ■"  Large .Targets -- ¥hen the /aeeuasption can no 
longer be" made tha't" the targe't^area is small compared to the 
aiming errors, it beeoiaes necessary to consider the variation 
of the probability of hitting an area elenient dx dy over the 
target area, and the- Idea of lethal ar?!a loses most of ite 
usefulness.  If 0(x,y) dx dy 1B the probability of hitting an 
area element, the ciiaaoe that, the target le destroyed by a 
single shot becomes 

P. .^ jj  D(x,y5 ?jf(x.,y) dx dy       .    (6.10) • 

and further progress dsJpeSid.ii.to'-i: ooj;;ai:»il«^|y •to* »wtiff^l<2^*tli3Za I  ,••, 
integral. Once evaluefe*?,, .«*5v«J»eiV.;>i^,i-"gij(B ,§.s« ■5e:^oreIth.?; i2S*; ; ; 
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suit  tka^ Ji|i$ ,expiiGle<l"timm&T»*^*'-T'ihdlf'' If le*flr,ro*:|  the  target 
is  l/i'l, :ajc?:^ie ilroblw:iiT;«  Jf. alBi?roy4jy2:i;Ji8:J;irg8t   In n 
shots 15*   *   '   *" 

'     P,, s 1 -  (1-iS )" ■ (6,11) 

which, if Pi  is small, can be written 

P^ ^, 1 == e"^^l ■   (6„12) 

If I)(Xjy) has a conBtant value D ovar the target area, 
then (6„10) representa Just the chance of hitting the target, 
multiplied by D.  If the target ia of alnvple shape, and the 
probabilltj density 0(z,y) is not too complicated, then the 
evaliiatloa can he carried out. As an example of this type 
of calculation, consider the following problemi 

A eubiiiarine fires tor-peaoee at a merchant ship 200 feet 
long, and at a track angle of 90*-^.  The errors in firiij^; are 
norraally distributed %jith a standard error .of 100 ndls, Ite 
shots are fired from 2000 yards^ and the probability of sinking 
due to a torpedo hit is 1/3.  ''^'e wieh to, know the clmnce of 
ainfcing the ehlp with n  shots, each fired Independently, 

The standard dex^iation of the torpedoee In distance along 
the tirade is .~^  X 2000 » 200 yards or oOO feet.  Hsnce the 
probability or an error of between x and xf-dx feet measured 
from the center of the target la 

f ] ,   ' . ' 

The'-=p^MMlTl'ty of hitting the ship is therefore 

lOQ o    o        ^/^ 

==100 --1/6 

The chance of -ainiilng the  ship is  1/3 of this or  <.05.     The 
probabilltlss cf sinking the ehlp with ,1,   2,   "—6 torpedoes are 
given'Iri.ithe  following  tables 

• • ••• •••• • • •••   •••   ••• • 
• • •• •      ;      I   I ,      •        •   • 
: :• : •... :        
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CflilBMIiiHW. 

No 
: : ••: :. •': : .•• .•• ' '    :    : :.• 

^* \   • 'I. ... •... J"^»..: *..• : 

3 
k 

6 

T)5' 

.10 

.11^ 

.22 

.26 

The expected number of torpecloes required ie about 20. 

Ae a second exaiuple let ue consider the gun emplace- 
ments we have considered be-foro.. Let us con.Blder thera to be 
circular, with a radius of 11 feot, and let Dlx.y) » 1 Inalde 
this radiuB, and 0 outside. We shall Buppose that the stan-^ 
dard errors in range and deflection are now 50 fe&t instead 
of the previous values.  Then 

(Xj.y} dx dy 

•r2/2(30)^ r dr dO 

where r and 8 are the usual plane coordinate a a Then. 

1 Fl ^  / ^     /   .-..J:-.-^ Q-T^/2{'oO)^ V dr- d8 
-   . 0     0   2r(5o)^ 

11/^0 

0 
/^^ e-<P^/2) p^P^^.   l^.^e-'^'^^/S 11 ■/bO 

o 

0.02391 

If  this is compared with the aroall  target result 

P. s MIU 
2n{bo) v2 "■-  0,..Q2h2Q 

• •  ••• •   ••« 
• .    •  •      • 
... .... ••• •••• « 
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}y.. 

and.: ttf:»i'Sj,(:iua:iiaa: bli^.SC.Ctt^ i<fhe,r5 ••• ; : 
•..• : : •..' :... "" .....•' .2 « 

'0 0 

while the swall-target approximation would, have given 

In this case the small-target approximation is not satie- 
factory. 

21 „  Pa.ttern F'iring, no Ballistic Diepersion - There are 
many tactical situations where ft is advantagsous to fire 
several shots (or torpedoes, or borahs) more or less sicriul- 
taneouel;/, instead of aiming each shot Individually and fir- 
ing consecutively.  They can all be fired in the naiae  direc- 
tion (ealvQ firing) or each afeot can be displaced a predeter- 
mined amount with respect to the others (pattern^^fii^ijig ; the 
relative advantages of the two methods are deterroined Dy the 
errors involved.  There le, first, the error in the aiir.ing 
of the salvo or the center of the pattern;  this ie called the 
aiming error.  Secondly, there is the .spread of the individual 
eriots ae they travel toward tho target^ converting the ealvo 
into an irregular pattern and changing a regular pattern into 
an irregular one; which le called the ha_yj,s_tij3_j3£'r_o£ 

If the ballistic dispersion ia larger than the aiming 
dispersion, and also larger than the lethal area of the target 
the best one can do is to fire a salvo (zero pattera-apreadK 
On the other hand, if the ainiing dispersion is larger than 
the, ballistic dispersion and also larger than the lethal di~ 
m msions of the target, it ie usually better to use pattern 
firing. When salvoes are fired, if the ballistic errors are 
very small, they will either all hit or none will hit; where- 
as if the shots are spread into a pattern it will be more 
likely that at least one shot hits. This is the jshot-gun 
method, aa opposed to the rifle.  Since this case often occurs 
in practice it is Innportant to study methods for deteruiining 
optinuai pattern shape and &ize 

..  .  '.  ••• :•• :..: -. '•.  :• ?      T IV: :": • • •  • • • • • •• • ••    ••    :   :••    ;   ;      . 
: :•': •...:    *.•• *••• '••• ••• •••• ••  
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To bring o^t r;h^:fti:a'gfr'p3'|prf Jb^|>r^A Ift'villjr^ 

first consider fte«:t.a^e.Siei:iJs.ii.'''.§^»pa^«H".4J ."*^* 
compared to the ainlng dlsperBiono  If a regular pat 
fired, a regular pattern will ai-rlve near the target 
soon see that if the pattern is too small either sev 
will hit or they will all mlssj as the pattern size 
creased the chance of at-least one hit incrsasee to 
representing the optimum pattern. For still larger 
the probability of at least one hit decreases again, 
the basic philosophy of droppffng bom'oa in sticks or 
toroedoee in spreads» 

d,^ff fjhall 

te'ru"i8 
We can 

eral shots 
is in- 
a maximum,, 
patterns 

This is 
firing 

The fundajiiental problem to be solved in pattern firing 
ie that of finding the beet pattern to use. To Illustrate, 
let us consider the following simple case, k plane carries 
two bombs to attack a single-track railroad. A single bomb 
hit within 2';> feet of the center o^ the c.-'ack is sufficient 
to destroy the track. The plane theirefora files along a course 
perpendicular to the track, and drops a pattern of two bombs, 
spaced a distance 2a apart, aiming the midpoint of the pat= 
tern at the center of the track. We wish to determine the 
best stick spacing. 

If the aiming error of the pattern le x, i=e., If'the 
midpoint of the pattern falls a distance x beyond the track. 

the track is destroyed if -.25<( = ai-x)<25 or If ^2^<.{a-^x) 
We may therefore introduce the pattern damage function, 

Dp(x}, the probability that the target ie destroyed if'the 
center of the pattern 
in this case by 

then 
<2^ 

falls at the point x, which le given 

Dp(x) 

1 if ^2^<{-a.^x}<2^    or «25<(atxk25. 

0 otherwise 

If 0„lx)dx is the probability that the center of the pattern 
falls in the element dx, then the probability of destroying 
the target la     ■  . 

H.&)  -    fonU)  0^(x)dx (6,13) - J    P P 
This  equation  is  completely' arialogoua   to  equation  (6.10).     It 
will be notedj   however,   that  tihe pattern spacing enters  this 
as a parameter.     The best pattern is  that which makes i(a)  a 
maximum. ,,, .... .••       • •••   • ... .   • •••• ••• 

I       ••••       •       " 
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In the present oase, equation (6,,13) reduces to the form 

t»»  •, , i~. 

-.1.. :..i :-4i^^^-* .-^2Si:. 

• •• 
• • 
• •• 

/  0p(x)djc 4 j    0p(x)dx (a>25) 1. -a-25 
In every practical case the aiming error has a normal dl8= 
trlbution eo that 

1  g">x2/2a^ 

Then (a-f2b)/cr 

-x'"/2a^ o 

a-e25 

f27r j 
0 

a-^25 

a-25 

(af-25)/cr 

__2_ e-|^/2 d^ , (a^25) 

{a."2^j)/<r (60I5) 

In the range 0 <  a< 25, P(a) is obviouely Increasing, while 
in the range 2^ < a<oo, P(a) is decreaeing. P(a) Is there- 
fore maximum for a»2^. Hence the beet stick spacing is 
2as^0 feet. '        • 

It Is of some interest lo  compare the chance of deetruc- 
tion in the three cases:  (a) two bombs dropped together in 
salvo, (b) two bombs spaced ^0 feet, (c) two bombs dropped 
on separate runs over the target. The chances of destruc- 
tion in the three cases are 

••_ • • ••• «•.. . , ,,, ...   _ 

i. :•:••: *\\ •» •••• •*' ••< ::** • 

•• ••• •••• • 
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Case  (a)     ^'^ - -?-•>- 
/27f 

Case (b)    ?-5 - 

!•• ••• •••       a*.          ,, 
• •                •             • *       • >•• •          ••          ,, ,       , 

•• • •               •      : •••• 

0 

■! ^ 2 

(1 

Case U)    P^  ^ 1=»(1-F..>)'^ =: 2P ^-i- " 

The values of these probabilltiee, for a numuer of values ofcT",- 
are shown in the following tableJ 

Table of Probability of Dost.roying Railroad Track 
,at Te¥et. one iTiiltT " 

Pj^ a probability with 2 bombs in salvo 

P^ a probability v/lth 2 borobs, i;iO feet spacing 

Pe s probablll-ty with 2 independent bombs 

BoEsbing Eri'or F a b 

10 ft .9'S76 1.0000 
20 .7^SS »9S76 
30 

,feo 
«90^o m . 725^56 

bo .3^30 06626 
60 .32!^6 .593^ 
70 , .3^12 „B222 

. 46S0 so .2^3'+ 
90 .2206 ,^2^6 

100 .197^ „3S30 

.9995 

.63^7 

.7170 

.6193 

.11633 
J4-276 
• 3925 
.355s 

One sees  that  as long s;i bril ^ <i-;';i n  »rv:-r;« rtv-^= ;;'-'i ^*'.vi''*i»   .-»■' •• 
«. icng as only =ne *':.•>:..•::::•"::>..>..;:...:;.:. ..J:.,,!-V:.: .i 

 • •!• •..* ...* •..*     : .,,• : *: :  : 
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ndependent bombs. 

a subraetririe, 
knowing it can fire only one spread of three iiorpedoea at 
a ship, wishes to obtain t-^^e greatest probability of sliikiag 
the ship^ We shall euppoeai that the. torpedoee run perfectly 
trucj that the center torpedo is aimed at the center of the 
target, and the other two are equally spaced on either Bide. 
We shall aeeurae the vital Gpot hypothesis with Di  - I/3, ao 
that with one hit the chance of sinking the ship ie 1/3; 
with two hits, 5/9; and with all three hits I9/27. Let 2£ 
be the length of the ship, and a the dis.tance apart of ad- 
jacent torpedoes in the spread." Let x be the aiming error 
of the spread. Then the ds^irage function for any value of jt 
and a will be that ehown in Figu.Te yi-  (the three bande la 
this figure are the regions in which each of the torpedose 
hit)= Applying to Equation (6,13) and aseuelng normal 
aiming errors, ye find 

{$"B.)/r ih 

2? V 2?r ) 9 /"S/T 
l€°a)/j- 

(at.|)/G" 

,  ^ (e«|)/j-   2 4/cr  ,  2 

f- ~ 2_ 
3 /afr 

a.'f.$)/: ■'^-a^/2 
du (#<a<2 4) 

-^' 
i/C' 

^/T- 

3 ^2/T ) 3 

(af-^)/-:;-  2 
^    /-  »«'U /«£^^ ^ (2^<a) 

(a'-^)/cr- 

: : :* : •... : *..* *  



.v^^mWSB^f^ftl^m^ 

Figure 34. Damage function for spread of three 
torpedoes. No ballistic dispersion. 

D_ s 19/27 in triple-shaded region, 
^  - 5/9 in double-shaded region, 

s 1/3 in single-shaded region, 
s 0 in uns|]^^dgf^ .region  
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,1. ;»«iffJi*K* value of a as 

The Squid. Problem »• As a somewhat more complicated 
example, we shall novTconsider the problem of determining 
the effectiveneee of the aati-Bubmarlne device Known as 
Sguid. This Is a device vmich throv/s, three proximity-fused 
depth charges ahead of the launching ship in a triangular 
pattern.  In order to simplify the problem we shall make 
the aseuraptlon that the heading of the gul5marine le known, 
and also the assumption that the aiming errors are dlBtri- 
buted in a circular normal fashion, with the saine standard 
deviation for all depths. Me  shall also asEume that if a 
single depth charge paseee vithin a lethal radius a of the 
submarine, the submarine will be 8unk„ We wish to determine 
the beet pattern for ,the depth charges = 

For any given pattern, the pattern damage function de-- 
penda on two variables, x and y, the aiming errors along 
and perpendicular to the courae of the submarine. For any 
pair of values of x and y, Dp(x,y) is 1 if the submarine 
is sunk, and 0 otherwise. A typical case ie shown in 
Figure 37. The origin l8 the point of aim, and the t>osition8 
of the-depth charges in the pattern are indicated by'crosses. 
Each^possible position of the center of the submarine is. 
represented by a point in this-plane,  (Note that x and y are 
actually the negatives of the aiming errors). The three 
shaded regions represent the positions at which the submarine 
is destroyed by each of the three depth charges.  The pattern 
damage function is 1 inside the shaded'regions, and 0 in the 
unshaded regions = 

Let ;Hx,y) dx dy be the probability that the center 
of the submarine be in the area eleti.eat dx dy. Then the 
probability of destroying the submarine is 

r. ^ :: y D(x,y) p {x,y)  dx n ly 

(6.16) 

D - 
In the last equation the region D of intCratlon is just the 
shaded area in Figure 37' Because of the Irregular shape of 

,..tMa. ^sii^.Q^w, fin^l^t^^J Siv^V-'^;-V-.;VC .•'^^8 intefiral is lm== 
i. :.:•.*: Kx -i- .:VL.-*.»."'..{ .:••...• ..*•* :^;: '^ed in problems 
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Figure 35.    Probability of sinking ship with spread 
of three torpedoes. 
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Figure 37. Damage function for squid pattern. 
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of this type ■ ■= ■: 
known ae "Ci    ', 
Into cells in  such a way that If  a point is chosen'froB' a' 
circular normal dletrlbutlon the point la equally likely to 
fall in any of the cells. If en  area is drawn on th$ paper, 
the c^'«uce of &  point falling ineide the area is proportional 
to the number of cells In the areao It foXloii/s that the lnte«- 
gral of Equation (6.16) can be eaaily evaluated by drawing the 
damage function to the proper scale on Circular Probability 
paper, and counting the cella In the shalie'd'area.,  " " 

ThiB method gives a rapia means of finding the probabil- 
ity .of destroying the submarine with any given pattern. To 
find the beet pattern, we note that changing the position of 
any one of the depth chargee amounts to shifting the corre- 
sponding ehaded area in Figure JJf P&rallel to itself to the- 
new position.  If three templates are made by cutting the out- 
line of the shaded area for a single depth charge out of a 
sheet of transparent material, to the correct scale .to go 
with the circular probability paper, then the best pattern 
caii be found by moving the templates around on a eheet of 
circular probability paper until the number of cello within 
the lethal area is a maximuHc 

22, Pattern Firing ~ Ballistio Disperaion Preeent.- 

Up to this point we have neglected the fact that bombe, 
shells, and torpedoes do not hit the exact point they are 
aimed at, even if the aim Is perfect. The errors arising 
from this source are called the ballletie disperaion of the 
projectiles> iVe shall always aesume that these errors are 
independent of each other, and of the aisiing error of the 
pattern as a «'hole, 

AB a reeult of the ballistic dispereion we cannot tell 
the exact number of hlte which will be obtained vdth a given 
pattern, even if we know the exact aiming error made. We 
can, however, calculate the probabilities of 0, 1, 2, —-» 
hits for each poeeible aiming error, and cojfnbining these with 
the damage coefficients we can find the probability of de- 
stroying the target as a function of the aiming error. We 
thue calculate a pattern damage function which can be used 
exactly like the one we have tf^^ated previously for the case 
of no ballistic dispersion. 

To illustrate t  -.--... ■.-.*. ... ...... ....... 
reconsider the probl 

 • ••• ...I .1. ...* ...* •.,*  : ,,,• : •; • • 

o Uil 



railroad. Let us 8uppo,%g ^^§i\^,%^&,^,S^<3.iioahs  are dropped^ 
andjt'l :.,?, ^i'tjby j.rilhtys ^$hld 2^. fefetjc^f 3:hl track will 
deatiVvI t^'/irlsfc-r^et..&e.«itipfe»e tl«e»t»^*?e«'9ts.ndard error of 
the alni-      he stick is 100 ftc and that there le a bailie- 
tio dlspereion of 25 ft. for the bombs. 

Before calculating this damage function for a etick of 
bombs, let ue firet find the probability of destroying the 
railroad with a bomb aimed so that if there were no ballia= 
tic dieperaion It would hit at a distance y from the center 
of the track. This ie easily seen to be 

Fly) 
=y-^,25 

/2?r(25) J 

«(y/25H'i 

fzn 
"(y/25)-l 

-^x^/2(25)^ dx 

(60I7) 

-u /2 du 

The form of this function is shovn as the solid curve 
la Figure 3S, (if there had been no balllatio error, Ply) 
would have been unity for »25<y<25, and zero otherwise, ae 
shown by the do^*ed lines in this figure). 

Now if the bombs are dropped with etick-spacing 2a, 
the values of y for the two bombs are x - a and x 4- a, where 
X is the bombint, error.  Since the balllBtic dispersion of 
each bomb le independent of the other^ the damage function 
is therefore 

DpCx) . 1 -» F (x=a ll 1 - F (x<a) 

lyx) . Fix-a) •*■ Flxf-a) - Fix-a.)  Fix-re) 
l6clS) 

The damage function for a » 2p feet is plotted in Figure 39 
to-illustrate its foraj. (If there had hcaa no  ballistic 
errorj, Dp would have been unity for lxl<50 feet and aero for ' 
lxi>50 feet, as shown hy  the dotted iiae), v,fh@n the damage 

th© idistPi^vition 
of deetruction 
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Figure 38. Probability of destroy!: g railroad with one bomb 
as function of aiming error (ballistic dispersion included). 

25       50        75 
Distance of point of aim from center of track 

Figure 39# Damage function for stick of two bombs (ballistic 
dispersion included) 

— Ballistic dispersion of 25 feet 
— - No ballistic dispersion 

25 50 
Stick spacing  a in feet 

75 100 

Figure 40.    ProbabXtlt'if*5f laesti-oyin^'f^lrcJaA:wflfi'st^q^ jo:?*' 
two bombs asja/jfimclion oj*.s.t;^el?.§pacijis,.' • *: : 
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(-6.19) 

The evaluation of this Integral is best ir.ade gr£.phlcallv„ 
^A plot of fia) QS a. function o.f a then ehotfs the best value 
'of aj and th€ probability of auccesso  Such a plot ia 
ehown in Fi^yre ^W, with the ccrresponollng curve for no 
ballictic dispersion.  It will be Been that the ballistic 
difipersion requiree an increase in-eticit'specing from 50 ft 
■■■y 80 ft* ^*''^  ^'i^s the effect of lowering the chances of 
eaccess 6 ■ ^ ■ 

solution given in the previ 
lous for large patterns, pa 
idea as to the correct patt 
chall describe an approxima 
can be used to obtain sclut 
patterns. If more accurate 
iution Kiay eevve ae a start 
methods. 

££jrii£!£§_j£SiM£S® - '^"^® method of 
oua eeetion becorcee very labor- ' 
rticularly if one has no vprevioue 
em to use..:  In this section we 
te treatment of the probleE vhich 
ions more quickly for large 
results are required, thig sol- 

ing point for a solution by exact 

Consider a coordinate eysteffl fixed at the center of the 
pattern. Because of ballistic dispersion there Is probability 
piXf.y)  dx dy that a projectile will hit the area element dx dy 
The integral 

'/ 
r\( pix,y / QX  ciy (6„20) 

is equal to the number of pA^^-jectiles in the pattern. By 
clianging the pattern Me  can oauce extsnelve' changes in the 
function p(x,y). Our approximation will consist of the 
assumption that f'(x,y) C8.n ba changed ar;bi.J;rari_i£ by shifting 
the pattern, subject only to tf.e condition""'iiTiat Equation 
\6o20) reaalns satisfied. We ean call i)  the £attern ilenBrt^ 
function, '  '    ""'" 

If the lethal area of the target l8 L. then the expected 
aujiiber of lethal hits on ths target, if. the center of the tsr- 
pet is at X,, y, is Lp{x,'/).     Assuoilng that the nurober of lethal 
nit'i   is, given bv the PolBgon lav,   the probability of at least • 
r.i}^  J.eih4.. .... . «d,j;e:i^t ... . "^'^^Ir^W^'^.J^^  ftestroylng the 

I 
» • • 

MX,y  c 
• < 

'^,P1) ■, o, 



■*'*.¥. 

We  shall  therefor«'i:aM.^:t.i;ir:«».if-ft •9¥ir*««p-»»-'.D.K,liaatloa ,%9  t^^ ,   , 
Dattern aamage fu5ct:id!f: : ": • ,♦• ••* I  I    :    : :.': : : 
  ... ... :••: ...: ...• : : •„• 

The total probability of destroying the target le then 
by. Equation (6.10) 

^'' " j I ll^e^^P^^'^ri    0Cx,y) Ax  dy      (6.22 5 . 

where 0  is the probability clcaslty for aiming th-a pattern, 
usually the nornal density. We liilsh to find the function 
/0(x,y) which maximises P^ s\il)Ject to the condition (6,20). 
To determine the .•aaximum let us consider the effect of 
increasing p(x^y)  by a small amormt a^ in an element at ^i^y^ , 
and decreasing pCx^y) by an equal amount (/• at the point 
^A?yao This obviously does not chango the ^^alue of !J in 
('9«i), and changes P by an araount (to the f .rst order) i 

fj-^P^H''fl^0{x^,yj^)  ^  e"^P^^2'y2^0(x2.,y2)| ^   dx dy. 

If neither p(x]L,yj_) nor Plxo.yp)'!® 0, ipix.y)  cannot be 
negative, tut may vanish), then If 

then P can be Increased by a positive clioicg of cT ■  If 

the i* can be Increased by a usgatlve choice of J".  Hence lor 
the functionp lx,y) which aakes P a maxiaum, we must have 

for all pairs of point© at vhich p(x^y)>0. Hence for all 
such points 

e-^piy'rj'j0u,y) ^ 0^ ^ {6o£3) 

where 0^ is  setae positi'/e constant. 

Now let Xi^y,   be a point,   as before,   where p(Xfy)>0,, 
and let x^,y,   be a point at which p(x,y)  - 0,     Then if we 
decrease -^ A'^-),^-}) by a effiall amount cf  (which caaet nov; bt? 
pbeltivi)    and lncr.9^.!*i-'?;*f;x"7;'y.,,) Ib^l* X^VB .rsfoJ.o'lf flien** 
Increased by   the amou,).":     f   .        •   •        • ,,,* •^,»      ; ,,,• 

• •• 
18» .     • •   • •     • 

• •     • 
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This is positive If ^Ix^.y-,) >0pi  Hence p(x,y) cannot 
vanish unless 

From (6023) and (6.24-) we find our solution; 

(6,2i^) 

\ 
^o 

•T 
1  , 
r In 

P(x,y) i= -| 

The unknown constant 0o remains to be determined. It must 
be chosen so that (6.20) Is satisfied. I.e., so that 

, 0(x,y)>0o 

0(;i,y)< 0, 

K ^ 1 /' [m r^^l] dx dy 

(6.26) 

In some cases 0 can be found analytioally, in others it 
must be found graphically by plotting the Integral on the 
right of (6.26) as a function of 0^,.  Compare this detailed 
analysis with the preliminary disouasion in Section 17^ 

The most important special case of this treatment is 
that in which the .probability density for-aiming the pattern, 
0(Xjy), is"the normal distributions 

0(x,y) ^ K^j^s" exp j "|t^. t £2) 

For this case (6.25) becomes 

p.lx.y)  ^ J^   f- 1.^2 

• • 4 

• « •      • • « 
• • • 
• »•        •  •  4 

« » 
•  •• 

en, 
•••    ••••    •       •    •«•       •••       ••« 

> •       •       • «       • •       « 
•   •  (x»y)  s 0 every- 
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,  ... §]i^^t^'^^i.g^^^.the tin.- 

U,y) s hi/- 
x^y ^ ^- \b.2J) 

Q'veT  the region  where this f^xpresalon is poeitlve,   ana 
P^^,l ) - 0 elsewhere.     The iiriean ci,easity of the pattern, 
therefore,   should be concentrated near the roaximum of the 
aiming probability density,   ajitl sliould decrease parabolically 
as one gives out from the point of oitn In any direction^ 

ie 
In tlrie    one-dimensioaal  caese  toe corresponding solution 

pix)^ 1 
ij 

1LB. "" '^^ ■ 
V—»-^r--,'      ' liar -"^   * (6.2^) 

Example of the Approscifflete Ketliod - As an illuBtratioR 
of the ffietKol"of tFe preiTous'i^cTTon™ let us consider the 
design of a depth charge pattern. Let ua suppose that the 
errors of the attack are circularly nox-mal, with c7°"j-3 
0"^vf  300 feet, and that proximity fueed depth- charges are 
dropped or thrown. The lethal area of the submarine is 
10,000 square feet, and 13 depth ohargec are to be used. 

Putting the given constantB into Equation (6.27) giveB 

10'p s 0.67s - ^.UL....^. 
■ IB X  10*^- 

where r^ - x^ -h y^ ,    The valat, tu i^ /alia to 0 at p ^ 350 
feetj 80 that the entire pattern should be enclosed within 
a circle of 350 feet radiv\s.  The numbex'' of charges vhlch 
should be dropped within a radius r of center le 

Nj, s   I   2/7r^dr 

?,13 £l^ « O.OJ^73 II-. 
10 
If 

1 i rt ri y h f^;"» 
•       « ■ • 

:.U 

• • •      • 
•••    •      • ••••    ••«      •      •      i 
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Figure 41. Number of depth charges inside radius r 
for 13 depth charge pattern j 
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••• •••• •••.•••• •••,»•• curve we may  use; tJie.liin.jjtip/5 ;lfidlc|at\nl. by'.tlie Id5*tt^.J.tn?t, 
which ariees  if Vel taii^.S:* P£v'5't^s;-;}*}w-''^l#'2*%.P.^ ?/i« j33j3th^: 
charge at  the  center,   a ring of 6 depth char-gee  af a' radius 
of 1^0 feet,     and a second ring of-6 depth charges at a 
radius of 2^0 feet.     If these rings are staggered In a rea- 
sonable way we arrive at the pattern shown In Figure ^2. 
(It should be noted that practical requireffients on the num- 
ber of throyers on destroyers ssay force a iiiodifIcation of 
thlE pattern.     If the course of the destroyer ie up the cen- 
ter of Figure ^-2,   the t¥0 oharges  thrown 2[70 feet  to  the 
Bide would be replaced In actual practice by two more eterr*« 
dropped charges). 

Probij-biMty J3Bji^aate£_^  *G®^^£E£2,^i.?i^^'® ^Itill^S ~ ^^ 
Equation  r^2$"T is  suc-BtltutscFinto EqaatTo"n~TF»22T vie find, 
for the probabilit,:/ of dsetru:yt;lon 

P g   /^[^(x,y)  ~ 0^] dx ay (6 = &9)     ■ 

where the integration is 0¥er the regipn in idiich 0>0Q. 
Writing EquaticTi (6.26) in the form 

/■'- f" 1 
ML ^jf   I    In  0U,y) » In 0^ ^ dx dj     (6.30) 

,y</ L ' .j 

(where the earae region of Integration is used), we have tiro 
equations betijsen x^hlch 0Q can be eliminated: to produce an 
equation connecting the probability of desti'^uction, P, with 
the number of projectiles, M.  This relationship is of great 
importance for making rajild eetlniates of P, or of the number 
of projectiles needed to obtain a desired value of F. 

The special case in which the aiming error has a norjr.al 
probability density ie BO coromon. that we will consider it in 

' detail. 

In the one-dimensional case, with 

it is easily shovm that for a pattern extending from -XQ  tu 
XQ, Equation (6o29) becomea 

VC'"     p, -» 2       2 

^^'   ^.7*1    •      i       ; Z      m-   M    ,-T"« •••• • •    •       •    • ' •••••r       •••• • ..r-- =*f;   ? r- • • • . 
tf%t   ••••   • • •••• ••• •••  ••• • • • *^ D% ,) A. > 
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if  (XQ/O") is small, ? is given approximately by 

(6,.32) 

(6=33) 

so that the probability of destruction le proportional to tho 
number of projectiles. B'lgure ^rj,  shows the relationship 
between I'tix^/o^),   and (NL/6"") . 

Tri -r n Ghe ^wo-dlfflenslonal case, vith 

the pattern extends o¥er the region In which 

<^o 

and T,he equatione for P and M are 

P - 1 "■ (1 ->" i r^) e'-^-o (6,3^ 

(6.35) 

When r    is  small,   P la  given approximately by 

(6„36) 

so  tl-iat   vhe probability  of destruction is proportional to 
the nuraber of projectilles,     The relationship between P,   r 

• •  • 
• • • • •    • 
• •  •  •■   •• 

> • •    • • • 
• • •   • 

>• •••• ••• 

» • * • • 

•• : '*es,, let us obtain 
•••. ••^'or the depth charge 

'>;; 
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Figure 43, Probability of destruction and size of 
pattern as function of number of projectiles; 
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Figure 44.    Probability of destruction and size of 
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-l.^®_SlEEi^£„ilsllH^ 

While the method dlscuesed in the latter part of the 
foregoing sec-tlon gives a rapid approxlaa'ce eolation to 
pattern pz'oblems, its approximate nature icakss it unault- 
able for work in v/hioh preelsico is required. Sines exact 
analytical solutions are usually impractical or very tedious 
to carry out, ve present here a aiethod which can In princi- 
ple give any dsglrea degree of accuracy, and which at the 
same time is of such a character th&t rough approxiroatione 
.can be found vlth little more effort than "the apr)TQxi&s,te 
method JUBt given. 

The method operates by a simple orocess of sampling, 
A pattern is selected for trial, and its probability of 
destruction is obtained hy  repeated trials (on paper) of 
the pattern, observing on each trial ^i^hether the target is 
or is not destroyed. Each'trial is conducted by selecting' 
at random an aiming error froro a eultably constructed arti- 
ficial population o^ aiming errors.  In addition a ballis- 
tic error for each projectile is selected in a eimilar way 
from a population of ballistic errors.     The position at which 
each projectile lands ie thus found.  From these positions 
the daiaage to the target la fourd. By taking a suffiolently 
3.arge nuffibe? of trials and averaging the repults, the ex- 
pected damage for the patte'rn is found. Sy repeating this pro- 
ceBS for, various patterns, the best pattern can be calcu- 
lated.  In the follo^irlng sections we consider the technique 
of carrying out these proce£.Efc&. 

ii9£§,i£!i2JL^tL^L.^'^lPjj!:''^|^ =- ^^s a baeis for 
the construction oF our'saJiipling populi'u'ons of aiming 
errors, balllGtic erroro, and the like^ we shall use a 
l§;^il..2£_£M^E_A^i£ll£-  Such a table aiay be construoted 
hy  any procese which selects one of the digits 0, 1, 2, 3, 
^t   b,   k,   1,   S, ,9 In such a V'ey that each of the ten digite 
Is equally likely to be selected, and the selection Is in 
no way atfected by the result of previous selections. One 
way" of selection might be, for sj.ampls, to mark ten iden- 
tical balls _ r^flti- ths ten digite., and forin the table by draw- 
-;^4»^^- ^)ni^i.::  ^?J.r^i;'iW. vs^l^it.^i, i^l^jj, sjjij,! after 'each 
uijAiisi,.;*^^. J-i nXj,x^^hfi^*i^  ^..* • •••  • ••• •  .i^aother msthod 
^fniKi'   *   ,^,;rv>l\  a* di«b».;:*•;.. .:. l,,,_,U l,,, l^*  translating the 

accordin;^    .he folloving-tablg: Vi     \  .'"i ':'•'\     • '•■ 1 "-■ 1 
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- -1- ^p. ̂ y - , ^it™ -^b- .^6-. 

^1- 1 2 3 k 3 6 

7 6 9 0 1 2 

First 
Roll 

3 •4 

0 1 
\ 

6 

2 

( 

3 

-3- 5 6 7 3 9 0 

.».6.» X X X X X X 

If the fi-ret roll is a 6, the die is rolled again.  It 
should be obvioue that If the die is trucj the ten digits , 
are equally likely to be chosen^  (The reader is warned 
that if two dice are thrown together, It must be poeslble 
to dletinguleh the two, markln-g one No. 1 and the other 
No. 2). 

It is most convenient to ue© one of the published table"', 
Buch as Tippet'Sj which have been very carefully examined 
for randomnesso A short table of random digits Is given 
at the back of the book as Table I. 

(for If we now wish to sample a stochastic variable j 
example a ballistic error), ?.ve may take a sequence of ran- 
dom digitsj preceded by a decimal pointy as a value of the 
distribution function. F (as defined in Chapter I.I) for the 
variable.. The functional relationship between x and F is 
therefore a method of converting from a table of random 
digits to a sample population of the stochastic variable x 

To illustrate, let us Bajsple a norsial distribution.. 
The distribution function ie 

F.   «    f n ;7^e- 
_.2  lr\2. X   /2cr-    ^3, 

J 
CKi 
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„60835 

c36oiii- 

-.1  1"'. 

0.36 

-0.36 

•••     ••• 
• •        •        < 
•••    ••• 

"359 ::?■■' ^^ 36 

Continuing In thle way a table of ranxloirs values of (x/jr) 
can be constructed. Two such tables ere Included In the ap= 
pendix, .Table II is a table of ranoom angles (in degrees), 
■fe-hlle Table III ie a table of randoci normal deviates, 

A, Rocket Frobleni - Aa a first illustration of the earn- 
pl'ng taethod,' let ue consider the following problems  A 
plane firee two rockets at a circular gun emplacement from 
a 300 glide at a range of 1^,00 yards.  The gun emplacement 
is R feet in radius, and ie destroyed if either rocket 
bite it.  The rockets are fired fi-'oin parallel rails, ten 
feet on eithsr side of the center line of thg plane.  The 
aiming error Is aormal, withO"^ ^(7^  ^  10 mils'., and the 
balllBtic error of the rockets'is also uormal, with<Jl - 
cTv * 5 Tiile.  We wish to oon.pute the probability of destroy- 

ig the target. 

First translating the irll errors into lengths; at I5OO 
j/arde a 10 mil error ie I5 ysrds or J15 fett„ while a 5 mil 
error IE 22J^  feet. Theee are the stanfis.rd errors in a 
plane perpendicular to the lire of flight of the rockets« 
Cm the ground, the range errors are Incfeased by a factor 
of coBeo 30^ ^ 2,  Thie incre^asee the. aiming range error to 
90 feet, and the ballistic range error to ^5 feet.  We thus 
have the following atandard deviations;; 

.1 J»    < 

lar*' e-iar* 

Aiming ™ Jiangs '-™a s- go feet 

def leetiori ^■'Ja ^ ^5 feet 

Ballistic - range 
'-'xb >» 45 feet 

deflection " 22. 5 feet 
• ■    ••* •••• •   • •••   ■«*    («» ( 
• • •    . •   ., • • •.*.     •       •   •   • 
• • • • roc^kei.   tth. ■     .        .   I *        •        ••••               '••            •••        •••••••••• 

• • • 

• • • 

• • • • 
• • • 
• • • • 

• • 

• • 
• 
• 

• 

'0 Int of the 
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wher© x^, y^ are the aliAing errors of the salvo, x^-j, j'vj-, 
are the ball Is tic erx'ors of the roofcet, and the 10 ts the 
dleplaceaent 'of the reila from the center line. The coor- 
dlnates of the landing point of the port rocket are . 

d tl lid 

•Each sa3-VQ therefore requiros the sampllag of six  nmabera? 
Jia» y,, ^bl» y-h-^'   ^Ko*; ^>sp from normal populationa with the 
Btandird cieviattone |iveR*^^ahov8. 

■ The -K/or.k. of sampling is shovn  la the ccaputatlon eheet 
on the next page. A eample of 20 salvoe is Illustrated, 
(rather emaller thai: should be used Ixi practi-ce)„  The first 
column (Xg^) Is otatalRed by taking the first 20 noriaal devi- 
ates in Table III, and. multiplying each by the standard de- 
viation, 90 feet. The ne:^%  five columns are obtained froai 
the following eete of 20 norroal deviates, saultiplying them . 
by the appropriate (J'^B.     The xiext  four columns are obtained 
by using equations (6,-37) •an'-i {S.JS), 

In Figure ^v^  the positions of the moket hits are 
plotted^  In each sal'vo, the' rocket hittin'g closer to the 
center point is marked with a cross^ the farther being 
marked with a circle.  The distancs of the closer rocket 
froai the center is entered in the elevtsnth column of the 
oomputation sheet (headed R)„ Finally the salYcsa ajfe 
ranked in order, the salvo with the cIos©Bt hit being 
numbered 1, the next 2 aftd so on„ It is' no"*/; a sittple 
matter to plot the number of ealvoes' with at leaet one hit 
Inside a target of radius R-as a function of Fi,  The result 
is the Btep curve showi in Figure'^-6. Finally the step 
curve is Birioothed as ehowa la ths sarae figure» 

To, estimate the preclBlofi of this curve, we say calcu- 
late the standard deviation of the value of P. the proba- 
bility of at leaet,«®fi»»h^%j« .I.'^ ^^f3,«if?u,i?»*'?.jXi,d53'fttr'^ijy: "*^^^?^-. 
Qf B is P.^, the st5int!a?s: dt^-n'-ir .^t fJ^,'-''\lJlx&  &ir  1 Jfilip:!^ o       ... «•.. ... .... ... ... ...  ..   • ... . • • • 
of n is 

7"^ 5.5 
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Figure 45. Sample pattern of salvos of two rockets. 
Nearer rocket of each pair is marked with a 

cross, farther with a circle. 
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Since i-Qvl-i' )<, l/^«, the standard deviation ie everywhere 
leas than 1/2 )/7L    For our Ba^ples of 20 thlg has the value 
0.11,  The step curve may therefore bo e>:peoted to depart 
trorD the true curve by amounta of the order of 0,11, mea- 
sured along the P axis.  It will he noticed that the smooth 
curve departs from the step curve in Figure 46 by amounts 
of this order.  The smoothing undoubtedly reduces the samp- 
llng error, out it le not possible to estimate how much. 
Obviously the precision can be increased to any desired ex- 
tent by taking a large enough sajnple, although the preciBion 
only Increases elowly with n. 

Shortcuts in the Sajiipllng Met^hod » There are many 
ehortcuts ani tricks wETch may^Feuied to.lighten the work 
of the eaEpllng method.  These usually depend on special 
features of the problem to be aolved, oo that no general 
rulee can be given. It may, for exajnple,, be possible to 
determine the damage function of a pattaxni analytically, 
but not to carry out the final integration.  In such a case 
the final integration can be madg by a eaitipling proceBSo 
In other caoes there may be independent intermediate prob- 
abilities which can be found by sampling methods, and the 
results combined by analytical methodso  The recognition 
and use of such devices depends on  the skill and Ingenuity 
of the worker, rather than on previous knowledge. 

A very  comaon device Ig illuBtrated by the following 
example-:  Suppose that e.a e>.&ct  evaluation of the depth 
charge pattern of $'igure k2  is needed^  To carry out the 
calculation by direct eampling requires the selection of 
29 sample numbers for each trial;  r.wo for each depth 
charge to determine .ItF. balltctic error, t^fo for the aim- 
ing error, and one to determine the orlantatlon of the 
submarine. The work, however, may be flhorteaed in the 
following way. h  master chart of the depth charge pattern 
is. preparedo  Ten aampl^ ^alllB-tic errors for each depth 
charge are then found, and ths I'esul-clag actual positions 
of the depth charges are marked on the chart, using differ- 
ent colors or oymbole to designate the position the depth 
charge was supposed to have.  For inatanee^ around th© 
point A in Figure ^2 (the point where the charge would fall 
if there were no bElllatic errorJ will ):■': a scatter of ten 
pqiut^e,. wJi^cJ^^.Sg/; S)^.3-aVp,ll|.Hi iU , A2!, AID; and around 
:"^::.:: : ■'i-i^^s'^^u.'  :  :„   :  :.. : : -,  BIO. 
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Wher 

.i ather 
maneuverability of the eu'DEiarins wiien coniputing its 
trlbution function^ for instance ia Boae cases of Intsrest 
one knows' the poeltlon and ve?i.ocity of the Eubaarlne a 
certain time before the pattern Is dropped, but does not 
know its ffianeuvers thereafter §  in any case a randoja Bam- 
pie of possible positions and orientations is 'dra«'nT. By 
means of a templ&te showing the outline of the lethal area 
of the submarine (or, if one is finicking^ the contours of 
equal probability of destruction D) each ssjaple eubciarine 
position is examined for hits^ and the probfibilif.y of fie- 
struction can be found foi* that positioHo 

For example, If the template in one of the sample 
poBitlone ehowa that 2 of the 10 points around point A (A3 
and A6, for InBtance) and I of the 10 points around B {fil, 
for instance) are inside the lethal area.s and no others, 
then the probability of destruction in that position in 
recorded as .        .    " 

If 100 saifiple poeitlone ai-e takenj a good approxiaatior to 
the desired probability -sirill be found by averaging the 
probabilities In the ^arioue poeitions.- The-i'v-hole pr-ocesa 
involves ^60 sampling nuaber-s, whereas 100 direct trials 
vould take 2900 sampling nurribsrs. Needless to say, auicil- 
iary tables for the oombiuatioa of p.?obabilitiea should, be 
constructed and -asedo 

^^&^Au„Jr2i^j-',j--:lS "° Aaother exsuuple of the uae of ths 
sampling method ia in the calculation of the probsbllity that 
a etick of borabs will damage a target, ivs &n  er.ample, let 
us take the case where the ballistic deviation ( in range 
and deflection) equals t.ha. Gindng deviation in deflection, 
and equals one-half the aiming deviation in range. This 
is a somewhat greater ballistic srror than oocurs in prac- , 
ticOj but it hae been taken large to contraet vith our 
earlier calculatione^ "where we assumed sero ballistic devi- 
ation. 

Using Table IIIj we plot the Eid-points of 25 salvoeSj 
uolng a range scale twice as large as the deflection scale, 

2^  salvoes of 4 bombs each. Yhio is shovn  in Figure 

t~. ^ ^ 



cfiHP^'^^'^^^Min 

Figure; 4?.^«<RaAdom salvos..a .£.0. 7 .of .^JbotAlbs each.    Ballistic 
dlarreygljon oqua:£s'<iefi*eotdronl dieperfeido. e4u^s one-half 
 •• •        ••     reaige*•dleipei>9i«i> .ft.. ... 

260 
C-6170 



••• •••• ••• •••• ••• •«« 

The indlvl4u?Il 5!it5 are; r§pr;««*en^^c]j b| thh  niih1I>e'ie£ : 
circles; the indWlultarVjalvrj^S* h&Vie l^'i-eir'J^«eli»«i'el c>ofv** 
nected "by etralght linee and are labelled by letters a 
'to y. Here the balliet.lc error is large enough so that 
th.e patterns overlap. 

To compute the probability of hittlag a target of 
kno'rfn size and shape, vhen  bombed by four bombs in salvo, 
\ife superpose on this pattern a drawing of the target hav- 
ing a size corresponding to the ratio between the actual 
target size and the normal deviations, an orientation 
related to the direction of the plane's track over the t 
target and having the point of elm at the center of the 
figure, 

A mere counting of the circles whoce centers are in- 
side the target gives the number of bombs hitting the tar-- 
get in 25 passeso Dividing by 25 glvee the chance of a 
bomb hitting in one paea. 

Some of the hlta raay be Vvio  [or  three or four) out 
of one salvo.  Such palre (or triplets or quadruplets) 
should only count as a single, if ws wish to compute the 
chance that the target is hit at least once,in a aalvo. 
On the other hand, if the target is a ship, with proba- 
bility of ainking given by Equation,(6.2), the chance of 
Einking the ship with a single salvo is apprcxircately 

1 ^ [ 
n-, 1«11^D)5 
3 L 

tn 

where n is the number of ealvoes having only one hit in- 
side the target, n,^ ths number having 2 hits Inside, etc. 
'^hQfi  a target of tfte shape and size shown in Figure ^-t-? 
is placed over the point of aim, the count is that shown 
in the column marked Zero Stick Spacing in Table (6.M-0): 

••• •••• •••  • ••• 
I •  • •   • • 
t • ••• •  ••• • 
I •  • •   • • 
••• •••• ••• •••• ••• 

• •• 

• •• 
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Nx„   No.  Sticks with only one D 17 21 
hit in an area. 0 

E 
Nix*   ^o-  Sticks with one hit S3 1 

in each of 2 areas. 
N 

Nxxi,   NOo   StlckB with oae in 0 
each of 3 areae. .      T 

^21»   ^^'^'  Sticks with one in one    A. 
area^   2 in another. P 

N^X>   ^^•   Sticks with oae in one L 
area,   3  ^n anothsr. Y 

No.  Salvoes which result in k 177 1I4.3, 
one hit 
nis6Nx^SN3_3,i-9ri^^^aON2^-fl2N^-j_ 

Wo.   Salvoes which result  in .6 27     ■ 5 
twc hits 
"2^2N;^3_f3Nxxx-^^i^N2i-^6N33_ 

Ko.   Salvoea which result in        '0 1 1 
three hits 
"3^^^'iii     ■ 

Total No.   Sticks in Saa/ple = N    23 6OO 600 

Sxpected Total Hits per Salvo        0,-6^0 0,390 O.260 
(or Stick) 
^ (l/N)Ux'^2n2'*-3n^) 

Expected Fraction Salvoes i»hicfc    0„Uoo 0<,3J-!-2 0,24S 
resulted in at leaBt 1 hit 
- (l/N)Cnxtn2+"n.,) 

Probability of Sinking Ship O.260 0.IS3 O0I27 

••   •   •   ••• •••• •   • •••   •••   ••• •       ••• «••« («« •   • •   • •       •       ••••       •       •••        •*       (« 
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If' 

• •••      •      •   • • ''''..      •   •   • •   • 
■t.: 

To iA:3e   Ci.,  •      .   i        ;   ;        .      . ,   , 
4       . ■•«••••     ••••     ••     •••• 
ifuaKli'ta i.ii.3p.-*a •       •   • •    •    •       •       ••.••■•*..'>••    •,»'^:*..:;• 
a tick spiicing aowai^di'vi,   t:is  oircxoa aar.iad 3  "^ '^-b  timea 
ths gpacirig up!f>'ar-3, ail tliose a),a-;.-s,i34 k 'nj  I..5 tiaes  the 
spaeiag upvaird.    Hathsr  than rsdr-ih-iag  tbe figure,   we caa 
draw •'^ ■jiaf.gsts^,   5,3  shown by   (A;B,0,D),   displaced  In  the 
opposite "Slrection. by eiaillar iioiounts;   arid coUiU 2II  th© 
circles ffiS-r-ked 1 wMsh sirs in area A,   all circles raarked £ 
la aree. B,   and EC  en. 

(:aa 

Of coi-'ree ve could ha'«'e cct-alAe:: 
2. ft& l)elng tht? first bombs In Uie tj 
vould have coimtecl tshts FiUtatoer of clrc:.: laarked 2  fai area 

a'Peao  l,i, 3,G.J))j   so  that ws oa;i oo;i@,l<1.3.r tl!;!® I'^^pleg aa 
representlag 2'^ XZ'} a SOO trials.     The.33 trials  are noG 
all  Indepeadeat of eaoh ofnsr,   so  'Chat;   the- res'ilt will not 
be as,aocaratg  {on the average)  as  if  we 1'i.ad d?a!s?n  500 in- 
uepencerst  ealvoeei   but the result will  be less subject to 
fluctuations  than. If -Sfne had taksa only  the n.umber of 1"& 
'm I-,   ?'>.   \:n  B,   »'tf. ' ■   . ' 

'i:i:.e i'ul fcB  lOi   LC'iy.pi.t,!i,n^ tht? I'eeult ai'e wciJcecL out by 
eettlng down all cl^'.- p^rautSitlcne and oouutiijg \4ilch of ''i-c 
permutations  confefcpoade  x,c whiit result.     They  are', 

ia)    We oouat   uiiw nuaber a:: ::}^:^::^:^'^    --i aa*ih a::'ea which 
'   '    bslong to  S'iiaka lia^yiyig hi'ia .|£iJl!I&^JllixJ^'i^'JI (for in- 

a5a.ioe,   Buiok e has  e4 ia ara'a/AlT'T'-riTo ot'aer in another:' 
araa;   add stljk a has u2 and u*! in  araa C'vr-;  ton,*  ■'.! 
alia thai? areal^    Call  fvUs™aasib3r N;]_, 

(b)     Se oouat the n.ujiiter of gairs of circlse teloagi-ig 
tc one stj.ckj   one of vfaich is Tii"'on0 area'and one in, 
exother (for InstaEce,   stick, -w has wP in ereE c and 
•«^^   lr  r).     Call this nustber K^l' 

U; ^ -  Couiiu  the nuttibcr of  ti'lplete belonging to Qixa 
stj.okj   two of which ax'^o in ens ar&a find one Itt. aiio^i, .,, 
aroja',     (If w3 were dlfiplacsd allghtly upwax'd^   it also 
wjulil '-je Xn ar-ea Bj   along •■sflth w5) ,     Gall  sh.lB rsuiib^-;:,' 

' •   •   ••«   •     •••   •     ••     ••   •   • 
areBi rf,   i      •,,; ,,,; ,;, ,,,; ,;, ,,,• ,,,• •„• • •    •    ••    • • •• •       •       •    • 



•      •   • • •      • • •• •• • ••! • • • • 
• ••• V • 
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etc.j ehould by not^ fce obvious- 

VJe then count over 1;he> various 2M-  pe:rmul;s,tions of 1,2^3,'t- 
will ch make the .above coffibinati.one into ainglej, doublej. etc., 
hits, and arrive at the following x'ulee? Out of the 600 
sample sticks, 

The numtier of stleska resulting in a single hit is 

ni = 6Nr^SNl3,i-9Hx3^X-^■0^^1+'5^1111 ■ 

The number of etlcfcs reeulting In two hits is 

"^^*%1^^^'2? 

The number of sticks resulting in three hits is 

The numtoer of eticfca resulting in four hits is 

ni|. S 1111 

In the o&BB  shown in Figure ^f  the circles inside the 
target areas are; 

A; a3>©^.s®l„ 

;  E; d2,f3,f4,hl.J3,l£l, 

C; b?4,dii-,oI,o2,q3„qil-,r3,8l,uH,ui|-,t?2,x3. 

D; d3,p^,t4,v3,'A. 

The numbers N are therefore? 

Nl -  21;   A~a„e,m;   B^f 12), h, i, k?   G»b,o(2), ti(2),r, s, u(2),x; 
i)-p, t, V . 

J»x   t   »     m   m '       • •••• • • 
•••••• • ••••        ■• •••••• • ••• • 

Kl'll' i   '^l   ^V^,'^ -'fi       

• • • 
• •• 

• • •••     • 

• • • 

• •• 

V 

> 
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¥) 

These are enter«a*:ift*'Xatt]!e*'('t' .."I®)*'iii •t^e.^i^ird;c?oi.iA^a,:af;d;t;he 
resulting calcuSaUioTfi ejre •dI)v.:oi4S* .Miol^iiSx' cOunt: t&^S fi:a|e 
for a spacing of*tT.f^.!f; a^fd the^^eia-ltr'sho'^rr'" Tfc&i •be*'eeen 
that foi-' such a large ballistic dispersion compared to the 
aloing aispersioa it is aomewhat better to drop the bomhB 
in salvo -rather than with any appreciable stick spacing,,  Thg 
ballistic dlEpersion does enough spreading without needing 
any additional amount. 

Similar calculations can be made for the target areas 
rotated about their centers, to detertpAne the effect of 
approach bearing on the probabllltleje.  When the areas over- 
lap, circles in the comaion area must be counted In both 
areas. The Game chart cen be used for sticks of three or 
twOf by revising Equation (6„Ul)<, 

• • • •••  •   •  •••! 
I       ••••       i 
• •   •   •       < • •  • 

• •• 
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Y-^-:. ^M*:^,o:At!^ii^;^»H^^in^f^5^E:T5^tr?F:!^!ST AND TACTICS 

ifr'tima *<?f?/sr fii^ Rf(5asT!fc)sf'5f ef.fee£lver*0ss  of weapons 
used In various trays nust ^^.timately be detorralned from ex- 
perience  on  the field  of battle^   for only in  this way Cf^n wa 
bo  sure of their actual beliavlor in the face of the ©nerayi  am 
only then can w© dovlse tactlos '>vhlch ve can be  sure  are ef- 
fsctiv©  in practice,     Gonatunt  3cr'utJ.ny of  operational data  Is 
noceaeary to .see whether chani^os  in training prooedurea nake 
poasiblo more effective utillzntionj  a»1   fco  soe v/hether ohanG©a 
in  enony tactics requlpo nodificationa   of ours* 

However,   operational da CQ   IS  obaervationali,   rothor than 
experimental datao    Gondlticns cannot bo^ohan^od  at will, 
pei!>tIriervE  vSriabloa  cannot bo hold constant^  and  the  results 
give  overall offectivoness with usually littlo  c^ionce to  -'.ain 
insi-ht  into the  odeqi^Dcy of x^arious  conponcMts  of the  tactic. 
The  check,   by operfitional data  alone^   of  an  enalytical theory 
of   the  efrectivensjss  of  a given  tactic.   Is not  often  detailed 
enoij^h to be  able to ''leter.-aine  the  corr-octne&s  of all th©  com- 
ponent ports  of the  aiialysis,,     To obtain si!.ch a  confirmations' 
en  independent variation of each cf the  eorr.ponent variables  ia 
alweys  desirable  and uraially necoasaryj   a procodia'e which th© 

enorny  is  sold on kind  enour-}-i  to  ollov/ UB to carry out  on t^ie 
field  of battla. 

To ';:ain   Innxr^t   into the  detailed Vt?or:cin:;s   of a   .-ivon 
operation,   therefore,   30 that  one aan rodesij^n  tactics  in 
^13ES± "•^"' chancins conditions,   it  ia necoaaary to supplement 
the, operational data r;ith data  obtained   from oDe>'atlonal 
experiments,  done under controllsd conditions'^^tli~F"3r:ecially 
designatod  task force»    This additional data can never*taka 
the plsco  of the  ficures  obtained  from battle,   for oro can 
never be sure -A-liat the enomy ia likely to 00^   or how cur own 
forces  will react  to battle  conditions*     Neyertr^eless  sultabla 
experimental data,   obtained  under controlled conditions  op- 
proxiineting BB  closely as possible  to actual warfare,   can be 
of  immense  essistance  in proTridinr noro detailed knowledp;e  of 
tbe  ooriplex interroletions  botween men  and  equipment which 
maVe up  even  th.e  simplest  operation.     Tliay are  t}ie  only avail- 
able data durinc peacetj.me,   so it   is  i?uportant  tVat  they be 
gathered  as carefully as  possible, "      ' 

This  Idea  of  operational oxperlraenta ^  performed "oriaarily 
not  for training but  for obtaining a quantitative  inai-rht   into 
the  operation  itself.   Is  a' new one,   arsd   ia  capable  of iraportant 
res-;g,.ti?«,.  ^i?pa«r,ly ^:ii0^m)^t(s^^ .it  %~^.^'Ul a^iJco  it possible for 
th4 i':i5.3.t35:'y  f,o:com*lof,A atffin-^r-vS.to fce^j:* atriSost  of new 

•   •••••       •       •••       • •"( «,~      ,, 
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tschnical ae\Teif>\y^.i^rTi:s»<iVivirS*P*^^^'(^f'^^'^'^^'^''^^ liSv{f to 
\7aste  lives end  e-ner-y cotchin',: lap after-  tlie next v^ar haS 
be/3Tin.     Such operationol oxpor-lnents  are  of no use whatever 
lf''t':ey or-o  dealt with as  ordinal^- tacticol exorcises,  hov;- 
over,   and  tlioy r.ust be plnnnod  snd  ob3e3:'VGd by trained 
scientists  ns valid  acicntific^__ex_£cr'iraQnt^.     Here,   then,   is 
an  Iraportant and usG?iiT"roTG~ror"opcrQtTona research for  the 
armed  forces   in peacGtlne. 

24,     Plannln;: the  Oporationfil Experiments. 

The  oarryinn;  out  of operational experiments  is  a difficult 
problem,  because  of the  Inrce ntiinber  of variables   involved 
but  tlie  fundamental principles are  the  seoiie  as  for ony other 
scientific  experiment,     Tlie  results  to be   aimed  at  are  a 
aorics  of nuir-erlcal ansv/era,   reprosentin;;'   the  dependence  of 
the raer.sure'iof" effectiveness  on  the pertinent variables. 
The behavior of these  varlftbles  should be hnown,   and   they 
should  bo  varied   lndepondent3,y,,   aa  far  as  possible,   during 
the experiment*     Since  opo-^atlonal behavior depends  on tho 
crew 03 \7oll as  the  e^'iuipnent,   the  state  of  trainln-, of this 
crow should bo  investlcated.     In fact  the  learning curves 
for the crev^s  should be dctorninod as  fully as possible,   so 
that as  one  chances fron crevv to crew the  effect  of training 
can    be  taken  into   account.     These neasuretnants  on  training 
will also bo valuable  in  indisatinc the  arnourit of trainln^-:; 
vflilch will be neoe3S6r7v' v/'-^.en  the  equipment  is put  into actual 
operation.    The- maintenance problens  of the equipment nust 
also be  Investigated,   and  simple chocks  must be  foiind  to 
determine  the  state  of rcalntononco  of tho  ^ear durinn each 
portion  of  tZ/.o  test. 

Since tho  tests  are  to determine tlie behavior of equip- 
racnt   and nen,   avcrac©  crev/s miiS'L- be used  to handle  all QQ^T 
enterinn  into the  operationi,    The scientific  observers  nnist 
confine  tr.enselvaa   to  observing,   and   shoxilo  not   Interfere  in 
the  operation  Itself.     If,   for  Instance,   an anti-aircraft 
flre-director is bein^ tested^   thia usual crow must  be put 
in  chsrce  of tlie  director  and  of  the  oi^rn,   and  tho usual  orders 
t:;iven  thera.     This   crew nust not  be  allo'.ved   to ':nov; any more 
about  tho position  of  the  inconinc test plane  tlian  do usual 
crews   in  coMbato     Tlie   observer's   should  occupy theusclvos 
v;itii photo.,irGphin-j,   or   ot'iervvise  recordin;-:,   the  actions   of   tho 
crew and  t?ic  results  of the  firint>    There  s^'.ould  be raany 
observers  specially trained   for tliis  tesk,   but   tl:e   observers 
nust keep  thenscl,-tfj3 •WJtsr^cie  1 ;»*»c;f??53;.t*1fe«i:,:it^t:if!. :    : .•*, 

•    •    •••   •     •••    •     •'•     ••    •    •       •       •••••    • ••       •• •• •       •••       •       •••••• 
••• •••• ••• •••• ••• ••• •••  ••   • ••• • • • • 
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that jorrej'STa.rd j^iV^.^orw.n^ynpriSl itheorylW thC    >porat:'.on 
before* tho• e^pm'if^i^t •lfi"s\*?f-t^6% • ThlS* f'l!'t|ulVenc3nt  is  In 
cora'on v/it]i other sclentiflo exporinentsj   one does not usually 
blindly measvire  nnythin,:^  ei^<;^  e-/crythin,;: concornod v/lth a  tost, 
one  usually knov/s  enoii,.'h- about  tlio phenomena to bo  able to 
say  that  such and  such varlablos   are  th.s  crucial ones  and  that 
the effect  of othars   is  leaa  important,,     One  should know ap- 
proximately ?/he.re  the  errors  are  to be  f'le  largest  end  should 
b©  able   to 3et  tlie  rsnga  of  the  variahu.93  over which tho  "ireat- 
est ni^bor of raessurenents must bo mode.     It  is not neeessory 
that  the  theory he cor.ipletoly  correct,.   Tor  the  t'^oory raeroly 
provides  a  frariiework for plcnnin.-^ tlie   experinentF,     If the 
moasuroinents  turn  out  to disac-'oe with the  theoryj,   this will 
be  as helpful as If thoy a:-r-eed..     In  fact,   an  Investi-atIon 
of  the  dl3ar;reenent  betwoon  the measure-^'ents  and  t^ie  preliri- 
nary tlieory  sonetiraos  prov.Ules  the raost fruitful results  of 
the vrtiole  experiments 

Not  only should  there be many extra  ~  ouerational  ob- 
servers  to keep track   of R11   O£  tbe  variables   involved,   but 
there  also s'^iould  be  enough computers  available  30 tliat  the 
data  cnn be  reduced  as  fast  as  the  experinont  ;;oes  ahead. 
It   is   ey^trenoly don£!:orous  tc to'':e all  the data   without  re- 
ducing any of  it and  to allow the crews  and eqult)irient  to dls- 

oDtain  Inter,     A  continnin<,, 
though prolxnlnar;^,   analysis  of the results  cnn  tol3   w^en  the 
raeasurenents are  Inadequate,,  y/hcn 0 new craw has not been 
sufficiently trained,   etc„j:   and  can  indicate deyintlons  fron 
the  preliminary t^-eory so  that  V^s can be  analyzed   in  tlmo. 

^,il±ilB^miTjilite^xw -  In drawins ^^P a plan  for an  op- 
era tionaI^^^xpeFrrrIiHrTri-,a    boon  found  by experience t>vrt  tho 
following; five Itemo  should be written dov/n in detail,  ' 

A, Subject 
B, Authorization 
C, Purpose and Ains of Tostin,^ 
Do  Present Status or Available Data 
E« Plan of Procedure, 

Items A,  Ds end C ere self evident requirementsc SJnc= the 

vafljaln. ^^erUn'r^mm^  cmte ,ft,.>ei^v a $ 0151^^1 Ijt^jd by the technical 
• • • • 
• • ••• 

SBO 



expei-ts who wei:te J'sgjton^ib^.^ .t*cr'.its ,^ra-jel:opr,iv:nt  f-^^S'S^fci 
ductioric     If  tlfs.JKiu^Ibiliit   Js.tjQlSiiy •!3C^5f:lSei1.,-Cl"iA.tJ^eT:83«{?,*are 
that   the  technical experts  had   bsen   told   some   of  th©  rsquli-s- 
nents  and  tsctlcal  uses.     Tlier-eforoj,   there  exists   sone  per- 
fornanco  data  fror; tlie  developriont  and  occoptarjco  sta^a. 
If  the   equipiiexjt  liaa   alrcndy  bcc:-)   in   servlcf),   the  evaluation 
called  for Y;ould  either be  In coririoctlon  v/ith sono  new 
tactical lise  or duu  to -anfavorable i:eports  fror: t'-ie  field„ 
Thus   there  exists known  facts  about   its  x:ierfor-uarce  and  these 
should be  asscnbled utider  itcra D of the  above outline«     The 
Plan  of Procedure  called  for  in   ite:;i h needs sono  explanation^ 

Plan „^.£i^..,_JlgggQjjjJ:g. - This  cells  for an   itemized  account 
of hovY tHa""rta©ded  dlita "xs  to be  obtained.     It   is   a  detail in g 
of  the duties  of  varioua  obsei'-vera,   of their trjilning be- 
forehand,   etc.     It has been found  expedient  in t?iis typ©  of 
work to r,ather nore  data durinir the  tests  than ml::ht  3Qe::i 
necessary.     The  old  adSije  of  '*penny Yrlse  and povmd  fooliah'* 
should bo reraesabered  and e really adcqiaate  procron carried 
out.     It  is  a  cardinal  principle  that  facjs  are recox^ded^ 
snd not   ijnpresslons,   so every possible ■Ji'G""'i3  to'cenacts of 
stop-'Ai-atchGS,   ran^e  finders,   thernonetersj   etc^     The  linlta- 
tions  of all  equipment nust.bo  determlnod.     T!iis   is not  in 
order to find  a  fault but  to  '-ovorn tactics. 

A  ."^enoroua  use  of raovie  carioras   and  atill cQ-iieras has 
been found  extremely valuable v;hen used  properlj' ~ l„eo 
camera focal  length, -franie frequency,   altitude,   etc  must  ha 
known  and recorded  if data  is   to  be taken frop.i camera  evi-- 
denceo     Thirty seconds  of movies  showing equipment performsncs 
is more  convincinf; to fleet  corir.vanders  than volumes  of re- 
ports.     All  these  thin^^s  and raoro must  be  thought  throu-h well 
in advance so that   the  tostin;:;  Joes  off smoothly. 

Experience has  shov/n thet  the data maist b3 ^athored  in 
such a way that it con be understood dur3j}£ the  testing 
periodj,   even if this requires  a sr-oup oFnaon doiiiR; nothinf 
but recordinc,   tabulatinc*   computing,   and  constructing graphs» 
In this way the toclin5-cal director  of  the project knows 
whether liis  date   is  si-nificant and v^hether ho has  cotiipleted 
testing before  the  experiraental facilities  are diverted  to 
other efforts.     One  othor reason for  this;   should  the data 
from a  given set  of conditions  ...'Ivo an unexpeotod  result,, 
the experiment with these conditions can be repeated  at  Sn-ie, 
finally,   in the plan  for procedure  soma consideration  for the 
tiine  ox   completion  and  urgency of the  project  should  oimr a 
rols«     Interxm instTa?^t«?ft:):?:t5r  E5 fjfp^rf .ff* fTivS^f ^-lirV^V^^l'-^trnl** 
expedite a  fleet cotiniencJ^r^:  -mtlia^.onV.   *•. :   :       I      ItKlf': 
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:''':iiiii£ftmiZDB\§\-',WQinfy;^:ivi*m^^*thh' i^'aticai use or 
the e<^ .:;:ia^trsKaET311si l%e3!r.3j^si|^5t^^ taken 
are. 8if;fiiric?an*1?' **A% *lo*03%' one pefs'on ¥'i;%l!'f5-.eTd experience 
should b® assi.^^nsd to tho project for this X'*Gasoru A few 
examples v/111 indicate how one must dlstlncxiish sifTiifiosnt 
data fron other kinds» 

In rocket firing fron on aircraft \Tlth  a nev/ly dovelopsd 
sight a pilot is aasione'-J a piano and procoeda to fire sovoral 
hundrsd roiinda on a land ran.^e ovsr a period of several ¥iroeks<. 
Does the data fron t'lis effort constitute a rieasure of equip- 
ment performance fron sn operational point of view? Obvio^jsly 
there are roasons to doubt that equipnent porforEanco would bs 
the sano as it v.xvjld be under battld conditions*  Operational 
data on such a slrjht sliould ccno from several squadrons with 
respectively different types of aircraft.  The rockets, should 
be fired oxa a towed target at sea to prevent rari.r;e or asiinuth 
correction made possible by fixed objects on a land rang©a 
In addit3on th© pllote should fii'e at the target from several 
directi&'S relative to the wind and the firing should bo 
spread over enough days to allow for reaaonr/'Iia variations in 
wind and aea conditions.-  In other i(VordSi,-to evaluate th© 
rocket-si^ht x^erfonriance the project officer raust keep in 
mind that the rocket 3i,.3ht will he  used tactically in auch a 
way that the aircraft will .raake ono or at most two passes at 
the target. 

An evajuation of the oxporinental data should have gome 
tactical conclusions,, The firhtinn; forcGS and tho planners will 
find ooncluaions on the perfcriaance of tho aicht useful in 
order to judge hom^ raany planes are required to knock out a 
given targetr It would also be the duty of the operetions 
research worker to seek further ccnfirraatlon of perf03?msnc© 
of the si^ht from combat information* if this is possible, 

Sometimos it Is not necossa2:'y to f/et such a spread of 
datOc.  Let us c^jn^ldar the firin,^ of torpedoes from a des- 
troyer^ and the evaluation of the perfornance of a nev/ tor- 
pedo. The data needed is t--iO corarjaratlvs porformance with 
other tcrpedoea xxn'^ov  various tactical conditions and the 
data can be obtained by one or two destroyers»  Operational 
success can thion be inferred, since data on the launching , 
errors is already available,  A similar study rnicht bo 
adequate in the case of airborne torpedoes» 

Considerable core must be taken that the data from 
performance of sound or radar equipment is significant.  In 
t^uf.cJjs* ^r s:5TiV'S..t:6lff, •1!f<3'|^:Jfor^tfnt^*l5?*;.nfluenced by 
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token that data reportod on pc.rfor.nanoe is properly qualiflod 
so t::at tactics designed Tor their use Vv'ill be properly 
varlec] to neet the conditior.s.  In addition to f-ie tricks 
played by the elerionts on sioh zcar  there is the lurco vari- 
able, of equipment naintenance by fleet personnel, -r.very ef- 
fort shotild bo made to allow t!ie equipment to a:;o or even 
dlsinte-rote under tlie naintonance of t'iosc personnel whom 
the fleet expects to servlco It.  Having done t:-'iSj the testa 
shoul<,] then be conducted for perfornance.  In t'lis v;ay it will 
be possible to assess the raQintensnce effort required by the 
fighting forces to keep the equipment  effective^and thus to 
estimate whether the advantages of the new gear are sufficient 
to warrant the aaintonanoo and training offorto 

Gonclusions - The data satb.ered in evaluating equipment 
for tacCTcIT us© will be useless to the operational corainands 
-mless there is, in the report, an Interpretation of the 
d'ata and conclusionso The theater cora-ifinder, faced \vii;h 
poculiar conditions j raay not nrree with the can elusions in 
th3 report, but a aum.iinG upj, along with the datg., will help 
hln-- reach the correct conclusions for his theater*s require- 
raen'osa 

One of the ooroK^onast types of test programs Is that in 
which the accuracy of a ^eapoa Is to be ineaRurodo  Siich pro- 
grama' r-ay bo test firings of rockets to determine the dia- 
tribution of alrninc'and ballistic errors, prsctlc© firing of 
gtana to fleterralne gun and director errorsj practice runa bv 
destroyers on submarines to determine the errors in droppin--^ 
depth charges,when various approach tactics and attack    " 
director.* are used, tost flrln-s of torpedoes from subraarlnes, 
and 3o on.,  In each case there is a target at which'pro- 
Jectiles ore fired, and in each case the measure of effec- 
tiveness^ desired is the distribution of the prcloctllea 

cases it is also necessary to 
with the object of Improving the 

around the tf.^rgoto In rr.an^' 
analyze the sources of error 
accuracyo 

arrt 
\Caen6var it can be arranged (it is not always possible) 

jngeraents should be made to record the position of each 
projectile fired relatj.vo to the tarj^eto  This ig not usually 
easy, and requires ^-^g^ ^i^^^i^t  e*3*g«craAlctfi.^th.«s«D«r^TnentPl. 
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labor:9tf'::itts:a.ad:v;lt5.4.:)pS5wT;rr#g ^jorsonilolj*'   f|<ppQtlnes -if/hen  a 
land   i!5r^r^eif i!s*'u^U5/ t'lerposl'ticns* of  the liits  con be measured 
directly by a   surveyinc party aftsr each salvo.    When  the 
target  is  on  the  surface of water,  photo-raphlc recordinc is 
usually uaedo     (VThon possible a Fleet Canera Party should be 
used).     Tho bursts  of M ah.e] la  around  air  tarpiets  have  also 
been  recorded photo^;raphically*     IVith xandervjater  targets,   ' 
londerweter sound  methods  can  sometimes be  used»     The   inter- 
pretation  of photc--raphs  a-nd  the  calculfition   of iinderwator 
sound   data both require cnroful study if accurate mea.sure- 
ments  ore to be nadc,     liven  v.hon direct raessurements  are nade 
on  land  It  Is  frequently necesasry to  introduce corrections 

■ for uneven  terra .In» 

In order to sepernte t'lG effects  of- aininr errors and    " 
ballistic errors,   tliG  projeotilos  should  bo  fired   in aalvoos 
of  at  lon3t  two at  a   tine.     Larger salvoes v;otild be  better   in 
some  cases,  but  considerations   of economy frequently keep  the 
salvo doTO  to t?/o projectiles.     IIov;ever,  unless  it  is known 
that  either the. airainr;  error  or the ballistic  error can  b© 
neolectod   (very rarely the  c.ese)s,   salvo firing  is  absolutely' 
essential. 

In  recordlnn; the  data,   the  salvo to wlilch each projectilo 
beloncs must be  recorded.     This   is  moat  easily done  by r.ieana 
of 0  salvo nunber.     It   s^iould  ri;o w.'thout  saying that  all 
other-  pertinent  data   sho-jld be  rect rded;   target,   3l:ip  or 
plane  firin;:,,   wind  or v/eather cono. tions   if  relevaiitv, 

Tlic  first  step  in  xioAinn tvp • ^le  uata   is  to calculate 
the riean point  of  inpaet   (MPI)   of -. ach salvo,  by avcrafJrr ' 
the pop:'t-ion3  of tho  projectiles  i:    the  salvo,   'The dia-   "' 
tributlon of tho pi-ojectil;? positl -na  about the MPI-is 
obviously independent  of the  aimin ; error3   and 30 may bo 
used  to determine  the ballistic  er >oro     Helllfjtic  errors  ar© 
aL'nost  always normally disjrlbuted   (but not racessarily 
circularly),   and   it   is  easily a'-o;", j  that  if  the  errors'ere 
normally distributed  about  tlie po:! )t  of aim;,   they are  also 
normally  distributed  about  the MPI   with a  sfcand^^rd  deviation 
v>:iich is less  t'-on  t'lat  QI: out  the   ,50int  of aim oy a  factor 
^ln-lj7n,  Tvhoro n  in   the  auinber cf  projectiles   in   the  selvc 

The  standard  devlatitns  of "t) e balllf.tic errors   in rsnge 
and deflection are most easily fom d by tlie use of '■probability 
paper".     This  pr4:er,is  ruled v/lth Q  linear scale  alone one 
e|3*§,: ojiq'frr^fhsej;.^^ "(jn, 1-l^.t. Tip.i'^T ? %J3raec;c3?-i.llRg to the normal 
dJ.a:r:;fe:r5ion:fun:'t:-f8l*'i'>*5t} :[^:tf ('•:aprc?r IIi;].     To use  the papar. 
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trie fraction  of;": *]|: '•* '*]• '•* *[:^Sfae}j»c;i'*e SIXJC?- 
ed variable I wlth*;^i5.^4*r .:*>--- :-^:^^^ •^.C*;^«3^*'«'S2lVS? ¥.>-: * 

a^^ainst x,   plotting '^''-^^ valuo of x  on the 13.riear gcnle and 
the fraction or; t;ie F^  seal©. If the population liae e nor- 
mal distribution the result will be a straight lineo Th© 
mean value is then fouxid at the point Pj^ s eSOOO, while th© 
standard deviation is the difference botween this voiue-and 
the value corresponding to F^^-, «  .>8413« 

A plot of t':ia kind for -the difference in rani^e (|Or 
deflection) iDetwaen eocb projectile and tli© MPT of ita salvo^ 
as shown in Figure 48, therefore gives an IrarriOdiate test of 
whether the errors follow the normal distribution law, and 
if the noraial law is obeyed, gives the* mean (which will of 
cotirso be aoro) and standard deviation* The standard devia~ 
tioncTb o^ t^® ballistic errors about the point of aim in-" 
stead of the MPI is foiind by rrKiltiglyinc the lottor by 

If probability po|)er la not available, the standard 
deviation of th^e errors from the IIPI nay be foiand hj  the 

■ arithnetic method of flndln;;, the aquaro t-oot of tlio ;nean of 
-the squares of the deviatiov.u This process, however, is 
laborious and dooa not chock the norraality of the populationo 

\¥hen the distribution of ballistic errors ha.t been de- 
fceriTilned, the distribution of aiming errors can be found froni 
the distribution of the MPI«s/ os shov«T. in Pigur® 49,  If 
both the aiming and ballistic errors are norinally distributed, 
the MPI's ahou|.d be'nornally distributed, rjith a stendaid 
deviotion z^veun  by 

where^a is th© standard deviation of the Qlming orror, 
^ Ij is tiiat of the ballistic error., find n is the nuiaber of 

prolectlles per solvo^ The value ■- C^'r^rpj J-ari be foxind by 

the us© of probability paper, or srithjaetlcally« 

To show the detoils of calculation, the table on tho 
following pace repreaentc a series of 20 aalvoea of tv.'o 
bombSa The value of x-j and Xo ere the ron^e errors of the 

bombs. In feet. The -ih:**;: ^::>.5i*.r V\Aii»  !-ii- V:fX^r^ X: 
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Record-of l;)6%-i»«?i.o-|}3 ail :ilt3,,fvci^' JtirrtLnr. iPcipt;^*; 
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aver&r* '   '^^^•-* -- «-.*.,...... .«,<•..• ••.••••• 
devi 
value* .,,.  _.. .^^^  _, 
from -26 to+-26, end plotted on probability paper as 3ho\m 
In Figure 4..^ the lov/est bolrifi plotted et F„' s i, and the 

hlGhest boln;.; plotted at P„ a i2.  The resultlmi curvo lo 
"  41    ■ 

about as good an approxlKiation to a straight line as w© con 
expect from a sample this smallj, ss it was aaaiirnod that the 
distribution was normal, and the beat streir^ht line drawn in 
by eys.  BYom the points at Pj^ :s »5000 and P^^ s «841S^is 
foiind to be 18 feet^ Since n - 2, tlie  standard ballistic 
dispersion is 18v^ = 25 foot. The distribution of the MPI'a 
waa t>ien plotted G3 abovm in Plrure 49c This also soema to 
be norrel, with(jj,,pj = 161 feot.  Hence 

^f, ^ yir^    »lcrb^ ^^ ^SO feet, 

a similar calculation could have been siada for the deflection 
errorso 

2^"  Svaluation of^ /Detection Ejuigment. 

The field testins of detection equipment should be con- 
ducted to. determine the mi's.ericsl values of the meaaiirea of 
effectiveness of the equipment ir the tactical situations in 
which the equipment is to b e used.  F'or sone equipnent the 
only Important measure to be determined is ita sweep width 
acalnst the ;.io3t important target or tarp;©ta it is designed 

■ to detects  In other cases^ however, tlie swesp width is not 
sufficient.  An early warning radar, for exanplo, must not 
only detect aircraft, but do so at a long enoUj'!;h I'ange to 
enable an interception to be raadee  In such a case it Is 
necessary to know the "survive! curve'', i,0« the probability 
of a plane approaching to a civen renjje without bein^- de- 
tected.  In other cases the occu.-'ecy of range and bearing in- 
formation is important and must be determined. 

Prcn-: a theoretics! standpoint the most direct method of 
determinin:3 a sweep v/ldth is fro:;i direct trial. For alrborr^e 
radar such trials nl.;-ht. be cerried out by V avinr^ the equip- 
ment flown a dlstanco L in an ai-^oa A co-.Ttoirinf^'n targets* 
If. the.fVi'J-riG./i^id .t^-i^ p;i.QCJj2i-.of %\!£i ,tAr£fi,ts  are done per- 
|ef.;t|.v;a?: ri^idorsrZenii'G .fif^ntecjl,*! nte I^^d^, :t'i.0 aweep width 

pi7A 



4*' 

W Is given by 

'^'i; • • ••f'^t 

IJiJ 
'0*2) 

In actual practicej. hov/ever, randoraness is verj  difficult to 
achieve, and to avoid diffictilties with ode® effects, ths 
area A must be of dimeriSlcns largo corapared to vV* This rs- 
qriiros a great aTaount of tlj:.nz  to bo dono to msk© 0 large 
enough to avoid troubla v^lth statistical fluctuations c 
Because of thesa difficulties the method of direct trial is 
very raroly used. 

The most common method 
is what Might be called the 

of evaluating searah equipment 

this method the equipment is carried toward a "target (or th€3 
tsj2''S6t made to approach the equipment) m-itil tho target la 
detected, and the rsnc© of first deteoticn is rocoi'dedo 
Prom a aufficic-ntly large nu-mber of such r'l.is, 0 distribution 
curve can bo constructed showin^^ the probability that the 
target has been detscted as a function of ranee* A typical 
form for such a curve is siiown in Figure 50*  In many casea 
the probability of detection approaches unity as tho'^ran[>e 
approaches zero, but this is by no ncans  always tho 
The only tinivarsal characterlatic of such 0 CUPVO 
the pr-obability is a mcnotonic docreaain^ f'tmction 

la 
of 

caaee 
that 
rangeo 

As  3howr3  irj Ghaptai- V_,   tho probability of detection  l^^ 
related to the "Detaction Potor)tisl"s 0 s  ^^J the relation 

© (7a3) 

By mer.ns of thia  aquat.ion a plot of ^ as a function of rang© 
can be constructed»     In Plgur© 51 ths|5 ~ R plot corresponding 
to the P - R plot of figure 50 is  shown.     If P opproechos 
unity as R approaches  sero^  ther; 0^ approaches  Inflriity*    The 
negative slope,  0 s d^/dH of the ^'---R curve represents -tho 
probability of detecting a hitherto undetoctod target  in an 
element  of ranc© dRj,   divided by dRe     It  is  therefore  a di- 
rect Ksasure  of tha dotecting power of the  equipment  at a 
givsn ranee»     Examination  of this quantity will''frequently 
rovaal "bad  spots''   in the performanc©  of  tho  squipinonte 

In actual service the target raotion is seldom straight 
toward the detoction equipraent. The moat corainoti stituatlon 
is  that  in which the tar^ftb ti>aok3 aTB  straight linos paasinp: 
the target et ranuon;^. ^C. ^J*? d^l^^^uJ^.C^t i^si^^l^.wmol&n, 
able)   asaunptlon  ia:fn;2^<4.r'-^«t  t;53 t?e««vstliic S?*:jer ^ 1-^ liificj- : 

• • •• 
• ■ • •    •    • • 
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Figure 50. Range distribution curVe. 
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Figure 51.    Variation of detection expectancy with range. 
^J£ ,S' As.th«^alopa.o£ tha.cuBve^.then    -f dR    is the 
*     parobaVlli^y'of .^.eiecJtingta Itaroet* between ranaes 
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pendent of the: t$r(;§J;  sspgp;!: 5-nd,}3e©j;ii:g3,: thegn tljej.cpif^el of 
dotoction prob^l]J,tSr ,&3 a ^i^r^/fci.Qn*^r S?l"iS> .i^Ct&T^l: rftrrsip* of 
th©  tar^^et  tz^ack caxa be fotirido     If the  observed relationship 
between 0 and R can b© approximated analyfcioally,  then for a 
track V/hoae  lateral ran,3e  is x,  the detection potential is 
given by the  Integrial 

and the probaldllty of"detection la as usual given by 

fix)  E 1 " e-"^^^) (7,5) 

If no analytical expression for 0  can be founds or if the in- 
tegral (7,4) proves difficnlt, then 0ix)  can be foimd-.. .^^  
graphically by plotting a series of curves for 0{^^i~'j^) os 
functions of y, ond measurinc their orpEis v/lth a planiinetor« 
The sweep vi/idth can then be found by 

W- j    P(x) dx       , (7o6) 

Examples  of such calculations can be found  in the volura© 
Th^^I......2LJ^'iE9]lJ^£}A^SIlS®I'lllS. i-i thla series» 

^^"    Suryival ProblQme in Gunnorya 

A type of 8nal7/si3 very aicillar to tliat abova has been 
used in gxanfire evaluation^ particularly the ©valuation of 
AA fire a  In the AA case the pertinent taeaB-ore  of eff active- 
ness is the probability of shootlns do^jn a plane before it 
reaches a position to drop bombs or torpedoes. The situation 
is similar- in other ceses w'lere the object of the famflr-G Is -to 
prevent the approach of enony forceso 

The evaluation is basst^ on practlca firings in which a 
target (e.go a drons) 1.^3 made to approach tha gun position-, 
using evasive maneuvers sirailar to those which an actual 
enemy might be expected to oiaploy.  Firing is continued at a 
known rate throuf-hoiit the entire runo  The z-ance of each hit 
(or' burst of proximity fused ©isinunition) la recorded., Th® 
target need not bo of the sane sise as th© enemy ci'aft 
against which the effectiveness la  to ba neasuredj but 1.'' it 
Is not tho same tho.jsa*:,:!,© iQf the .sffi-ctiy^a iiapQat. ax-^jas mis,%. . 
be known. Different Ity^^^is lof .sfcij: (^ain'-irj^]r IflftituSe. :^^l«4dlL : 
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lin© fjf; ^wrji-^^acht   Gt23 »•) •§;-^.GrJ/3 ll3 fc,isi0':„ liad ttlnfe results  of 

As  the firinG rate  and quality of the  anirauriltion may 
vary from run to run,   these nust be recorded diirlnr; the firing 
practice0     In Bualirziuz the resiilts a  stendard firing rata 
and quality  of amraunition BVQ chosen«     If,   in  a  clven  run, 
the  firing rate was J   times  the  standard,  and the quality of 
the  ammunition   (fraction  shells  not duds)  was  q times  the 
standard,   then  tlie run  is  given  r. Ti'eirjht   jq^   that  is^   it  is 
considorsd  that   jq standard  runs were made  durin;-; the   actuel 
run, 

'The  first  step in   the analysis  .'.ix  to find the  average 
nuTiber  of hits por stan^lard run outsid© each ranco,   as a 
function  of  tho ranee.    This  is  cosaveniently done by ar- 
ranging all the hits  in  ordor of  decreasing range,   and niom- 
berinc them serially.     The  quotient  of the serial number  of 
each hit by the total niomber of standard runs  then G^VOS th© 
average nuinber of hits outside the range of the hit.    The 
result  is now plotted  ssoirat  range  to giv© th© hit expectancy 
curve-for a standard runo 

The hit expectancy curve  is the analogue of th© detection 
potential curx'e  for ths detection probleiiio     It  should be proper- 
tional to tho firing rate,   eo that  the  effect  of  a cha'ige'ln 
tha number of guns  or-  a cTien^e  in  tho  firln.^i rote per gun  is    . 
easily found«     It  is  also directly pi-^portlonQl  to tho quality 
of the  ammunition a     Its negative  slopo  is  a ineasure  of the 
effectiveness of fiie  fire  as  a  function  of ranr^e,   arid  can be 
vxaed to find the weak spots  of ony ^iven rnetlicd  of firing. 
Moreover the lilt  expectancy is directly proportional to the 
effective target area,   so tliat tho carve is  easily translated 
frora the practice target to the  eotual targe:., being considered. 

If E ia the hit expectancy at ranrje R, the probability . 
that the ttvrcet ?/ill be hit before it reaches a given rang© , 
is  given by 

? g  1  - ©""^ (7o?) 

In r-iost cases, however^ it is not this probability Y,hich is 
of in-terest, but the probability that the target will be 
destroyed. To find this it is necessary to introduce tho 
dms>^l0 tQ^r::?fte^:ir'^n'(^m>^<^'i' W)i:''^{$c'^  sufficient do- 
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expected, is *;*>i5i;ij.r/Ib«^I»t'ieIiVSia's»jn'latf/S**!! ...: ...' : I ',,* 

■Ji - 
L' 'a -^ 

The probability of destruction is therefore 

?v D n 53 ni (7«0) 

aivBJi  the Dp^,   tills may be  oval-aated as  s  ftmotion  of E 
once end  for ally   end  the r-es^iltinc curve used  to convert 
the  hit  expectancy Giivve  into a  probability of  dostriictlon 
curyee     When   tlie/'vital s|pot"  hypothesis  can bo used 

1 » D^^ *.   (l^^D) •,n 

and 

Fj*  r 1 - e* DS 
(7c-) 

In  this  equation UK is  evidently 1 he  expected nurriber of tltrea 
tb.© plan© will  be destroyede 

• ••• 
• ••• ••• ■•• • • •••< 
••• •  •••• < 

»•• •  •• •• • • I 
• •   • • • • < 

••• • • •• 
• • • • ) 
• •• • • < 
• • •• • < 
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*. • •   • • 
;..lt.!Cf5 «p;?f?^. l?iffl;'iS  A«9W?a:c^h  e?la*ot •*'t*rX**:h]'*? vacumu,   the 

jj. :j>;j.ens  of. orga«i2atloh  md  oi   relationship  '.vitii  tue military 
pre not  trivial ones,     As  a'matter of fnctj,   in  the last  ■..•ar a 
grest cier'l  of  the  tiue anci  eiiorgy V.'-M;   spent,   by soientlstp  and 
officers^   in  finali:,g yorlr-ible  solutions  to  the organizetioiu=l 
n-ob. ens involved in satting up operations  research,   rather 
than in doing opeiEtions  resGr.rcli iti;elf.     It  took careful 
organizstionpl planning and detailed indoctrination of worl:- 
ers  to insure  that  tecl:nical  inioruardon  couiu be  sent  freely 
across cor.v,-and boundsries without short~circ\i.itlnt.  tiie usual 
chain of  comiiand in regard  to ordei-s.     it  took  a great denl  of 
Missionary vjork  to   Dersunde   security -.xfficers  tliat it \;c s  import- 
ant  to reler^se highly  .secret inforraatioii  to  the  operations 
r?serrch worker,   even   thouga.i he dia nothing uore  than  tlg^nk 
about tne  information,   for  the  tir,ie being = 

By  the  end of  the \i-r,  nost  of tiieie   3rganizatioriol prob- 
ler.is hsu been 'forked out,   in  one  ".v-:y or anotner.     Sever-?:;,   poss- 
ible  types  of orgrnnization hau  been evolvea and   tiie  pos .ib  e 
procedural i.iethods for ,soi:ie  of  tiie  S/eciallzeu operations  re- 
se'^rch vovk  (such as  tiie vrarklni;  u,; of operntional  statistics, 
or  research  in   the field)   had been deten.iined.     Tlic present 
chppter v;i. 1  dlasuss   soDe  of   tixese  sol\itlons  and  ivill  inuicate 
some of  the  probler.is requiring special  consiueration. 

28^. Orgf nizA,tioj: „of an operations Researcii Group. 
The  activities of an opera ciono hesenrcij. Group are un- 

faniliar  to  the  nrraed   serx^ices,   and many <tf  the necgssery 
■•procedures  of  such a group  run directly contrary  to lor.g  estab- 
lislied precedents G£ i.-.ilit-ry ori-;anination,     Orcinarily,   breadth 
of knowledge  of a' ni.litary  situation,   coniLiand res^^onsibility add 
pov'or go hoi.d-in-hanu,   in  -die uilitai-y  ortP^niz'• tion.     ihe  soluier 
in  the lo;er echelon is  sup  ose  to toiow just  enoue>n  to get iiis 
Qwn Job done,   and his pov;er and responsibility 3re cor.iiitensurGte 
with, his knowledge =     Ifie high  corffi.iand on  tne otiier hnnd,  has 
access  to   "11  of  tae inforur^ tion concerning  the nilitary  sit- 
uation,   rnd-concurrejitiy hss  broad pouters  anu  res,.ionsibilities. 
It is p  fij.ndp::ient'-l   ,.)roporty of operations  reseai-ch  th'.t oper- 
ations  rese'^rch  ^^roui-s iiust hcve  broao. knowleu^e  but eixoulu  nave 
Very little   oo''er ane responsibility.     Operations  rese;:rch 
workers c.ust  be  pble to   thin.k  about  tne nilitary   situntion iiaper- 
sonally  r^nd  iBpnrtinliy,   and  this  caii be  uone  best if tney  are 
relieved as much as  ocssible  of the. i-esponsibillty of issuing 
orders.     Ti.;.eir conclusions must  take  the foria of  advice  to   sone 
h2^-jr:^lik.ir^\r:rrfj.cr:r^^,iqii,hi:i^ pi :.v,-*s..ViC;.i>iders   (if ae   sc JS  fit.) 

• •        • • • •    • • • • • •    • • • •        •        ••• 



strong  in  such orgMniz-tians.     In oraer  that  tae  systen v;or.c 
effectively in  times of  ..rest  stress,   the  systeiu  JX  uieraiciiy 
of power and responsibility raust be  cl^arcuto     Erci:. officer 
must be nnsv/embie  to  orily one  superior,   mid  tlie .-ien unu-ir ti;..K. 
must be  ans-.-rr-ble only  to him,   otherv.lse  coi.rxicting oruors_ 
•arise  and  the  systeu falls  to pieces,     oince  brer'Uth of_.a.o^.'^eage 
usually  coincicies with bre"utii of power  anu responsibility^ 
it h-s' be'^n trlcen for  grai.ted  txiat  the  ciinnnel  for. transi:;ission 
of intellifer-ce imst be  identictC  v/itii   tue  Ciir^i.nel  for  tr'-ns-_ 
rais  ion of'on^c^rs  rmd rp;quosts.     This  comKiUnalizrtion_^of  tiie int  
elliger.ce chaKnols v;ith the coKuannd Ciipmiols is  oetisfactory "S 
long  as  tue  Intelligence is i:ot overly  tecliinical or  is not 
ij!r=.^er=t.     If  the information to bo   trr'nsrnitteu  irora heaaounrtors 

■ to''the  fiela or fr.^in  tiie  field  to heaaquarter.i is  both  technical 
and urgent,  however,   exoerience in the  the last v;ar inaicates ■ 
tivTt tlie ror-!"l   com ar.c." ciiannels  are quite  inadequate.     I'ixey are 
too long and  the lin:-.s in the  chain usually consist of  officers 
with little   technical hno-'ledge,   anu  tecni.ical. knov.leatie 
nannot__be_ transmitted via non-technical  InterLiodiaries, 

IlloorMljC.e_of._Co,nt£C,M_.I^ '^.^^ us'now 
S'->e T/hat imalTcations~"tnese  general couuonts have  to  bear  on 
the  Droblom'of organizing  an Operati ;ns  Kesearch_droup. ^  i-aeally, 
such a  group   SXIOUJ.d have   available all   possible  infoinaation 
concerning a  given tyoe of vrrfare;   tixe results of its '.;ork 
could be  findings and recommendations  on  the  conduct of all 
aspects  of this  type of warfare,   from minor detaij.s of mainten- 
ance and training' to over-all   strategical questions.     Due  to     _   . 
■the usual hierarchy of re.^nonslbility.   po-.ver and LnovrloUt^e;,   uiis 
outout must be  fed into  the military organization at  several 
different levels^  defending on the level  oi  tne corresponding   ■ 
finding-s.     The  group,   therefore,   should have  access  to   several 
different levels  in  the military hierarciiy, 

• < 
An C aerations Eesoarch- Group,  moreover,   canr.ot v"ork insulated 

from dirt cted excerience.     -^t   ?robabably is  impossibj.e  and it 
certainl^'  y/ould  be inelficient to have   the  group  segregated  In 
a   single'room or building,,   vdth all its uata  and all  requests^ 

■for  stud-es  oushf d t;vr''Ugh  a   fl:Lot from  tiie  outsiue.     Aji   ;7;tre:iely 
inoort-^n      5art of  the functions of an 0]5erati ^ns Research Gr mp. 
is   to de .ermine vrhat are  the  important problems  t    be  solved 
as well    -s  in. the  solv ,ng  of  tae.,:,     it is   true in operatijns 
research     as   it   .s in   'tner parts of science,   that  tiie. proper 
pntmciat-on of  tie   jrob\eH  to  be  solveu  often requires  a  nigh^r ' 
oraer ol   sc;.entiiic; a»j.J.^xt/.x.:;u,» a»(?5.^^biiit;^^...-^A**iii  :J^.  \..e.^.>rJbr3 4^,1^ 
once it   las   oeen f:^!!^^;!^^^^*;^;, ^,> jj^ nc;* k»*'''i,^^-^'^)i^^ t*1il   I 
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-on:'dbllll^3f/:!^42y::aJ^«''ri^i*''WW.^^Sr^^:)ats:..:li*.vl«*?)lf^      for the 
Hoeratlons :Uose^"-')ra!:  (livovx, to MOTV en    effectively;  siicb: a d.Wlslon 
of''Jabor wnnld drasclcallj redr^ce the Gr'-^np-s i-sef- Ine'ss.    Ths 
■■)perat;^ons research worker hinself must <jet eloF.o enough to the 
act:?or? to be able to help forRu'^ate the i^roblern as well  as to -"ork 

: ■ tR solii.t1.on* 
I ■ 

Both in the ''nterestfs of rapid for!Ta''ati;'^n-of the rrobleris 
and rapid disse^inatl'^n of tho solutions, therofore, it is  ^nport"- 
ant that t^-te Operations Besoarch Oroup have contact at a mnnber of 
dif-ferent Gchelons in the niVitary hierarchy, ':hi«^ Inovit,'ib:iy 
neans the cuttinf^ n.^-'crons of onwB.n6  b nndarjes., ■'•he exporlenee of 
the last vrar has shorm that opr^r^'t-" ons rosea-T-ch can only-f\mctIon 
e^^'ectlvely and adoqrateTy by and throv^'n  sueh channels "Is thore- 
fore a ftinda-'e'-'tal one in the or[;^nriigat;icn of an Operational 
Research Gronp.  In fact, ona can nay that it 1<^ a r-aste -f valr^ble 
technical ta?ent to fnm an Operntlonj Research Grorp ^-'jthotit hav- 
inp,  ^^orked' out a solution of thls«T)ro1 '^er".  which In satls-'actory l-joth" 
to the sclo'^.tjs^s and. tr^  the military offlcerK Involved* 

AssignTnent ^^!}TOV;^  «• "it must ; Iso be ap-oarent timt an OXXST- 
atlons !^sear'ch"'"lrT'o''■'r-"'"vrnTst ';"'e attac^'e to the o]2erat^>n§,l cc^nands 
in a nilltary or.-^ani safj^na The logi tic and t(rchnTca^''coTnn.ands 
nf  the orp,an':^.j;atio.ri also have the'^r p oble'ns reoiiiring scientific 
t)ersonneT ^OT  their solrition. but thl , sort of -'ork 1s not nhat is 
""'eant by otjer'^t:^,ons KeseqrchI The op ^r^tions research T:7orker irrast 
■■^9 the sc.ie'^tlflc adviser •'^f the fif^}-;ln,t^ -'^orce l-f-selfj and must 
never degenerate Int^' a Kales'-'-.n for i Taboratory or a ser-vdce 
branch* He Tnust be able to rer:der ir •irt:i-.l ,1uc?i;eiTient on various 
.eqi'lp"Gnt, so as t-'^ ■nic'''- the one nosl effectiVe for the operation 
at hand, not the one v^hich happens t< b^^ i:'r.^©d b:" a .Fnireaii.. It is 
i^.'oortanta not only that the operatic n? research, '^orl'^er feel that 
he is nart of the fiphtirr; team (evej to tlio extent of being sore- 
vihat  si'Spicious of bureavs and labor-or-les), but also that the 

. oT5erati"'nal cor-r-and be-thoronj^hly pe: swadet' that the v/or'^er Is TG^.lly 
a 'ieiber of the f-'ghting tean^ 'The * ■perations Research Gronp 
shonld therefore bea'^r/lgised directly to the operatin.n; co'-rand and 
should n'a^'e its fenorts r-nd recon-en .otlons directly to the various 
echelons In h'^' n com- and» .    , 

,i^nb-Oro;i^t>s .in.the ?ieM~ It s lonld be c]ear from the fore- 
pol'^g that "an OperaliTons Ros^    Gi m-^  shon.ld be attached to a 
v'gh echelon in the 'leadqrartor;? ''tE 'f, but f^houM also, ha-"-e points 
■f contact nrovided vith  lox^er eche'lans in the field,. "1th the n, 5;; 
'iay/.thls was ach^ered by asF^igni.nr: ths fiV'-'Up .rir  s. \7h0le "o the 
Fe^jji^ip^ns* p^'V"'j?^*'r5,of •t*'^e»»%ae«>'ifTt?«» j3f» -#]R*| Co?n' "-nder In Ch:?0f. 
'of* S iv'I"'J "•"♦' t:-:':*? ^^fi'z-g^nfj pj^t^. jc^*; •♦■'•••:» '■jronn to the jitratogic 
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re-oorts only on Headquarters aT«thor:!j5atl  n,     .'he  Rub-GrotipSj 
ho'vever, \vere assigned to tHe-'r resr>ectlve t ■>aater conands^ 
and distributed th^alr rer>orts o^ly 'lith th.'^ .T'lt'tor! Kntl on of 
these  con ands»     Thus  contact vms '^ade with  several dj-^'ferent 
echelons  in th^ -military hjorarchy, 

Int-^rcom^nriication bet^^p'en the Si.jb-Grcur. and  the IT'^ad'- 
qnarters  (irnim was  carried  on directly and  f.reqnently r;1 th  the 
ar)T')ro^^al of Head afar tors and  of  the Theater Con-and s^     Toward 
the end of the r/ar,  bi-rreel'ly teletyrie conferences v/ere held 
between the Central   Gronp and  the Si^T-Grontss at Pearl I'arbor^ 
X7ith a resultant l--nprove?''ent in this Irsportar-t lnter-coTT"nnion°»' 
tlon*    Formal reports  sent frora tfie Central Group to the Sub- 
f^roup v/ere svib.iect to the aDT?roval of Headqnii.rters;  sl'nilarly^ 
renorts sent from the Sub-Groun bacK to Headquarters t/ere 
subject to the ap^:rova]   of the  local   theater comnandor^     In- 
formal  coi^nunlcatlon also went en;  giving facts, not gossin 
or personal or.lnlo:is,     Tnfornatlon plained by such Intercorr-un- 
icatl-n vias not dlgse^riinated outside the  f'-rouD until per^nisr-lon 
had been obtained from the source,     "husj '-'ith a well Indoc- 
trinated Rrmrn,   technlea''  data could be obtained rapidly with- 
out disturbing the nori^ial channels for comFiaiid * 

It ^-rar- alf^o -^ou.nd  l^inortant to circulate  the nersonnel 
between field apsif^n^ient and Ilr-adrn-'arter?;  Groima    Tfiich infer- 
'nation can onl^r be  "soaVed. vp" in person in the field,  but 
si'ch Infor'^atlon Jcan often b^ ^'•ost useful  bade in Head quarters <. 
Conversely,  the Headquarters VIQTV-QT is likely to lose touch 
with reality unles:^ he Is  "^ent t'^ the front" once in a vjhlleo 
A neriod  o-f rotation of abou.t  six months see«is to be healthy. 
Such rotation often Is opuosed by the field  con-ands,  particu- 
larly v/hen they ha--e a f^ood r^nn assigned them,  brit the rotation 
Is  ?nuortand enough for the homogenlety of the Groun and  for 
the alertness o-^ l:-s IndlvidisalSj,  to risk local dls^aeasnre by 
maintaining the rotation. '   .     . 

Beupr13,,,and_';;e^ioranda ^ The outrut of an Opnratlons 
Research Gronn consists of renorts and memoranda;  the reports 
embod^'-lnf'; the resu'^ts of major  3tu.d1e£;«  and  trie  memoranda consis- 
ting of com^-ents of various asuects of'the changing military 
situations and  of surtp^estlons for action.    The renorts generally 
cnrne ^vom the CenTal or He&dqr<arters Groim, vhere the members 
have the leisure and facilities to carry out long term studies. 
The Sub-Groups at the,.QUjiaylag bp^<i^£. vi£jial.i,v iin»iy..t)ae, reswllis 
of these basic  stin.ilfes| p.iifi  the:U«: ottfy.sA ^o^tifc'?!  Ii3'el3| J-oIc^Dnslst- 
of shorter notes arid'»?e^-T^ai-Kla.»»»*\:tl/(Sf*'th^s cfW-trjut*'^«st»bl Scrut- 
inized c-^.refu.Hy toste that'he imterial Is consistan.t r;lth other 
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/l.Logoric.^i:.y,   thf: ■Group wighf be  consiuoi-eu  to  be  3epn:^j" 
■i :;ea   ifrxi  the.rei^t of  tue lailitary org:^niii'vuion by  a   sei,!i-perr- 
ri-'^bl" ;;;enbrpue.     From each   me of its  contacts wltn  tae military 
orgr.nizr»ti:.n,   nt iI;.rRuq-uflrt--^r3  and at  tae  tlier.ter coiiiz.iajids,   dpta 
concerning railitFry  oper-iti ns is' abi;orbeu  tlirouj^u   tiie uembm.e 
into   the  Grouo,     Insiue, the Group  tnese  anta  end related iue.'.s, 
su£i^estions,   crltioiszas, . and  theorie.;   sn,'ju-i.u  circulate  ire'dy. 
Internal ;ae:.-;orahdE   nnd  studies,   -.aiich ai'e not  supposed  to  cir- 
culnte  outsiue  the Group,   should- promote'tnis rnpiu  flow of 
ideas  .-^n     suggestions.     Only in  this  v.-y csii  the  proper .-^tuos;- 

• )here  of  fr'v^doii of-tiiought be buiJ. t u 5,   y;.:thout ivliicu no 
ariertiflc •."dvri.ce   can  be ;..inde   in   tne, field. 

Because of  the  great difference  bet'.veen Military  proceuure 
ai:d .scientliic   ;)rocedur'e,  ho'-zev-r,   this  interplay  of  3u..gestioh, 
criticism,   nnd  theory  should  be kept  'Vitnin  the  Group until  the 
ner; iaeps  nna  concepts have  crystnlized.     A riilit.nr>' orgrnlza- 
tion,.   by nature,   finas  it difficult  to understand  such-an inter- 
pl-^y;   rnd  -^  bro-u.cnst oi   the  proceuure   to  tin-   service  at large 
only produces uisiu::derst?aidlng and  suspiciun.     Tner'?fore,   the 
seni-per.:eable raer.ibrane must be  so  dosigneu  tiiat it v;ill  allo'.; 
r.nteii-^l   to ^o fron  the Groi;p out  to  the  sorvlce  at lai-ce onl;^ 
if  this material ii^s  come  to roprece: t  the  considerea opinion" 
of  the  Group as  a  whole,   on' tiie  basis oi' all  available uata at 
that  tirae. 

Consequently,   th-^^  vvritten ;.iater.:.a.x  o£  the  Grou 3 juust be of 
t-/o  sort:   internal   stucies,   reore^entint. prelii.iinaTy  t..eories 
3i.d  suj,;ge3tijns,   .-.iich  circulate  freely ;;itnin  the  Group nna to 
tae  Sub~Grouos but which are not uistrlbutoa to   tne   rest of the 
.■rvice  exceot unuer very  special   circiUiistances;   vm^  the reports 
and nenorand-^ ;;ontioneci  above,   which  j?re v/ritten /primarily for 
:-;1rr:;;"!-ation  to  the  rest of ■ tne  service.     Tnese reports  and 

dt! ;.iust. be  carefully editeu and  referesd,    ^ T.uey iiust enbody 
wie  C'.y.i.sldered opinion  of  t}ie Group as a whole, anu  snouj.a no c 
contruviict previous  reports- (or if  tney ao contradict,   an    exulan- 
ation. shoiild be included as  to why the  Group lias  c:i.nnb,ed its mino) 
They  should be vrritten  so as  to be unusrstrut--'bio  ana  easy to 
read .for  the  average  op'-u'ationai  officer.     Tiiese  officers are 
us-.-'lly ovef-v;or.:ed  anc  should not be  exyected  to   take  tne  tisie 
t-?  absorb  cojiolicated artoUrients  or unclear ;/ritini:j,.     Great 
a.:Toi't must be ::''de  by  the'Group  t':^     ; :r,;^   t.-i,e iiajor -pcnts easy 
to.*ji«u.''::'S"St»J.v....:tf-»^   .iirf*.i'3a*;aj.£-. ..."i. /..• .... »»*B   ,,   in all  reports 
.....       .       ....       .       ......       •»•■'- ' 

.       ..... . ..       .. .. .       ... .       ...       .       .      •^iJir<     ITT'OII:"! 



ce 
in function 
officer 
rese'^reh viovKev in  a  civilian  status,   at leai;t vdthiz:   tao con- 
tinent';.! United, States.     In an outlying  tue-ter  of  oper-tions, 
hov.'ever,   it is usually necessnry frsi tue v/orker  to be in uniforci. 
Sonetiijes  the v;orker hs,3 been given  a  tciapoi'ary ran^^,   sufficleit 
for hlrn  to  .)erfora uis  x^unctlono v,-itnout uiiuue  enbarrnssi.ient. 
■This   teLipor'ay rank h"s  soi.ie dls-^^avrnt-ges however,   for it 
irujobillzes hln In   ui ^ u'iitary aiornrcuy,   unu i.alces  it uore 
difficult for '^.±m  to ap.iro'ch lov/er'echelons on  terus of eL^unlity» 
Soiaotlmps  it has been possible  to  avoid  the queiition of  tei.ip- 
or^ry  r-nnk,. and give  tiie worlcer  som::;  special  inslt^nir..     iiiis 
also h5s difficulties,   for proper accoLioaations  anu  eixtr--nce 
into- i-.eces.'v'-ry headquarters ore often only avrilablo  to officers^ 
"nd  the  soecir^l  insignia rapy not be recognized  as  being tiie  ec,uiv- 
plent of an officer. .■ .    ■ 

Host of  these   probleus are  Indiviuual  ones,   ana no  fienerr^l 
solution can be offered.    More com, .ents  -^n  tiie  status of  the 
vvorker in  the fi*^ld '111   be given  in  the ne;:t  section.. 

Recruiting nnd  Training the Operstjjns heseorch Vtorkor- llo 
particifiar correlntion has b«;-!n found betv.een the   jsrticular 
sc-entlfic  specinlty in '.hicn  the  opor^;ti;:TiS  research worker 
vas  trained  r.nd iiis  subsequent e:ccellence in  tiie  field of oper- 
ations  research.     Since  the  subject is  a ne-.  one,   no  scientists 
have  been  tr"inea prli.prily in oporr^.tions researcu,   and, it is 
unTikely  thnt'such  specialized trriining v/ill  beco. .e prevalent 
soon.     Gonserpiently,   the majority of  the ^vorkers  In operrti.ms 
res-^-^rcii must be  recr"\ited  from nei:  tr- iraed in other br-ancues 
of  scierce.     It is  obvious  titot  fcieir  previous  trriniu.g should 
bo  in  science,   since  operations  research is  a   br'nch of  science, 
but it is not certain which  science  v/ould provide   th-;- best 
tmining.     In fret it npiears  thrt er;ch  science has  its  o'v,n 
usefuln'=ss iii  the  tr-'rirrlng. '   . 

Tilatheriaticlans  are per-ij.f?os  the most useful  in headquarters 
Groups,   osrcicularly if they l^ave  trainln^; in  tiie  field of 
probability  ('tlzich  uoes not i.io-n  the usual  course  in  statistics) . 
Their capacity for abstract  thought i-inkes  them partici;.larly 
vf^lunble  in annlytlc";l   stuuies,   althoUfiii  an interest in pratlcal 
a iplic?3 tions  s^ens  to  be mor-' useful   tiiar. a bent  tov/ara coiaple te 
pbsti - ction. 

r.len v.dth trflining.iii  physics,   are  also part^culni'ly velu.^'ble, 
since most of  the vre'-pons  of war  oper''ce  on   n'inci J1«& ' vtei;. 
kno'vn  to   liysicistf*!*: r*Jr1*^t ir^mhxk'^.me:^v.TM.i:*\rij^ ef^ilvj-    ■ 
nent   performance ui^|j> c^::.u;.e ^J ,;on"«,t?f.tl'0j;nin:   iiJl jSJ^slci ^ 

287 



*■ i' 

It has b .■*^n found  t :■   be romer futile  to  rtteapt to  trnin 
oper-'ti ■ns  research vor'.cers in S;)ecial  courses  awry  from nn ^:)er- 
atijr.s  Research Grou;.),   though  thi:; may be passible  in  the i'utur-. 
It is useful   to train   tiie future v;or.cer in  the prop-.rtle-  ox 
nilitary. ec-nlpraent and  in rdlitrivy uoctrlne,   but he ^aist learn 
operations'research by doin.^; operati/ns research.     During  the 
last war  tV^ere w'-s not •icc-irnul'-^teu onouoh basic data  in  this 
field  tj   serve ?:■; object i.interir?! for  o  class  to v/ork on.     In 
rui.;ition,   probiens  of organization and contnct v/ith  tno lailitary _ 
ch?r'.ged   so  froLi  ti. ,e  to   tlLio,   -x.d iron group  to  group,   th^t it 
vjr.s rilmost laore iuportnnt to learn the  I^TOII;I and hov; it v/os 
^llov.'ed  to function  th.-^n it '.vas to learn detrils  of  tae  subject 
ajie^id of  tiiie.     Consequentlyj  men v.itxi  solid ti-r.in.-.ng in  basic 
science,  vdth a fl?:lr  for research and an iritere^^t in  tneory.;,. 
'■/;ere  chosen.,   'ind the  apprentice iviothod of train.J.ng was -aseu 
'.nstead  of  the  cla.ssroom iiethod* 

Perhaps  in  the  future,   as oporstions  researcii  cojnes  to. 
be better recognized and has accuMUlateu a  back^jrounu of ex- 
perience, and'Imov/leage.   it \/il,l be  -avis-Vble to give  courses' 
in  the   subject for praspective ■...'orhers  in  the field. 

2g._ 0perations,..R.e_sen^rch._in  tiie._Fleld^ 
Activities of  representatives in  the fiela  foru en import- 

ant part of operations res'.nrcho     ^'his ixas been found so in all . 
th'-   groups devoted to  this ty,>e of ••ork,  inducing  the United 

■'-"tates J-^pvy rnd Ari:3y in ti.eir seve.rl tsrcncnes and the Bx-itish. 
T.ii3  section «ill  atbesipt to forr.iUlate  and illustrate  some  of 
the esoects of fi'--ld \7orIc.     The exaaiples ^^11  be drawn froia the 
ex.T^rience of  the Operations Research Qroup (ORG)   assig-ne'd to 
rnd functioning :,'ith the Headcunrtors oi tno Cpi'ari'u-.u.cr in Chief, 
United St.-^tes Flet;   it is i"elt,  nov/evei-,   tunt tney   r:re probrbly 
general   in nature. • 

'York-of  th''^  field .re')res(;nt-tives   serv:.;s  sevor-:!  purposes: 

(p) ,     To  :)rovide Jielp directly  to  the  3',;rvice units  to  •.'hich 
• •   tu9y •tt*'.;:;••iv^•tai:n^ir^w!•il^4•^ itnciiw-i.... ••• 

:   : •'l.l".:    TCJ 5cJ?i^e-ii.fii-»«'?-inS.^ i..   ."5;.I»:«lf;jit-!otnerTv:ise.be dif- 
J   I I*j.'l>,.**»«c Jto ot>-l!a;.c«y %».*! •5-f >.%M..'»€• ••-••t?>»*lie  parent operr-tions 

lesr'rrcn body„ 
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,": •••: *:• •••: •:• •••, •••  .-,    ; ...^ .... 
(c).     To IgiS;-e*tIii'.-^: iritjr:jv.i:ui.i4?> Li«mj<;r^^ or jtiie. J]srw'at5;ns 
fies-^prcri. *(jr6u*p ^'•pra(5t*L*<!.--]"t>-'e.*:^foi?i.Ci*».rit?eh*i^ l?»uis jen- 
sable ill r-voiding  tlie pitiPils   vo v.iilcii tiv.   pure   t-.corist 
racy  be  subject. 

The vnluo  of )ini:itwining re.or'-^seii-crtives  '"ith opoiatii.g 
nillt-nry units tiirough'out the courss of an operation;-' research 
grou'T's  "ctiviti'^s  is  tiius iiacle  ap;jarent. 

Assi-^niaents-  The  principal   types  of fiela  a3..igrinent in- 
cludes: 

» ■ 

I a),  Lisison 
,b).   Staff 
cV.   Operations 

,d).   Training 
e; FxperiMentol   I operational) 

ExperiLientTl   ^aquipia^snt), 

Pepresentatives of ali   types  are ue3irab..e in  zlv; field. 
In  actu^^l   oroctice,   it is  seiaora  that a  field :-ian is i-estrictea 
to v;ork  in  any  -)ne  of   thes:3  ty_)es;   ind ;ed,  uis  as.si^^niuent is 
li!:ely  to  I'epresent  a mixtiiie. 

The liaison type is test illustrated by tue  representatives 
of' ORG in Loiidon,  v/hero  their primary raission was  t-i  secure 
inforhati ^i. for  the 'parent body,   and indii'ectly for  tjie ]^rvy. 
This   infomation v;as  obt"in"ed fron; Eritisii operations  research 
grouos  anci  fror.- the British nilitary service::.     The  OFiG repre- 
sentatives also kept'the British units posreu or^  tiie  r/ork of  the 
OF.G hone office   (to   the  extend   >oi':.utteu 'oy  the nrvai   s:;a.ff 
and  thus iiolpea  to njininize a  aiiplication oi   rcse-a-cn. 

In  the  staff  type,   tTne  re )re::>enoative is   "ssii.'neii uirectly , 
to  the  staff of a  coriii-nuer of  soi.ie operations  unit,   sucn as" a 
Sea  Frontier,  a Fle'-^t,   an Area  or the ii.:o-     This  re^.-^reseritative 
acts  rs a  s::rll opentions researcn group in .xis ov-:r  ritiht, 
seeking  soluti ns  to  probiesis appropriate  to his  auties. tiint 
are   n'oposeu  to him by  the  staff  couinanuer.     In auuition,  his 
location at hesdcuarters -prjves extreLiely useful  in  the collec- 
tion  and  systc'iization of op'^-irations  statist...cs .ana in. for .'vd- 
ing   them  to  the  central O^^^G.   Tiiis   type  of assi£nr.'ient iias been 
foiuid very fr'.:itfu.L   anu aas  been usec. often,   botn in Atlantic 
anti-snbiiprine work  and in  the Pacific. 

I'erhaos  tne  fce^it. •i^i'^^i^iii^ of. tiio ^te.j;4. ^.w^.^y. i;4l^^. i^ 4Vund 
in  a   i^eari. i^arbor  sl^l^gi^wSip:   cialyi:^^^^;;;; '-..ni il^mrali roei Jist3pi;C. 
to ConMahder ou: [r:-r*k«ll)A^.rr.ii.:;i;iv5^^:.ljiiii.§ 4i-^V-gi'o-.ij lc*)mAd.-<Jcledi fj:ie 
bulk of  its \.-ork at   tiie  co, ;riand h.^adcuarter;":;,   ^ettinti into  tne 
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•*f iold'' aijd :D:u^tl^i^tt/irt?••iin.•'-^f»'^'••t/■*^?l!l*?-n•€o*"e^    with such pro- 
jects as ic(?a5.2^^(i:,3ii<fh,;^|i4rj;i^..::. .:. :" .:. :... :..• 

In most staff tyne assi.-^hnents, siich a; to Rea Frontiers, the ri&u 
hfive also enpraged 5n opprati-^ns type act I"'tins, f^oing on operational > 
mis priors to observe the techniques Involved,  This contact vdth lower 
echelon ot>o- atinf? personnel tjar; n^sGd to di ssenlnate directly such 
technical infornatlon as see?r^ed der>irable<, Thus, a representative 
at a Sea Frontier could spend a considerable portion of this time visi 
ing x-arious bases where he i^udled tl'e local rPCvords, lectured and 
talked infornally with fie r)ersonnel and .chained personal l-riowledge o-" 
the technicalities of the operatl-ns» Purely operations type assign- 
ments have been Infrequent? cerhaps the closest aT>"nroylnation to these 
v;ere assignments to a CTR  during an ASV,' cruise 5 to a subnarine on war 
patrol and to a task force during a landing opnrati'->na 

'i'he training tyn-^ asslgnnent has also b<^en infrequent» but sone 
e^rcelTent T7or> has been done by nen asBigne-d to srfch training bases 
as at T.anglay Field, Virginia, in connection ^/7ith Array ASV/ \^orl', and 
at Faneohe, with Fleet Air Tiinr, 2.    On such assignments, studies were 
^.ade of iT^nrov-'n.<r ot)erator's techniques through trainingj \vith an eye 
t^-^ the best methods 1 At such locations It wps also frequently possibj 
to find annroximations to operational data by studying the results of 
training -for the oneratlon unrer study* r/hich -"-ere quite useful when 
it hapnen^d to be difficult to obtain operational results. For exampl 
a study'of ARVJ bombing errors from operations! data was difficult be- 
cas-se of a scarclt/- o-^ ■p/ell-recorded data, ?7hile data on training-" 
bombing errors '"ere available In statistically significant-onantlty. 

An example of the exnerimental (operatl"'nal)_ ..type of VIOTV-  T;as 
to be found In the assi-^srienl of me"mbers to the^Tnti-submarine Devel- 
onment Detach'^ent. Atlantic Fleet, the one official unit ^vhich made 
©x?)ericental studies of nroposed. one^-atlonal nnit x'jip'ch made exuer- 
imental studies of protjosed OTserationsl teehniqries in the'field of 
antl-submarine warfare. Here the opsrat-'ons research representatives 
contributed Importantly, through their study of the -esults of opera- 
tional tests. A sc^ev/hat similar a;^r>lgrtnemt t?s,s at liangley Field, 
to the Army Air Forces develonment unit for anti-submorine work. In 
general, it Is regarded as doslrable to '"alntaln one or more ouerat- 
ions research renresentat"ves at. stations d^nroting their efforts to 
sxnerlmental ouerati'-nal study. 

The sixth tyne, .exp,erlmental. (sjiuiwm%Xf ^-^ "-Q^-^ uro'oerly part 
of an operati-^ns researcngroup^s \7or,l'<> Of necessity, ''ov/ever, it 
r^.as been found •'"requentl • that th^^s type of v/ork can be-done 
exuedlently by the group's rien, because of location or other reasons. 
Such .voist<-j-ta&.birsaa rfiarBled.£i^. hath at,.£GJ*5»-Li5r*t and at Langley Fleldo 

•       ••••• • •••• •••• •••• 

290 



\ 

All si 
aln{2l<5 b-^se, 
addition to    ^ — -   . -   ^ 
function as liaison betv;een his station ana tlio Heaaquarters 
Group, might mB'ze  some stiiaies of treii^inc resulcs and i.iight 
occn'sionally carry out exporisaentation on P ninor scale at the 
request of the corL;a.ncIing oiTicor. 

Of the siy. types, a conblnation of the staff ma operations 
tyioes hns^been found most fruitful in proviaing asoist-nce to 
the comaands and information to tao c^^ntral '^roup.  k»hilt) each 
type has obvious iierit within its defJned scope, tho at>Gignaent 
to' the staff of the comnandor of a fairly large oporating unit 
has proved of greatest vrilue and should probably constitute tne 
bulk of tiie fiold work^ in a future v/ar. 

Assigni-iont of field nen to tiie Trinidad Sector of the Carib- 
- bean Sea Frontier is cited as an excellent exKnple.  They re- 
verted directly to the cortiander of the sector and thus nay be 
regarded as having a staff aoslgiiaent.  There they v;ero avail- 
able for' consultation on planning and the results of operationSo 
As in most broadiy-organizeci bases, the: e was ample variety of 
operations to reouire of the men a certain amount of the five 
other types of v;ork. Proxir.iity to op-^rating sq-iaarons^enabled 
the nen to keeo in close contact with the fieia.  Studies v/ere 
made of the training results in tnese sane squadrons. Liaison 
v;a';. carried on, both in forvvardinti operational neeas to t.ash- - 
ington and in explainin.g doctrine aevelopod in Viashington to 
the- operating forces.  At various tiues,- exporiiiental work \;as 
done, for instance" on the study of tiie effects oi  Geruan search 
receivers and of the use of  Anerican search receivers in search- 
ing for Geruan radar. • , 

Types of Field Vv'ork- An operations research nan -'-xi  field 
assignment encounters'var'.ous types of work, v.-iich fall into 
these orinary divisions? 

Analytical 
■Statistical 
Liaison 

. Fxperii-iental 
Educational 
:-^ublication 

tho study of 
or at least 

The analytical type of problem consists of tho 
an operation, najor or ninor, before its execution, 
bpfor-^ d'^ta on tJie results of tne opor-tion are available for 

craft bar 
ion.     FxanTolrs.iiti  pvi.i>,in.i^ f-inu<^OTi^*,ZliJi,u-^^^^i. P-^./j-^- 
r^r^c^v  r-flt-t'ol'-   -'r* r?-^»  F-m»th i'i':'et» j5re»a   ta in£''5fi?J2,!t : rrxei   uo. ux ^A*-'••.i« ••*•'-•i.i-v**--'.**-*^ •••     •• • •••    •    • •    • 
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submpr25iefe#«c>r«*irt'.o; sti^d}'^ (?|", a.fj,1;.i-t5orjiiao loAJstive fan.euvers by 
the fiul>iar.-»n*c» l)p,firf!.1;i •5:!£; Iis;:?G5'-Jidh.Sr*)Up,«Jiet?i»Pfte«»* 

An operati.'ii can also be studied by stntistic".! exsiaination 
of the operational reaultSj    such as the nu..:firous exnuinations 
of c^ntncts to detornine the probable use of soarcn receiver 
ar^airist radnr, or studies of the relative hasnrus to c..)nvoy 
and indepenaent r:ierc!iant vessels.  A nore 'Conplete aiscusjion 
of spocialized statistical tr-CxUiiqaes is given in the next 
Section. 

Liaison viov'z  has been disciissed to soiae extent above and 
hardly neeas anroliiying here,  '-^his '..-oric is a natural necessity, 
and a certain amount of it iiust be aone at each base. 

A certain amount of experliiental v;ork is a necessary and 
or^per function of an operations i-esearcn fielu .aon.  Tais uoos 
not me^n that it is his proper duty to inaulge in the uesign or 
develojj.ient of nev;' ev/uipnen't, but he can play an luiportant role 
in studying the use of nev/ equipLient or nev. operations. Then 
a nev/ piece of eculpnent^ such as a radar set or a boiiibsigiit, 
is first available for field use, it is uesirable to assign., if 
oossible, the first output to units operating in an area 
serviced by an operativms .research rann.  Then the initial use 
of the eq-Tip. ent can be scientifically observed and sugr,e3tions 
formulated to rid in iiitroducing tiie innovation elsevwiere in 
the field.  Similarly, when a nev; operational technic ue is 
proviaed, such as the use of flares in a night aircraft attack 
on a submnrine or surface vessel, it is again desirable to try 
it out.uncier careful obs-vrVati-.n ana to iiaice suggestions^for 
the elinmation of ia perfections which may appear. 

The qauc.^tional aspect of field v.'ork is two-fold: education 
of the operations rese^a'ch :.an in the laethods ox tne field and 
such instruction v/orl: in the fiolu as ho is able to provide. 
The first, self-educational, asooct is of extrene iiaportax:ce to ' 
tlie st;ccess of an operations rose^^rch group and should be 
encouraged at every op.)oi'tunity.  It is orAy by gaining intimate 
practic^'l acqaintai.ce v.dth operations probloi.is that succoi:.::ful 
op'-rati'-ns research can be done. 

Tiie educational contributions to the service personnel 
which are v^^ithin the sphere of activity of the fiela represoi.t- 
ative incluue both forrial and informal Instruction, i'c is .not 
unusual for him to be ca led upon to deliver a lecture or series 
of lectures -to operntion?-! squadron personnel either at a school 
or,^-|^ ;J:hf j,y^-5'ir»bjVi5.»«»Jitft;'A^*l^y, hj? ii^S :f?-s2quent contacts 
'viJ,u:o:if«rr;tioi5r?l tet^i^f^nfil';   b^t-^'^roSv.^'^iciinJ.ly anu socially, 
ivhlci! *orhs*!i*t*ooortJuni**le5*'for' I'RfiI'fu***ui*s*cussions.■ 

:»op 
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The fioli r:rrf|.:-5:occr!»:5i}i.,ai^.,y^<v'lj^2i yotn  t^Jli'^t^: i»i  tiie. 

mblic'ition  qf**7rb'f 5.'SI.)r^o 1 • •>»:ritKj.i<Wfi€**1 £•.»V.5JU.i7y: tije',Qa.-..r.i"ncl, 
to   viiich lio  io 'attnchoti,     Eyjjjplos  of  this  nre   t;j.e  StativTtic'il 
outnnary   rablisucd jri nithiy  by   tae Trinid^id Sc.;tor oi'  tue  C'riobo"ai 
Sen  Frontier,   the  Subm": rin-'? -nulletixa  jubliiiiiea by  tne Co, ino'-naer   ; 
Subraarir:" s,   ''ncific  Fle-'i't,   ?^nd   the ;;iotxtiily /nti-Sub /riiae 
Bulletin of  the  cevonti. Fleet,     lepres .int:-t^-ves  of. tue /\nti-. 
Submarine Vriifnrn OperPtioi.s Feso'rcn Group ix.nve naa iMportniit 
roloG  in the  foraation  "nd  cor.tinueu publicntion of  tneso 
biilletins.     Ti.ls   type oi  \;ork  is  reooi'uc-u  as uo^it Vc;.Iu.;:blo, 
innoraich as it •'^■cq'.rii.Ls a wide  circle of  reacers \':itn  statis- 
tical  "'nd  rr.nlytic'!!   studies. 

A  diih'cierit raethod  oi'  subuiviuiiig operatioxiS  re3'jr.rcu  .',ork 
'v:>uld be into   strategic anu  tnctlc-1  ^'or.!.     A  great G.C;>J.  of  tne 
ooer?tions reGe-^rch' in  the recent v^rr,   but   ly no inecns  r^il-,   xiaa 
been in  the  t^ctic'^1  field,   nnu -tuis urs bev;n  even laore   crue  of 
field ner:..    If  a  i'iala rr^n,  however,   is attf.c.ieu  to  G   sufficivrntly 
high  ocii'-:l-:}n  co:a:aan<.i,  he ra?y  be   calloa upon   to   stixuy  utr^ t'^t^ic 

■:)roble:is.     For  ex->.-:iple,   nn ORG nsn at Arf_,cntiiJa.:vor:-eu on   t^e 
question of routii:g  cor,vo;/s,   and ORO uion ::.t London, v.orheu  on   Uie 
problevis   vf ootii.ium  sizes  of  c )nvoys  niM  the B.iy   Df Biscay 
snti-subnarine  off^nsrl.ve. 

Qenerrl Corajjients- The  following gener'1  coiriKient^  concerning 
field  aosigni.ients  rre „iaue  on  tlie br.sis of  tiuj  experience  of   the 
OPG during  tne   opst war.     It  is  to be  reiiienibereu  tii--t,  vaiilo 
these  sunGeStions  prob-bly voula apolv to other cases^ 
situatior\S niiKht '.veil  develop  vnicn would  uoiu-inu  er.tireiy uiff-. 
erent  treptr.ent. 

Selection of  the locvtion  loi'  a nei'/ fiela  fiSEii^nQ'-'nt,   -no 
the  initial  ii.stellation of a r.inn,   ueper.us upon  several  factors. 
Consic.ier?^tions  paart from operations  ies';'.rcii ueter;::ino .tne  loca 
-•tion of  soi;ie  types,   such as liaisoi.,   training or  researca,   and 
such assigrj.ients  nre  alnost sutomntic.     On  the  otuer jtif^nu,   ti^e 
loG-'tion of a co..!bined stpff-oper-.ti:ns  type  sssigni.icnt requires 
c^-ref'il   corisidoratior..     Sel^.^ctlon of regions  of  extensive 
activity in  the  operations under  study shoulu   De inaue with 
consldernble  caa-e. ■ 

It r.rast be undei-stooa  tn.-;t  assigniaent is ...."■.iO, only upon 
direct invitrtion of  tj'io  officei'  to wiioi.i   U.^o i.inn  ".\ili  bo oruereu. 
Ti'iis requires  loriaal  or infornal K'-chlnery  to  inforn tne   proper 
officials of  t,ue  existence anu  avaiinbility of operations 
rese=irch [.i-^'n ar:d  of   the  t? >e  of  service  tnci'  c-"n   .^lerforxi. 

•••    ••••'••• •    •••       •••       ■••    •       •    ••••'•••       •       a       «« •• •• ••• • •••• • •    •       •    •       • 
As.^ignraent   tcf.-:^ .,;;2;;^:^:i.(Vr^i^.;,.-.^.fts .o»ia,.;.bi:- ^^^^i;?-*;. ■•-t, 

vs-ith  tne  area   and  type of   iroDieu under  stuuy,   is  t^enerciiy 
desirnb'o.     Talr^   ^-:rnits' tiie -vluest uistribution  of  t.e,e f.-eAv. 
jian' s v:ark. 

' ■ '      ' ■ ■ --9'-\' 



coraiiBiid,     This library shoulu  bo ke^t up   to a.-te uurinj^  tne 
sssigxiiien'c. , • '' 

After  "being aaiJigned,   s  field ucn voiks  on problems  jn^sented 
to' iiira  by the  comno.nding  officer of  tne  stnfi   ns   ..ell  rs on 
•irobl'^ns  orif^in-tinj.:  ivitii hirisolf.     The uiti.i4rte excision ns  to 
tiie v.-or''.:C  to be d )r.e  remains witii  the  comcQpnding officor,     Tne 
field inBYi should rench an "gr .eiuont vv^th this oiiicor th^^t ns 
a   scientist ne  should hnve  couplotG  accec.3  to  tiie  aata   per- 
taining  to  an o£sif:;ned  ::)robieia.     he  is  to ranke  all  official 
reoorts  to   the  coxae officer,  vith such distiibution rs  tiie 
latter  approves.     However,   infor..:cl   coMi.Uidcation  witn OKG 
he'paapu-rters shoula be  - rranged for,   cs tuiii  is Mj^hly desirable 
for   the  :Lnterc2ir3nge of  ia.^as.   . Taoae informa:,  co.u.rur.ications  are 
generally  shov;n  to   the  off leer .in   cnarge,   for x^is  ii.foraation 
mther  th^n for censorship. 

Provision for opportunities  for  frequent trliiz  about tne 
oner'^ti:)nal  area  and  to OKG her?.d.Quartcr3  at le&st'every six 
nontns  should be arrnnged,   to  stinuj.ate fiirtuer  tne  exchange of 
ideas. 

The field .:;an is enjoined  to  reiViei.iber  tn?^t  taese  n3uigix:.ients 
should be  ter/.dnated as well ^s stsrtGd.     Once he U.Q v^ell estab- 
lished in n  given location,  nr^turai  inertia riry be  countea u^jon 
to  slow  the  process  of  tGrmiiiatli.g  the  S33j.giiiaent anu  coiv.Dieting ' 
the -'A^orh  in  th?=t field.     It shoula  be unaerstood  tnnz w^r'is a 
constantly changing operation    ana  aSoli;,ni:ients inust he snifted 
to keep-field ;.ien in appropriately nc,ive regions.     Tne supply 
of  such men is llrrdted and  should not be wasted in  ..e-iu-ena 
streets. 

^xoerience has  proved  thf-t n   fiolu .uen cm  frequently' 
function best when in unifor:.i.    At a.lo-CGtion wiiere'alaost all 
personnel are in uniform,   the ;oresonce of s  civilian frecuently 
.presents a   oroblem.     Local rules and regulations are often not 
desif^nod  to hrinale  such a  situation.     The BritiSix uet  the 
orobiem by comaissionin;: op vratiui.s  research nen as officers for 
the  oeriod of  tixeir field assigniients.     The 01-G of CoriilnCH 
designea a uniform of  its ovm for its fi?ia i.ion out of tno 
country.     Tnls vns  ^ moalfiea officer's uniform  -^na  ..-as intended 
to reflect a  professional  and social  status for fiexa Den cqulv- , 
alent  to  officers,     i^ttenpts have  been -laue  in  taxe  past  to nave 
the»«|'ij^,!j:l,?i»^i;twrf^,jn«»eJ.Ti4^ajf ^lotfi5*sj»»fttCl!;, aes;)ite  certain 
auy^^l^g^^,   tijie ats.:d,v.*nti'^!ie£: i5.»*en ^c^Jvc5 t:.er.ter  of wnr are 
scVl6\fSo'   T!^(?•Br:.tTsn•n^v*••I'§Vt•^!aV*t^n5!■e•were ■security uiff- 



'^* 

rticu- 

prens  P3   ruo  coritiii'mtra  Uiv/tea  Stfce^,   .rjiorvr   tue   presence  oi 
clvili.^:ns is nori.ioi piA r-'-Toviftioii for nanaling- civiiieiis is 
'■-r--; 1-iV-M o ^   th'^' r^f'^c^'-" j ty  for a lu lxor;:i uvjeo not c^jiy. 

In  the  last aru'lysib, ■ tiie   succ£v.s  or  laiiui'e  'jf P.   fieid 
nrr.ignr'ont is  fununv-entally aeteruined  by  the person:-lity oi   the 
aar^  involved.     His 'bnclrground  shoulu iMclxi'^e a  certain  amount 
of   -)hysics,   engiri-ering  and laatheraatics,   iiicluuing  stPtiatic^l 
theory.     Ho  should,  raoreover,   be v/ell   trainoa in i,;Qst  pnRses of 
his I'/sr v/ork.     And rbove  all,  he  shoulu have  a personality that 
will per;iit hliifo  trlk  successfull./   to  ai..  r-^mKS,   Iron  the 
bottom  to  the  top;   as  the measure of his   ncnieveiiient Liay ue )end 
on this b'lsic  ability   to na?ryt himself  to  all  grimes  of aillltary 

■oorsonnel. 

;JO.   Ststistlcnl jiethous  ii.. .Operations, hoc; ^ai^cru- 
Operations  resorrch has r:s a iBv^e   part of it3 field the   , 

^-^nalysis  of  past ooerntions       The uetuouo  ot..'loyoci  to  cnrry o:.^t " 
triCGe  piiTilysos a: e U3  ally stB.tistical in nrture  with tlie 
foliovilng jjenerpi  purposes  in 'Mind: . 

(A).   To iier.sure  tne overall  effect of  ,)r-St operations  and 
to dcternine  and :n€?sure   thn effect of the various f'ctors . 
tiiPt h":ve  significantly, influences  tiie  overaix  result.     I'or 
exf!;:.ol^,   the  tot?.,  nurabor of  en-.?uy  suoi:u:M'ines  s,.j,k or dM.Oi^aa 
.y aircr'a't auring a  jjar-ciccj.ar poriou  of  t^i:;e is tno fiaal 
nensure  of  the  aos.ilute  effectivcno:;;^  of 
anti-sub..:r-irine  v.-e-rioon auring  that  tii.io, 
of tne  variolas ^cii cu..st'nces  oi   r^rcrnit  o 
"inrines v/ill  indicnte   tlie  relative influer 

.rcrnxt ^^s  r.n 
A  proper conp'-.rison 
r:)t'^3c,:s  on  su'b- 

ince  01' ocicii  inai- 
viduol   circurastance-on  tnc^  final  I'esult,     Sup JOSO  that it 
is uesircd  to  uetei-r^iine ■ tiie  effect of   the   sjeed of  tne  air- 

"XTciit -'n its  success in att-ckinti o   sub:.;arine.     A  sL.,ple 
joniparison of  the prooor'Ei.jn of  succe.sei^. at .•-.ineu nccora-   . 
Inj;  to  tne   spoea  euroloyou uurino ti;ie  r ttock rui. v.;ill   proviae 
an 8:)proxii.'irte nns';dj' to   the  :jroDlG"a.     hov^iever,   in using 
such pr. elementary procedure  we must ^.U'-i'd rgcinst  the 
oossibility  that  the  results  are affected  by      other  fac- 
tors v;h..ch v=-ry rs ••rxinum   )lane  speed vrrie^.     For 

,'Jo, aiifeient typos  of.  olanes,   in  'juuition  to apving ex' . ^            -       .. 
differer:t nnxi'.'iu::  speeds,  :a:^y nrop uifffjBi.t  size bo..b 
sticks  or h'Tve  o^^^f'r ^;Hl'ferent rurjlitios. 

It im^necifit-ei, 'HriliUt    ti'iT-: t .6   .-iOl'O ■srecise 
o re is   tne  ucsig;.?* s.Jy.).i\_;».l  ;'-'-'.,•    •-'■'-^*-:i''•I':-   •*i»'-^-J,'-^ •*•■-.•    •--•-   -• 

uifficult is 
cm 

*•• •••• ••'■ •••• ••• ••• 
ty v/ould   oe   to   ^■■" cy:j.e   'ta^-. 

• •• 
pro o .^ St.i 
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iK^J®«LV«s Jir»»*:3»»^tiCe •a•r:1fetf^?:;'^?•*lc•sl 1*0r.'-uiari*.-in of the 
vpriPtion of the diifci-Gnt -factori;, oitoi.  a wnjor caak in 
itsolf.  One alternr.tlve is to cor:.putc an "ex;-)ected" result 
for the pnrticijlar operation under analysis by  tmcing into 
nccount existing krowl n^e  of the effect of variables 
other than the one beinc anolyzeu.  In tiie exnu lie of 
aircraft attack speeds^ the coapsrative effect of the length 
and spacing of bomb sticKs nsy be obtained from tueoretical 
studies.  This knowledge, along v-itn similrr knovvledgo or 
assu:,'iptions for the otner factors involvoa in the problria, 
n?y  in turn be used to compute tii.e "expected" nuMbor of 
submarines sunk or da i^jje i, in'-icpenuent of any consiuera- 
tion of speed.  Taen ?. coL-ipar.i;.-:on of tue actual to the 
"expected" or conputed results v/ithin onch of tne speea clashes 
will indicate the effect of speed.  Anotiier alternative is 
to select a number of attacks within v.hica all of tiie cir- 
cunst?inc.os except speed are exactly tne saae.  Ihr t is to 
say, variation in the type of plane, the size of the boub 
stick, ti.e aeotn of t'ne suDaiarine, and in ail other cnsrac- ^ 
teristies of tne attrck ivith tne exception of speed is elim- 
inated.  Q:he effect of :--.peed on tne success of the attack 
c?'-n then readily be 'iscertainea. Unfortur-ately, the volurae 
of operational drta is scldon, if ever, great enough to jer- 
;:iit tnis tyoe of an-'.iysis. 

It is obvious that the ^econa ^aotnod is tue ..;ost 
pr-^ctic-l means of annlysis^ and it has tae furtji'-T ?^dvan- 
tr;ge of coi.ibining laboratory ana field tests vjlth opera- 
tional data. 
(B). To estlr.iate the effects of future opvrationG on tne 
basis of past experience, ■vhere future oper'tions aopcnd 
uoon changes in t.''ctics, in .veapons or in cox^ditions.  Tnis 
aight be considered tne ultinate aim of all statistical 
analysis in operati ns res'-arch. For instance, in the 
above oxa:.",ple the result I'Vill* lead directly to an esti- 
mation of tiie _ncrease in tiie nuinbor of subiaarines which 
nre li.ioly to be sunk or d?::iaged if tiie attack speed is 
ir.croased.  Another ty,oe of problem aigiit involve the use 
of 3 ;,eapon which has never boon used before. Here opera- 
tional experience and laboratory expectati )ns xaust be 
coir.bined to produce an eotlr.iate of tne absolute ana relative 
effect of such n v;eapon. 

Planning, a, f'l'o.cediare to., uanule.,,tue, Statistical ?roDlem- This 
section points out the ir.oortance of .planning a stntlstical job 
befprf Jit; ;js sjb-rtj"**} ^yix ?i^'tl?-nf,-i trje j-^^ei/jer^s Vvxixcn, shou:.^ oe 
c^r^ij.c:?ejlf...Ttie i^iicriVi"^.3.;-;of:l*ipj;5j ,1:i^ej;1i, IJis^* a-tails of soiae 
of the more important elements. 



-.^ .J'^}^  ^^^^^® °^ ^''^^  j°^ itself shoiild be clearly defined ^nd 

number of such-^im.sl ^evl^ '^'e. li,ai-Ua IM: Sii: Li LalScswIr 
assigment^nd the time fixed to comiDlete tlie job.  ihis indi- 
cates a fair amount of .dvr.nce planning.  There is always a 
tendency to atrenpt to do too much v/nen startinF = n^v tpsk 
The reasons for this are ov/ofold; often ttie-purpose'of tae * 
statistical analysis is too indefinite,.resulting in a tenaency 
to record everytning which might be of interests arm, s-condlv 
the feeling that if reports must be reaa it takes little nore 
time uo recora a niaxirauin ajnoimt of aata as couparea to a nini- 
aun amount.  This type of i.istake may  result in a:5plying a dis- 
proportionate amount of time to recoruing data vatii Le rosuJ? 
that Jie analyses are aelayed.  Tactics change raoidly in war- 
time.j Thus the usefulness, of an analysis is apt tS be Vitiated 
by aeipys, regardless of the improved quality of the sloier 
i'^nalysis. 

It is particularly important to realize that changes in 
tactics or empnasis are apt to require a change in tiie kind ^f 
data to be recoraed.  This is anotner rerson for confining the 
records to immediate probleas. ^.evi  problems -should be Sken 
up as they arise. 

Examples of these aifficulties may be founa in a number of 
cases where records -«.erc set up to r-.cord significant data from 
action reports of a particular type of warfare.  One such 
example mpy be found in the experience of the Submarine Op^^ra~ 
tions^ Research Group, U.S.Kavy.  After consid.rratale uiscussion 
ana planning, a comprehensive system of puncn carus v.-as s.-t UD 
to_ cover the significant phases of a subiiarine patrol. The ^ 
primary idea v;as to have a set of recoras'wiiich wouia taice care 

luoure, .s "'ell ?s tne immediate problems tuen denanaing ^-tten- 
txon. All the aata for these recoras, five aiiferei:t kirc^s of 
eards were to be obtained from one reading of thf submar n. war 
patrol report::.  The five kincxs of cards were as follows: 

^^^- t^^^,!'"^''^ Card -A summary of tae targei^s si^uted, 
tar,-ets at in eked,, results of tne attack.^ nuiiber, type aid 
results of counterattacks, in each patrol area: t^me in 

(b). SubiiPrine Incident C-^rd - A  aet-lied recora of the 
conditions ^under which each target wai5 sighted. 
Cc). Torpeao end Gun Salvo Cara - A detailea recoru of ' 
^l^^u!'*!?!^^.^^^^^ 9-':^^  ^-t,^ t^^S^t, giving th-^ situation 

/ / 

g from tne sighting. 

PO'7 



^^.*^%S?- ..<i^^A0 

(e:'. :(:55l!llii:erattacj>4ar^4* ";.i"'^ ^P.'^'i*"^^^ ^^^-le situation 
of Tl'ie* sTibTTtaVirTe and counterattacklnf^ craft and the results 
of such counterattack's, 
AT3t)arently there XI&B  little left to he desired in \:h\s  set 
of records,, Howevor, the following d5fflciAlties soon became 
aDT^arent. 
(a). There v/as a ci'eat (''es.l of 'an^toxver t^ed iip in recording 
the data, a conslderahle anonnt of wh^'ch '\'oulcl never be used, 
(b)^ The data recorded did not fulfill the reordrenents of 
sore of the problei^s v/hieh Yux^  arisen after the systen v/as 
set up, so that the reportfs had to be r--read anywayj x^d.th 
a definite 'iroblen In nsind. 
(c). Rereadin':! the reports Indicated that rif the system was 
to be continued ^any changes would be necessary, due to 
changes 3n noints of eriphasis anr? .Interent,  It -as then 
d-elded to discontinue reriordlng nost data r;hich -ns not 
being used at the time for a definite purnose, resulting 
in important slmpljf5cati-^ns of the ^rr'ginal punch cards* 

'It  -^s, not alt??2ys pos?.lble to avoid the dlfficr^lties pointed 
out in the above-. Research alvrays implies a cnrtain anount of 
groping?, either to fine! a problem, or to find the so?-ntlon to a' 
nroblen. But loo>-ins for rsroble^-s need not invo'ive t>)ore than an 
■'ntellinient read-"ng '-f a representative sa-inle of the reportso 
while looMng for a solution -may reqiTire considerably r.ore data 
than can be used, a'^thoiinh it often can be confined to fairly 
definite li-ilts.  In startin/<, a s-^ste'"^ it 5s ??en^rally better 
to use sn'n-le nethods of anal'^sls confined to one nrobie'n at a 
tli'ie, until the liraitati-^ns of the basic Information a.ra knov/n. 
Often a solut-'on to a nrobleTn may be o^>talned fron an anr^lysis 
of a sanple of the total data availableo The size of the sample 
should of course, be s-n.ch as to f»ive significant results.  In 
soiTie cases, \-jhen a neu nroblen arises, the necessary r^ata nay 
be obtained fro^^ the renorts co^dng in  during a certain p-^^riod 
after that tl^^e* This avoids backtracking. The principal idea 
is to avoid investing tijne in nebulous future urcbleris* 

:Mclianics of Cpl3,o,ctifng and K^^pi'djj^g P_ata,-- Before starting 
a statisticaH jpb .the source of data sriould be cheeked for accur- 
acy and completeness. This may be d-^ne by determining by v/hat 
'■^eans and for what uurpose the data \7as originally gathered, and 
by re-^dlng through a sarnie of the '-aterlal, The consistency of 
action renorts varies consif"era!)ly deponolnj.: upon the preciseness 
with vrh-'ch the for'-^at is nrescrlben, Sor^e .such reports are 
alnost 'i.seless insofar as statistical analysis is concornsd, 
whiXs- Qth<-?r&.ar/4.prey)a»cd.c<in »'^»e«cri*^«(-';«:F©2;^e, especially desif^ncd 
to fobt^irf sSataj foi^*af.;jl»*si<*>* j'\y:'|"-o;r;p''ij«»':-:-^ tj::e latter form are 
tJiel a5i'^i-^ub«a!'ino*»ac€i»m'i^'»T:c)*^ttV' <^f%*sfi* tf '-s  necessary to 

^98- ■'•■■■      •■■■■■■ 



•••• ••• •••• . j '••: •:• ••*: •:• •••, •••. .••,  . ...^ .... 
begin tjie an&,\f:3^*|:l>|, ri.*r^ij>^iap|^f»^ 1^3©: da''^ tq [j-ljcpll.estedc 

Reports ccncemlng cperationfi bave a bcKlldsrrlng Yariety 
of forms aad usually oQQupy  a si a sable fraction of the fi'»e@ 
time of ths operating forces of z-ixny  different oommande and 
agencies; reporting on the use of material (cociplst© hietorlee 
of each torpedo are Kept., for inetsncs, whicii r-eturn to the tor- 
pedo test i3tet;ion after exposiditure of tha torpedo); reporting 
on speaifio aspects of an operation (forme are Dads out for 
each aircraft Eiosion, vhich are turned in to tiie local comssaad); 
reports on psrsonnel, whioh go to typs commands or t-o training 
eojiJiaandBI suffimaries of action, which eventually get to hsacl- 
quarters, etCo Any tuvther  forsia to be isads: out usually are 
oppoeed by the opei'atlng forses, on  the valid grounds that alreatJy 
too many are rsquired (in fact, a promiaiag field for operation 
research ^fould ba th© study of report forms, with a view to 
reducing their complexity). 

ThersforSf it is important to.make -a thorough investigation 
of all reports (even to esftdisng t?orkere to subordinate ooiamands 
to look over reports fc-hich ):i©¥er g©t to headquarters) fcafor® 
recoKEending additional reports to toe Pads out. If it is clear 
that no existing rsport oontalns the «a&ta.f aacl If it is important 
that the ^ata be obtaloe<lj then the nev rsport form should b® 
©a^s as simple to fill out as poaBlblso After clegignlng the 
form, it should he tried, on a numbGr' of pevBone  acquainted sijith 
tht operation, (but not vith details of the analyels to he mads), 
to see i^hether the instructioiie aad.questicne are clear, and 
oan be given unamfciguoue answers. 

Every possible ocdaeion should ba toad® to acqaalat the 
operating forces with the faot that their aotion rspoz'ts are 
important and ar8__us&d, rathar -thaa just being filedo 

The naxt step is to seleot a type of card for recording 
the required d&tao Various types of oard.3 are discussed In the 
foHoiking paragraphs, 

I.E.Mo (Hollerith) Cards." These &re punch cards. Th© 
particular position of a aingle hole in a oclumo reprasents a 
nusiber ,an.d the particular positions of t's*o holas in a ooluma 
represent a letterc- iRformatlon puachsd into the card Is 
interpreted at the top of the card, (3s« Figure 52). This 
type Pf card adiaite of the use of high speed autoaatic machinery ' 
to sort, tabulate and record the data in the cards. 

•••• *•• 
Ordinarily^ \t\h e^epfe !m*i :fovV4vei.. ia**lranlcr''.j>5i*.j^ InrJ.rjr- 

isatioii froffl the a*t.^.asi»»rt^>sM»l ^ "t^lse •|«snoh»*carl.s«.««*'^i8» lis^et 
gt©p Involves picking the required data from  th^ repox^t ima tr.^ 
lating it into a coded Taic-m,    A traiiscript card (see Fi^fare ^'}. 
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••• •*•• ••• •••• ••• ••« ,,,,   ,, 
is invaluaMe In'o^^fo^miH^ tfiis.^te^i^ : T,^e  sj^co'ji: sif^i 2.nvolves 
oiinching up ^  plfi'clf trffsl on* a-i-iScikifKi, :Titc;li,:i.S..c?x3:;r*.1x-ja. xn jauch 
the  sRKie rnnnner as  a  typ .writer,   froia  the  coded data ox.  the  trai.s- 
criot c?ird.,    A  consider"^ble  amount ol hriid lauor is  ii.voived in 
this oroccd'ures   ordinarily uore than- is revUireu for ai. -.jrdinary 
v/ritten rccoru.     However,   the  iiveot eavcntage  of  tiio  system 
conos from  the   subsequciit  oporations of  sorting,   tnbuiating  and 
recording  results.     C0nseq0.e3.tly the key for determining  the 
-^dvant'ige of  an I.B.I.l.   systei.i,   ovor a   syste:.i of lodger  caras 
for instance,   is  to v,-eigh  the  -daitionra  work involvea  in  trans- 
cribing fgainst  the  tiir.e   saved in the  subsequent operations. 
It is quite eviuent that  the  sj^vlngs in  cost is more  or less 
proportional   to  the anoiuit^ of analytical  worlc ii.volvinij,  sort- 
ing' and   tp.bulating which is  raquirea of  a   set of data. 

, The  code for translating data  to  the  IBLi caras is  the nost 
imoortfnt  iten in  the  entire proceoure  of-^^lanning  the   statistical^ 
job.     As  a   sample a part of  the  code used  in  the analysis  of snti-' 
subiinrine  attacks by sircr.^ft is  giv n. belows 

Col  .Ko.     Code 

Assesonent 

1 .   1 - Submarine known sunk 
2 -    ,      " probably  3unk 
3 - Probably  seriously  arir-j-ed  (A) 
4 - " " " (B) 
5 - " slightly dannged 

etc. 

2-5  Incident huiaber (Inaentifies incident) 
6-9  Co ruinated attack infori.intion.  A separate, 

card is made up for each attacking air or 
surf?!ce craft.  Col. 6 iaent-ifiea the various 
cards by a syubol A, B, C, etc.  '-ol, 7 idi- 
c- tes tota.:, nuwbor of attncking s;;.rface craft; 
Col. 3, totnl nniaber of attacking nircraft and 
col. 9 indicates peicentage of credit to the 
particular craft representeu by  tae c.-..rd. 

10   Kationality or Branch of Services 

1 - i*avy heavier tnan air     *  . 
2 - ll^vy  lif:;htcr tnan air 
3 - Cor.'St Guard 
T ••*     kM*,    •(•»,,,.„•     ••• ••• •••     • •     ••••     ••• 

•••      • •••      • •• •• e uc   •        •   •        •      • • • • • •• • 
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Col.  ?-To.    CodG 

:  : :•.: :    :    : :  ... ...  :  :••   ::••:: 

OB -   i?b2Y 
lA  -  ?BY ' . .     .     ■ 
IB  ~  PBIX 

etc, 

0 iiidicr":tes very loui; rsLgo 'boi-nbr,   1  indiestes 
long  r'-.tiKe  ^oJ:ibor,   etc.,   -Tia  the  aec i.d  syubol 
further identifies the  plane rs to pRrtic- 
ulP-r type. 

13-16      :.; nith,   dny^   year      '     ' 

17 J-'';y or night  (i.e.  degree of natural 
light diiririg  attack) 

1 - Day 
2 - Uoriiing  twilight 
3 - Evening  t';iiight 
/, - hitiht  (uoj2uii,iit) 

etc. 

Position in 'vhole ufigrees 

Eange  of Kndar Contact in riiles 

Type, of r";dar in pl-ii.e 

P, Band 

1  ^- ASVC,   SCh 521,   A3F,  I^k II •    - 
2— ? or L Band unknown type   ' 

kJl§M     ' ■      ' ■, 

3 ~ ASA 
4 - ASD 

etc. .      .   '      ,   ' 

Degrev.' of 3ubnerge].ce, of U/Boat at  t^iae 
of rele-'-. se of bombri. 

0 - Fully surfaced 
1 - D)cks  r?.wnsji 

18-22 

39-40 

■41 

AA 

• ••   ••^ • •• •••• •    • •••  '«'** 
• .'<k*f,     ":.■,-•->■>-■    ■■•/■I *fs   • •     • •     • 

•     •     ••   ' •'-•■•'---' •^   •••        •     •••     •     • 

• ••   • ■■♦• 
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•v^'-r.   cave  ii tij*-   i'^;^:    ;T"..';pn   tiu:   rf^w  u-..;   c^= -   u.e   ...-. ..-. 
t- 

TiCG 
e 

r'^s'^Ticati^t: .1 ti.e code, gre-t care saouxu be >o: :.rGi3.a in 
-v-PF v^^ t'l- cod^•. It sh.uiu . ot ca:i lor 3 .:.n-i_ cxc..,..x- _ 
flection of'aPt-   tan,,  is .obt?ir.ab.: e from   tne  report.., ^orii.uicat^ 

Sao^^ns!   fron;  .' tm.uei.c '   to  claa..il>  rroitrarily  an ite:a wrier 

ur:lcno;n ite.^s.     Occasionally  r.n iten^'^y/^^J^-f ;^:;;^J^ t-  t:^r.av^ 
that V.8S  not  Pnxiciont^eu in  the coae.     It u^^y  ^>e  pioper  t^   t.i,ro., 
s.ich an ite.a  in with  sone existing cinss or  to  set up  ^  c^ae    . 
for  -'  new cia33.     In  either event  tne  coue  bxwi.j.^.  ...,i.,.CL,t  sucn 
i^ S^cision.     For  instrnce,   i..  ^he  :bove  coae lor  aegreo^oi   .ub~  . 
ner^-ence.   if it were  reoortea  tnat   che U/Boa^ w..b   'a.vx..-.     xt 
tpht bo   ^ro-ocr  to  consiaer for the  oMV^oses of tne   otuay   .nau    . 

"d'vin-"   r-orpt^ented about  the  saue  r^^  "storn oi   conning  to^^-r« 
in which  c^se  the code   shouiu be  .-ar.endea  to  reaa '^stern,   conniiig 
tot.er or diving". 

Lea£iir_aLALJ>i£i^iil2.^ '^^'-  principal  ubjections  to 
•iunch"c?rd3  c^re as follov/ss 

(a).   A  punch card,   being nostly in  coded for:.!,   is not very 
legible'for ciuic': ref-rence. ■-.-^^-.+i,- 
(o).   ItF  n^-dted  size does.not alv;ays  poi-nit a   auiiicl^ntly 

^    complete description of the Incident lor the   purpose_of 
the   statistical   job. ■   , 
(<-)     Ta^re  -is no  coi.venxent way of rocoraini; unuM;nl  e^exitb 
or bnC'Cground events  often ir.portant in sone   types oi 

^d)/ci?c :iflcation of vnrled aoscriptive natter uay be  too 
complex to -.vork ivit'n. ^ 

P handwrittei   cnrd ,ieets all  these objections;   nowever of 
course,   it suif^-rs  sorioi^siy by couparison wnenit e.^mes  to 
ar-'l^'^xing  the recorded, data,     Conse.K;uently,  xionaivr-i.tten  cvrdb 
Pre not" recoLniond :a unless ttxe Job is small orcoutams^uats 
not  svbloct  to VfLry nucii analysis,   or is useu m an auxiliary   _ 
4o^-itv       It is  sonetines. oossiole  to  coaoine  tue  IBa  transcript 
card^..ith  a written recora,   so B.:   to  retain  some  auvrnuoges oi 
both  systeTi3,     (See Figure  54) <• 

Kev Sort Carus  -A :^-ey sort aara is nn ordxnar;:  v;rii:te;.   38ra 
cant-i^ili~^ar tn^ recuired inforri'^tion in a ivritton lorn,  cna 
in "edition,   there ere holes ne-r tne edges wnicn ».hen pui.ehea 
out slnply or in c^Md>j,v^tU^. i^^iifi^^t  ^.f'^i^^-..^^'■^J^^^^^f^,^-' 
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AA REPORT No. SHIP NAME 
• • • • * • 

0 •      • W 

• • • • • • 
• • • • 

SURPR SE • • « • • • • • • « 

YES          NO 194 

TOTAL PLANES FIRST DETECTION                  TIME 

RADAR Milti DAY 

No. ATK. SHIP VISUAL »)■•■ NIGHT 

BINOC. Milt* TWILIGHT 

No. Plonas Tumid Awoy by AA _ 

APPROACH TYPE ATTACK TYPE PLANES 

ALT. _P«<' MED B 

SUPPORT HIGH B 

FIGHTERS T0RR9 

GND.AA O.BOMB 

SUICIDE 

AA SHtlf^C/ipRB •*€„;***P1!*  !^:^ CONFIDENTIAL 
"1 9~ 

• • INCIJINTNO* • *      AREA? S>5H FORCE. (JPOUP » LIGHT ATTACK 

••••    ••< 

HI VIS.R. PLANES FIREO AT FIRE riME 

6 ATK.SHIP OTHERS ^ ^ 

SH'PtlAMAGE RELEASE 
BOMB TORPEDO 

TYPE   WEAPON ALTITUDE RANGE 

TYPE 
APPROA 

CEASE    FIRE TYPE 
MGE ALTlTUSt APPROACH 

52f  " "    " 

PLANES ATTASKINO OWN SHIP 
OWN    SHIP ESTIMATE 

j 
64 1 a 

1 1 

Estimalt   tor Incidtnt: S ,F 

Killed B«for« Altock  

WEAPONS  DROPPED 

BOMBS:    WT. , Lb«. N0._ 

WT. Lb*, NO. 

Figure 54. Record Card to supplement Punched Card, 
giving details not desirable to punch. 

# 

§ 1] 2" 

® 9 

19     18      17     16 IMS     14     13     12111      10      9 

#    » 

ACHVITY       ;.■                *PP CLASS I                   FRANCHISE DEALE R OFFER   DEALER   CO OP   fN —     '                                                       DEALER 

ADDRF-SS 

NAMP 

PE 
TO 

PH 
CO 
RA 

RSON 
SEE                                                                                                DLSPIAV 

ONF 1      COVL                   ,ND          ;   N    CCvn    .       CONV 

M-L 
TiNr. 1 

NATURE OF 
GOOD                FAIR                  POCR 

SALES 

SALES  PERSONNEL 
EMPLOYED 

niiT<;inF APPIIANrF 
CLASSIFICAT 

1    HWiSIM.   ;    W*RM »IB     :     H.W.iS,    j     SUB AllT. 

INTEHVieWED   BV _ 
DATE  OF                                                                                                                                                                                                                                                 1 
C1MACT                                                                TFRRiTORV 

HEATING     „^^^ r^"^" ,,„    „.                                                                                               W^TEB^HFATING                              |     ,,^      ,     ^,^     ;    ^.^^    | 

OIL BURNERS 

STOKERS 

HAND  FIRED JOB 

GAS  DESK      "WAs 

CONVERS! 

STORAGE 1       i 
,; INST 1      ! 

i   SIDE ARM '       1      i 

ore 55.     Sampl e Keysort Card for uniform collection    
simple mechanical manipulation.                 -'=" 
and 55 are 3/4 natural size) (Figures 5^ UNIT HEA- 

MISC i' MISC. 

% 

- • 

o « 
o © 
CD .  ® 

-J ^  ^S 

O) M     # 

tn -# 

- ® 
w ^® 
ro -9 

«r«cifig: 

IZ        ZZ        £Z        PZ   li   SZ        9Z        ZZ    I   8Z 6      I   Ol     I     II     I    Zl     Ij   El , j   »1 51 91    |i   il     I    91     I    ev\ 

»••   • ••• • •   -^ 
g# •     • •    • • 

tjt •«•• ••• •••• ••• 
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luch nore  than  ?.  Co^^l'^ly^i^ylf^ IV ^?^.e*Tv ,tr\^ ictL'tf^irigM^t-Ji'^r im 

•••      • •••      •        ••        ••      •      • • •••••. •• •• ••• • •••• • •   •      •   •      • 
Me w.ill  i'ei--^r  to ?   sr-n;>l>)  .cijyc-orr caras ! iMgure ^■^}   cesxgnea 

t.,-1  record cinta   on iiorcxinnt vessel iosi^es.     S'appose  '.ve \;iyh  to 
punch tiio S'-:c*:ion of  the card labol'^a ."Ov.'n iJri.-iaoC" in upper left- 
h-^nd  coivuir .     ?;e mia'^t have a  coae  as iollov's:   1,   5M.pa .-nov-r. 
lost:   2,   ships  ov'^'Ccuo,    iresi^Med  lost;   3^   snips  aPnatjea etc.     If 
for a particulsr case  the coae were "1"  tiion  tiie hole over  "1" 
would be  slotted ovit;   ii""  the  code  v.ere  "j"'   tiion   the lioies  over 
"1",   ".•^"  nnd "SI"   ■vould be  slotted out.     Jolting  is  then Gone  by 
the  thrusting n  noedle  succei^slvely   tSiirouga   tjio  various 110!*;^;. 
All   th-?  cards  vhicli inli out'arc  tnos-;- v.aj.tca.     Tiio  ""1" hole 
identifies s  a-uble  ounch. ,      ' 

Key  sort cai'ds  repre;?ent an   atuoapt  to  crpture  soiii; .of  the 
b'^st features  of th*=>    •■■mcli cprd  anu   tae vritter.  cai-c-i.     Tiieir 
use nay be Justifieu in a number 01  ixistances.   In the case vrtiere a 
written  c-rci  is  desirable or necessary and  the axiio^nt o^   sorting 
and  t-^buleting of d^tr!  is not  ,:reat,   tirie h^-y  sort caru uay i^ive 
a  re^.l  ?dv'-:i.,t''';;e  ovr eittier ■ the  \vritten or .>unch  caid.     In 
general   the  S:'=!.ie  c n:sider'" tions   outlined for 1^^^' coaij-.g udll 
apply for key sort  coding. 

Med:ianics. of P-.r^nlysXA- Before beginnlnt!  tiio  job of prepar- 
ing  the d^ta  for  study,' an outline  snoulu. indicate  the .coiri'b:Lna- 
ti-'H oi' vriables   t..-)  be  stadleu.     For :..nst-''Lce^   the  c.)iabl!;':rc.Lon 
"Type  of Ov/n Aircr-^'ff',   "I>py or IMuit"   rna  "/sse:-fetaent"  v; .ii.a 
indicate hov; various  typos ol aircr'ft f'-rsa una ::r various  condi-. 
tions  of natural  light.     It  shoulu be  pointea out,   ^lo-.-over,'   thn; 
".vhatev'^.r anrlys. s  is  -..ilnnnoa at  tiiis point it should j.,.r:.ve been 
snticipateu  as  far .as   oosslbie  beforG  any part of  tne   job v,;-s 
st:^rted. 

It is. of (jrost i;:iport''nce   to have  soine  form of control  data^ 
Tliese i.iay be  si.iilar fifp;res for' a  prcvi;..'U3 roughly equal  period 
of  tlnOj,   or  it riay  be  the  e::poct,'-^u  results  e:cpia_r.-:U nerr  tne 
beginning of  this  chapter.     If  expectea rosuits  are  to  bo used 
a  probability  of  success may be  coiriputea  s=i/.iai-^^tely for  each 
action,   t^hing  into  consideration^ the  acuiri  eonuitions of  the 
action and' any othf^r i'no'»^''.edge,   thoor'.;'tic'-l or op^vr-'-^tionei, 
neoesspry to a-'t^^r;;iine  the ex.H>ctea probiibiiity   of .sitcce-s. 
This  result iiav   bo written on  or pui-Ciieu ^n  tiie   cara and  tab- 
ulateci alot^g  'd th  the  other figures. ' • 

At. tals   ■M:)3ut  ?  brief uescription is  eiv'o,  01   tne various 
IBil 'machines    :iiicn  i /p/ be. o,3eo  for   Dae riecrianioul   an?ly3--;3  co: ■ 
I'll  CPTas, ••       •• ••»       •       ••«•       •       ••••• 

•    •    •••    •      •••    •••••••       •       •••••• 
*•       •• •• •       •••       •       •••••• 
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e;} tWei^Jw^^^xWfor'^^^ >jiVi^***Tt'i*or)oTatoT presses a 
key for each, number QT letter t^ bs i3iincl).®d in miish the sane 
v;ay as a typem'.lter is op<->ratod»    Pep.end5np roon the sl'ill   of 
the operat^or and the type of eodo nse^.^ up to one thonjsand cards 
nay be punched yier day* 

Atphabetlc Verifier- Verifies the piri.hing of the crdSv 
Xt Is opf^rated In a'bont the same manner B.S the !''ey B'tmch machine«- 

Alphabetic  Inter pre te ..■'•> ^rlnta  select :?d infornation from 
the pwTch card on elther"""oj" both, of two 11 iss at the toD of the 
carde     It reads and prints afcoub 60 cards   ■:!er ;'ninute»    The three 
nachincs described briefly above are necessary to prepare the 
T)unch cards fror?; the ahstract cards, v/hlc'r   bad been prepared from 
the raw datni.     riach"^nes described belo^v ai s: r^sed In the-nechanlcal 
analysis of the data, 

£.^jl~Qi2JlIiMlML^QSl5,S£'' P-QS-ds card a at the rate of 40^' per 
ninuteT'   It i;?!!!  sort e;Vird3 into any desi:'ed order  (e5ther numerle 
or alphabetic)  on one or raore colunnso    F ;r any one column at 
a tine it T/il"!   countj  for the entire file csf cards, with or 
r;lthoiit simultaneous  sorti-'igj   the nunberg reprerented br the 
nositlon of the panch in thn'coltimn«    Ths r. is,  if a hole  is 
prmchor'  in the  "4^' position in a seleetec   colni^n on one card and 
in a "6" 75ositlon In the S-ITIG coDnrnn on p  second card,  the 
conntinp: dov-ice will register  "1" in the 4 coimter dnd  "1" in 
:he 6 coimter for these two cards.. ' The -machine ',7ill  also 
select from the file^  in one run,  all these c^rds having a 
T5redeter'''ined  punching in nny field  of cc lnnns« 

The coimting device on this nachlne  perforns one of the 
;lons of the A1nhabot5c Accounting ^Irchl-' 

bnt in a very United sense =  as will  be t QBTI. 
■functions of the A1nhabot5c Accounting ^Irchlne described below. 

Alphabetic AcGov.nting ""'ae'-lne   (Goi^n nly ea!tled  the  ^'Tabrlator'') 
Perfor^'is the follov;ing :*'nnctions: 

(i)  Llstl^^.g.    Prints al^   or a selec ;ed anonnt of infortnatlon 
fro'" each card at the rate of BO aarf^s p )r mjnnte. 

(2) Tabnlatin.g*    Adds or. subtracts   :he flgvTes in all or a 
selected nuynber of coltinns and,  if desired,  lists  cards at the 
same  tir?e.     If not listing,   tabiJ.lat-'ng Is aone at the rate of 
150 cards per inlmjte,.    Totals ma"': be nrinted at ary break in the 
control.vaTljab«lQ«..»?\iy^.la«J^.isi*'>ej...if. tha.i;,'i5i«,''*2ip^E 5c.=Y and Z des- 
cribe ji fc'.Sai^lsjandj th«**w.r»i^* Ji^jvo jl>;<»s^ slrtj^'ii  |oji.hst Y is under 
X and. *'Z ^i.^*-ikv'^^e k^  t*"*?* rnvh^ne i?ay»«l5e •m&(^e»•be*print a tota3 . 
of the flgn.res in particular fielcs^ as"'.7el?  as the nmfoer of 

fC6. 



or Z change.     inis  gVff^i.ffS-^f,'  ^c:r,jj,b«...ii^(j,njscjii4y^ Wi'^:-'5-'*i?«^ 
'vl'll   give   totals  from  s^;parr. te   eoui;t'-;rs   when  ■■.'lily X or  -^   cuRi.ges 
snd vjlien only >;  chr-r.ges.. 

In sdaition  to  the  above  tixe an chine nay be  set u,.'  So   that 
v/henover a  card  ounched v;ith  n   code,   for  exniuplo  "X",   in a  parti- 
cular coln'n goes thr ugh the rn^chino an aadltlonal operation 
vvill be  perfonaed.     This  nuditional  opera-cion nay be  r;nything 
within  the riornol. Cr?.;)nr'ity  of  the. n^.chifie^   sucn "as listing, 
adding or  subtr'-'cting  into  desiiinated  co'anters,   printing   tot'?J.Sj, 
etc. 

Multi^)lier.     Has a card  speed of frou  500  to iiyOt.,   cnrus  per 
hour,   de jending uoon  the niiKiber of digits  iiivolved .Ln  the liiulti- • 
olic'=tions.     The mscliine v-ill raultioly two  figures of up   to 6 
digits epch  and   )unch the  answer t'^ any   aesireu nuLiber of  pl^'Ces 
in the cprd.     It will porforn i.i'^ny types of  operations involving 
multiplic'tion,   nddition,   subtrnction end crossiootinji of   two 
or -.riore Inctors. 

This i7irchine and  the  Tabulator may be lisea  to nake longt^iy 
calc'latiDns  PS are ir.volved  in deteriining  strndai-d (..evi-'tion, 
correlation  cooficient,   etc.. 

Reproducing:; .vpuiarnary runcho, Operates  at  tlie rnte of 100   cords 
oer I'linute..     This m?-chir;e will  reproduce a.  file of crcis in  total 
or in  oart or it nay be v.'ireo.  to repr:>duce  only a part of  epch 
card  or  to  r'->rnd.uce  a  part or  all of ercii  caru  BL xi  t^neously 
chnnoini;  the  oosition of  the  coiuims on  the-  coius.     It riry .be 
used  to g^ng puriCh predeternlnod inforraation  ..mto  all  or  pori; of 
p   fil'-' of CTds.     Thither reproducing or g'^.ng punching or  b:>zn 
nay be done   selectively on  the basis of a  ciiar^cteristic  piu.ch       • - 
on  the  cf?rds.     This n-chin':' i.iay be connected  tj  the Tabulator 
for  the  piirpose  of punching  c.   su_:iiaary caia  each ti;,;,e  the Tabulator 
prints a   total,   v^hich crrd nay be Munched   ,.ith  certain  group 
characteristic  infornation togetncr with  tao  totr?ls v.-hicn nave 
been  nccuiiulated by  the  Tabu.: stor, .   ' 

Collator-  Operates' at- s naxiiaui; rate of 1,30  caras per minute, 
-'-t ripy be used for nerglng  two  files of cnrds,   for withdrawing 
fron a file  cards witli predeteriainea ^.avr.ching  in a ra-'^xiuuia of 
32  columns  or withdrawing frou  tae file  al:.   cards \,'it:h n;>iEicrlcal 
punching   b::>tween  two liuiits,   as,   for exai.jplOj,   th'.--  selecting of 
cards  representini:, anti-submarine actions   between  two liinits  of 
latitude  and  t.vo .:.irr;.;3  o^' l^:-j']gltur^e. 

•• •• •••,• •••• • •   •      •   •      • •      •      •••      • •••      • •• ••      •      • • •••••• •• •• •• •. ••• • •••••• 
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• •• :    :    :..: ••. ••. : :••   : :•• -^IL.: saqrt -. After the  . 

■,v;'':;iif.icpiit  variation.     Treads  in  the  data Hay  l)e brougut out 
,   graphically fitting a srvooth curve' to  pcints.     '•*-iie forces 

oahind  these   trencis  should be  exainineu  so  as  to cbt' in a  reason- 
'•'''■''-"'  •"':)r-)laiiatioh for  the  -vRrlatlona    LDtor on a rsore  satisf-ict-- 

suit nay be'obt'^ined by fitting the a.'?ta,  hy least squares 
■'th'-»r method.,   to a mntiierintlcai  curve,     xf  this is done 

. :    V'..ious f'-ctors in'the foniula  rojreaenting the cux-ve should 
3'--:-   ^h.:'sicrl  explanations* 

'■j£o'i:e ;>r?,>DriRg  the final re^iorb --^  decision  shoulu be nade 
the  type of report \vhich is requlrea.     This refers nostly 

tho  nmo--.nt of refe- ence data  to  be  included.     A pure reference  . 
i-i-ort is  simply n  conalation of dsta for all  tne  iuporLant 
v-nriab es  in  tho.foru of. t-.b: es  and  grnphs Tvithout any conclus- 
i-ins  as  to  signiflc?=]:ce  of  any variation or tiena  in  tno uata. 
This  Is  certainly not  cper-tions  resenrch.     Any uatn  presented 
ohoulu be for  a  definite prob;;eTn.     -^he writer of  the  report snould 
be cvilling  '^nu in e  position to make  responsib-e conclusions ^n 
a forn  -vhich the c-perationf; officer  to  ■.;noia the  report is.directou 
can use directly in fornulating^doctrine or aahing uecisions 
^'eg-rdlng   pl^ns or doctrine,     uo  shoulu present  tiio  data  in auch  ■ 
'■-ay  as  to convince  the  reader of  the  correctness^  of his  con- 

sioris.     hov; this is  to  be done rviil   ^e,:end u;)on   the  importance   . 
. :   th-'^  conclusions,   the. type of probliem ana per^^aps  the Inaividual. 

'"^■■ences of th=  reader. 

•• • • ••• •••• • • ••• *•• ••• • ••• •••• ••• ••••• • ••••       •       ••• •• •• 
•••••• • •    •    •■ ■•     •    ••*     •    ••• •    • • ••••• • ••• • •• •• •• 
• • • • ••• • ••  ••• ••• ••• •••• ••• •••• ••• 



T/vBLE I 

nivlV.KTC  n'^^iinilGH  OF  DIOITS 
••• •••• ••• •••• ••• •■•    •(«      «« ••        ••• •• •        ••• 

•-.:\ri9-?i''J'«^ from 'Bjf.pps'ij   ...: 

5770^ 
7I6I8 
75710 
70151 
16961 

26275 
05926 
66289 

0959^5 
3030k 
55186 
65.005 

2051I1. 
00181 
55709 
86977 
51505 

11578 
9501^5 
95011 
T426IA 
52906 

09k6l 
990O2 
69962 
51511 
2700lj. 

65559 
95582 
057 50 
00556 
08222 

98585 
52105 
91827 
07069 
I592O 

15094 
55193 
6r|,56o 
6i},5 52 
63008 

598¥^ 
55351 
80586 
69939 
9B551 

32673 
12911,9 

66BSf 

4.9110' 
18170 
I9IS7 
02!|.6J4. 
55759 

55-992 
86 
10 
56^37 
156t7 

54062 
25767 
45191 
03;:85 

46250 
28566 
16074 
98951 
54686 

87615 

595SO 
00799 

60855 
[}2525 
25752 
93564 
65407 

72028 
25496 
85761 
58568 
27409 

64789 
78992 
7588 

75316 
75675 

52765 
50985 
98^59 
58440 

78142 
25750 
30454 
191O6 
5O222 

45818 . 
96748 
45752 
91542 
78115 

18186 
61450 
745G2 ^ 
80604 
49538 

22917 

: ^?8IML •". 
•••or9ii.o- 

87597 

56014 

93857 
537fe 
08921 

07721 
58577 
59505 
19502 
17068 

59201 
1B688 
75ll4-9 
43-754 
17053 

18664 

m J02l^ 
J5145 
28594 

76086 
97570 
26292 
07120 
11851 

24806 
90506 
59116 
55745 
B2715 

07958 
51275 

, 52205 
51925 
21^.695 

16857 
:..: 78!i:55". 
: :97iR2.:. 

09^92 
84299 

55950 
05255 
75606 
66090 
51842 

22807 
41476 

lijil^^ 

75975 
55604 
8070^ 
11027 
54559 

73545 
02783 
54095 
29573 
96006 

69551 
07995 
00900 
29396 
17727 

25424 
58695 
02624 
56522 
56461 

62250 
75071 
52362 

178 
4.0526 I 
7l|i'12 

: .W53 
.: :62a.92 
• •96^42 

54625 

500 
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PATOfV '.0327 

• •• 
•■•'( ''*•■-   • • • 

*    .8!^ * 

. r#f« 

67912' 

ii-8259 
12654 
9599? 
52799 
Olj.011 

75626 
775^7 

69759- 
70600 

51^.829 
09655 
2997^ 
52foo 
00558 

90180 
28025 
5)4.017 
22721 
25292 

12006 
^07 

J015 
09055 
69696 

89i|.89 
62721 
9151? 
5652II 
90567 

51,350 
72675 
.'4.0277 
35850 
49007 

50559 
971 
03727 

86755 

0105I4. 
lOip.0 
55815 
52598 
£5532 

98IS6 
256Ii.o 
ii.5005 
76195 
5i|.159 

55950 

9098I4. 
55650 
5O896 

53690 
61708 
3§07k. 
5656" 
8028S 

L50i}.o 
87590 
lOllJi 
7606II 
18915 

k57kk 
96911 
60I1.56 
6iii5.6 

166 
97834 
05ifp, 
I1.2971 

27507 
15298 
^3252 
85928 
25II.55 

6^i{.2i 
67798 
6918k 
59886 

8ij.885 

z673h 
2150k 
57585 

58127 
111569 
16211 
99988 
55211 

84117 
ly§86l 
69156 
01241 
3lf.7'^l 

12627 
50567 
23535 
60560 
69559 

69921 
57959 
65609 
981j.62 
63578 

05959 
76556 
56S56 
8lii5l 
50128 

66oi4.c 
71555 
0285^ 
3096^" 
7.17I' 

65690 
=^5990 
;685'^< 
16668 
70101 

lf.5520 
75195 
50876 
32627 
70556 

92500 
0328 
95i.„. 
50781- 
28838 

oi6!i8 
9361^ 
56665 
07809 

3238' 
6985: 
2260i 
67117 
614-571 

u 

1I.6167 

05596 
60116 

95500 
16025 
20078 
927IJ.0 
43585 

51502 
93655 
91757 
17901 
05558 

:o '^l6IJ 
08iS5 
oijl^-OB 
97706 
lk9^ 3 

60509 
25699 
82052 
85517 

••• •••• • 

: 65813 :* 
•961^5 ' 
57276 
72549 
35202 

7W41.7 
59729 
60805 
91288 
aiiG m 

55^55 
I4.228O 
5067!}. 

037 
5. 

51929 
15396 

';•" 

• • •. 

00366 
I16I1.IO 
19199 

^1)4.5 

54027 
25i|26 
/O25I 

: 61461 
' 72070 

Q5109 
32961 
75530 



iivvinwM r.Eoxj-:iTC]'] OP DIGITS 

0099L 
1x514-96 

85995 ■ 
92475 
75906 
98I87 
15830 

5OSI8 
85li-5 
19523 
105114. 
559^>l 

29560 
57295 
20270 
05O7B 
75155 

56656 
28995 
65655 
.91719 
60112 

90722 
175 
302 
785 
209 

76762 
255I42 
49512 
67839 

?9559 
[12958 
69161 
19660 
175'23- 

65iiili- 
.iL20k 
9C100 
14956 

07555.' 

66017 ' 
I1.7521 
■55526 

08367 
6k7i|.2 
66400 
668O8 
)-;9703 

I4B680 
08606 
18011 
36580 
12790 

95580 
07771 
11113 
27161 
90578 

7405S 
51970 
46160 
^SOpi 
14-551-1-9 

25293 
57568 
86373 
57058 
11.1329 

95282 
80262 
12069 
06^ 
96? 

i+7i4-9l 
27766 
2141^2 

•   •   •« 

I4.O876 
17578 
5lfo7 
23725 

0578$ 
82795 

14.9556 
• 9i^78l 

01912 
01^30 
I.?.i58 

37881 
1)0057 
62325 
210kl 
661.15 

O083k 
01106 
7I4.90I!. 
62190 
95508 

797li^ 
39110 
|6799 
7'0122 
23508 

G5OI3 
Oj.i.058 

• • • •«.< 

19069 

4998 

k6hkO 
02IL62 
l4.9'701 
282l}.0 
16958 

" 39OSI 
.   28028 

1^5883 
57042 

... blO&i. 
.      •• •    « 
. .. fi.. 

> . *    ^^ ff.lT'-f * 

I42O47 
20575 
lt.lli22 
5ucd'^ 

4 • •• 

4iii6 
45915 
65)121 
77254 
23I150 
11171 

76118 
26616 

33B02 
52li.62 

43767 
25^4-9 

00088 
70756 

555S0 
711614. 
71120 
47229 
I4.7961 

J4.5087 
01851 
22246 
27159 
e8k78 

01328 
71287 
i33lj,S 
69027 
50558 

56032 
59521 
40266 
51^.157 

.. '••• • 
.. . • 

13ii6 
81782 
29126 

6^192:.: 

06016 
95670 

25019 
65952 - 
77511 
95999 
14363 

88178 
25825 
15821 . 
53561 
27047 

15755 
300l|4 
22767 
79150 

. 90B30 

49520 
7k969 
63517 
59911 
96059 

20376 
88070 
6232B 
1^6158 
94797 

66375 
29772 
72659 
11868 
890I4.9 

50874 
Oj   ^ 
5^ 
91105 

. • . ^ -%'-• (.-i-   • • • •       •    «       « • ••    .    •       * 

... 5 .»4>-'.    « 
02897 
01.359 
98690 
^i86l8 



"Trv.'-irr-:,'    '■■'i,i    TiTr'Tr 

•   •      • -   ••• 

9 
• •• 

• •'..  . • • • •••   «••   •••• 

99510 
76178 

1971x8 
56708 
96ii28 
il.d.i.ic:.y 

7O588 

19268 
l[|.078 
75O25 
lj2705 
ii.5709 

6250 
5596, 

09995 
i^7202 

66kli4. 
27671 
67780 
5S1I18 
71261 

S6061 
I{.6275 
57907 
20529 
82877 

5^506 
12805 
7lpL75 
59559 
70957 

06256 
61618 
85225 ■ 

P7I Ty? . 
• ■ •< • • • 

095:12 
82501 
l5Bf!3 

96291 
72061 
55495 

5iB6c'. 

576 

59795 
2l,'299 
85176 
18551 
211|il0 

7521IS 
90001 
16II.01 
li|J}26 
I19515 

19795 

£ 57i^ 

• 25255 

9511-39 
90798 
995^0 
91510 
27258 

6'3^J53 
81178 
60O79 
8105? 
I7'i3lf. 

'   1^95914. 
W^05 
40297 
89716 
181^25 

ii.1852 
925C2 
25505 

• • • ; VkVc-j* 

15'>60 
■62062 
53995 
iiim 

58219 
fol52 
70^? 63 
96)4.11 
53!;20 

B1305 
08821 
/;0501 
12088 
63916 

2IJ.528 
28955 
li2975 
68290 
21657 

005=i0 
56570 
2791I1. 
9k209 
55517 

87O65 
58592 
7O292 
10070 
77951 

509k6 
15160 
520ii.l 
45056 
2052^ 

59121 
o[^.s69 
22i07 

/2^a6: 

•••   ••• 
",'•■ Mi". '• • •   *•'-'• 

28«)^5 
2|j^79 
621L'|, 

k92'>2 
92ij.0l 
915^6 
21505 
51555. 

07701 
569L!{. 
70651; 
90910 
59272 

56275 
99558 
90799 
92I88 
51827 

65926 
22726 
25l{.58 
07156. 
()1:121 

01757 
95209 
I4i656 
56852 
56768 

56677 . 
62555 
19082 
60696 
97672 

'■•ifl7S 
2ci8cj'? 

MM 
! 

06925 

51552. 
i{.5599 
372^2 

%    I ^6272 
t956b 

'S^l^^^O 
75I60 
;:...i.i-J';' 

59699 
7111i 
9755S 
41276 
54025 

101)48 
41409 
29881 
56597 
85549 

flt    /tJLnl- 

09077 
20321 
liijip: 

255^2 
1468L:. 

85225 
85527 
97548 
84089 
53460 

99559 
05O65 
17171 
50895 
50516 

09512 
82501 
158li2 
4^206 
82885 

09627 
5124k 
64918 
55075 
40116 

41919 
7?275 
59071 
00626 
1055? 



Tiin 

immm aii'^rui^ici:] OF. AIMGIJIS, FROM OOO TO 559 
(derli^ed ffoa Table I,) 

ll|-5 
307 
001 
070 

158 
3hB 
258 
205 
057 

250 
515 
270 
262 
059 
11s 
35S 

169 

35i{. 

003 
303 
2i}2 
09ij- 
139 
093 
096 

319 
008 

0£ 
199 
063 
253 
252 
127 
214 

126 
538 
I1I4. 
332 
116 
166 
171 
3ip. 
116 
135 

088 
091 
272 
031^ 
108 
009 
067 
111 
269 
li^9 

116 
051 
106 
210 
085 
216 
291 
2^8 

051 
000 
317 
103 
156 
272 
171^ 
109 
505 
210 

20l|. 
007 
002 
092 
ofo 
112 
110 
117 
069 
159 

012 l^., 
085 :i25 
oolj. '125. 
130 191 
032 

.2h.6 
276 
057 
171 
014 

205 
272 
058 
299 
018 
267 

16k 
301^ 
329 

2' 

018 
531 
309 
252 
200 
519 

l^lj.  030 

059 
ll\2 
10k 
036 
0S5 
2k6 
286 
1^0 
3k9 
094 

335 
018 
130 
127 
032 
001 

ok5 
180 
ok5 
2la 
296 
342 
096 
025 
002 
021 

050 
Oil 
089 
260 
136 
278 
3314- 
273 
290 
030 

17B 
165 
022 
21L8 
2S7 
ODl 
293 
071 
069 
5l!-3 

359 

1G6 
319 
316 
309 
17k 
117 
277 

007 
028 
127 
222 
27k 
13«=; 
ok§ 
288 

012 

280 

■ 359 
115 
103 
186 
101 
325 
Gij.9 

232 
120 
2I1.6 

2iilj. 06k 
273 347 
237.. 32^, 

i2t>.: .2^. 
168 255 
16k 
i3k 
353 
159 

356 
012 
232 
268 

275 
272 

13b 
ail 

153 
219 

0^7 

•mi .,i§6.' 
lias '..16k,. 

083 
123 
265 
012 
19k 
166 
010 
303 
323 
1,66 

170 

110 

191 
012 
213 

098 
248 
186 
101 
16k 
062 
170 
262 
357 

221 
302 
115 
339 

0l,il 
010 
262 
3.22 

^•7 
... :1.2k 
: x^b 

234 
092 
006 
053 
163 

037 
017 
143 
220 
259 
063 
3^0 
293 
34l 
159 

171 
3.26 
103 
311 
135 
277 
120 
035 
213 
102 

312 
•:eog 

262 
174 
197 
324 
2ii2 
083 
078 
339 
271 
183 

154 

•..32? ^ 

16? 
027 
288 
087 
345 

225 
089 
262 
358 
279 
0^5 
082 

278 
102 

031 
290 
15^ 
018 
170 
000 
020 
325 
290 
261 

159 
120 
299 
123 
056 
219 
oko 
106 
089 
061 

280 
350 
151 
204 
20l| 
297 
104 
007 
542 
035 

226 299 
008 060 

..Q§8... ^88. 
0X0 : Q65C 
106...* 055 
090 31& 
231 270 
278  032 
159 
292 

513 
114 

284 
225 
266 
261 
275 

286 
107 
071 
061 

345 
532 
292- 
009 
110 
128 
053 
34o 
221 
15^ 

Oko 
266 

..018 
Q26 
358 
Okl 
025 
280 
167 
035 51 



4»- 

RAimOll SBQUEIIGE OP Ar:GL!-.;S,   PHnii! 000 W 559 

m 
076 
102 
275 
337 
269 
15I4- 
170 
206 

Hi) 
256 
$29 
295 
161 
175 
Oil 
16J4. 
235 

• • • >^'#^«^ • 

177 
272 
lllj. 
180 
25? 
077 
277 

050 
052 

165 
252 
12, h 

026 
119 
056 
o^^i 
255 
000 
025 
06g 
277 
2hl 

025 
170 
175 
503 

188 
287 
279 

150 

3li|. 

»••   •      •   ••< • •« • 
• •      •« • •   • 

• * • • • •      • •      • • ••• •      •••      •      • • • •      • •      • 



*f TABLL  III 
RANDOM  mmiAL DSVIATl^S  IK UZTITS   OP Sl'AlJimRD Eii^    , 

(based ^upon tables  of PM-eDodd,  Bolotino I.latonatlco,   1^^2 

*'i -.■ 

pp .7647. 
.^ •4'* •^ •••••• 

O080 o,6ljXi -0.69 o.IiT'fe     0 <^ - -4^ 

Ool^ 0.176 1.67 2.789     0,67 u..aU9 
-~OJ+1J 3o259 icp 1.277    S'5?.?-:f9, 

0«l6 0.026 -0,61 0.572     ^^Ih c-;4c3 

• *: .^. • •*• • • • • • • 

-1.59 2.520   -0.60 o.3''-0 
0,06 O.OOli     1«37 1*677 

-o»i9 0^056    ia8 1.592 
1.16 lo5Ij-6 

io95 5o805 
1.07 3^91 
0,65 0.397 

..1J4.B 2a90 
».0.49 0«2li0 

-2.92 0*526 
lo72 2.959 

-0o90 0,010 
-0.214. 0.058 

0,214. 0.058 

0.3k 0,116 
-0,88 O077I4. 
"1»07 1^14.5 

O0I4.7 0o221 
IJ16 2ol32 

-0*67 0«l4i4-9 
O06I 0,372 
1 el5     ■i-vyd.d. 

"0.19 0,036 
"0^90 0^810 
-.0«70 O.I1.9O 
-0>56 0.130 
0«05 GoOO^ 
0.56 0.51k 
1.28 1«65B 

"^1919    laliJL^ 
-0.^7 0*137 
0o25 0«G62 

1.0I4. 1.082 

-0.51 Oo260 
la29 I.,b6i4. 
0„15 0«02^ 
0c21 O.OMj. 
0,28 0.070 

1.57 2.I4.65 
i4i I0980 
1.17 1^369 
(\.ij> 0.-12 

-0,27 0.075 

1,55 2.5kl 
»0,o8 0.006 
-1*75 3*065 
1.16 1.3k6 
0.16 0,026 

0»07 OoOOli. 
0«ll|. 0,020 
0,5l|. 0<,292 

-o»25 0,063 
«1 « 53    2 e 3IA 

-2*01 k.Ol+0 
"0,70 0.490 
2.08 k*326 

^Oo95 ^-903 
Ic93 ?»725 

-0.97 0,.9l|l 
1 

^olki 0I202   -o„37 0,13 

-0.72 0,510 
0*89 0,792 

.-0,l;b 0^212 
«0.01 OtOOO 
1.51 2.280 

..0,52 0..270 
l«0l4. 1«082 
0c70 o«36o 
0»56 o.'nk 

-0c57 Oc325 
1.56 1.350 

"i=k7 2 c, 161 
"0o25 0.062 
^Q,2Li 0.058 
-1»36 1.8B0 
.-lij.! 1,988 

-0,51 0.260 
^'0«96 0,922 
-I0O9 I0I88 
►-0«22 0*0k8 

Oc.75 0.563 

0okl4- 0,1914- 
-Oolli 0,020 

O08I 0*656 
0*59 o«3k8 
o,5[j, 0.292 

0,77 0,141.9 
-2.01 k«mO 
0,81 0^656 
-0c29 0,08)4. 
-0,61 0,372 
-0.02 0.000 

L158 1190k    -I.2I4.1I538    -0.78 OJ4.62 
KO8 1*166    -0«k9 0,2k0    -.0.29 0,08k 

^7L 
79 b 

.ia8 
-o«66 0ok36 
-0,68 o«i|.62 
1,76 3.098 

»2,k7 6.11U 
-0*52 0pl02 
2o22 k*928 
0.02 0«000 

-0,55 Oo^L") 
2 062 6 

1.25 :u563 i-3k ^^79 

,92    -0,28 0,078 '"1«23 1.513 
»0.03 0,006 -0,76 0.578 
0,78 o»6o8 -On96 0.922 
0.59 Oci52 "O.75 Oo5kS 
1.35 ic323 «o.35 0cl09 
-o48 0.230 0*91 0«028 
-0*22 o.okS   -lai 1.232 
-Oc55 0.123   -1*06 i,,i2k 

0.26 0,068 
0«33 0,689 

»0«91 0*028 
o,-,75 0.563 
0.^5 0,025 
Oo57 0.325 
l«66 20756 

'-l«99 3^960 
0»77 0,595 
0,19 0.056 

0.37 0,137 

0.35 0al22 
-0,25 0c065 
■=»o,3i o«oq6 
-O.83 0.689 
0,38 o.ik^i. 

»0c70 0«6o3 
o»9i 0.828 
»0.12 o.oik 
.1.23 1.513 
0,96 0o922 

■•2.27  5-153 
"^c39 0,152 
ia7 l'5k6 
Oc55 0.51k 
Oo7l 0.50k 

0.05 O0OO3 
-.0.91 o«828 
-0„77 0,5;2 
-0a22    OeOkB 
*-i,'r>i 2.592 
-0,87 0o7^7 
-0.92 o,8k6 
0,31 0.6-.6 
2.37 5»6^-7 

-0o52 0,270 

0.51 0«,096 
lc75 3»o62 
1.78 5«l68 

-0«80 0.,.6i!.0 ' 
0o75 0,562 

-O081 00656 
OoOl 0,000 

-1.59 2,523 
.000 

i.n 

loOt^ 

0.30 

1.07 

^ ^ ,    ^   ^77 
Each, group*lr ^^'^'h^if^ihs'm.s''t?QBn hd^f^BieS. ?)y'~ 

small amount  so that the moan value  of x for the group is 
axGctly aeroo    The nean square deviate for each group is 
given at tho oxtrene right.    For a largo snouf^ [^cjvp this 
'iversjje sl'iou.id &ppr-i,a.ch unlt^^'-o 



TA3LE XV 

•   • 

Vhat it ■; 
rotabili 

a«l 

'■*   s~l 
s»2 

38*5 

s^2 

s«6 

Q£39 

e«10 

a»2 

s~10 
^^=12 
s«lk 

s«20 

3=310 

gr325 

'•••••       •   • •       •        •   •        • ^■'»       •   •. i-^ 

: ': 'i.i :.,. :•■•: ■.iisussrt'S^aS  in.h S:£»ia5^*   and the probability 
:. '-.ca-a ii trials  to achieva a+l 3ucceas0S» 

.ty of  auccosH per trial is p, 

p=sO«l ■ p=-^o.2 p«0.3 p«o,,li. p=^G«5 p~0.6 p«0c7 P^^o.8 p-'O.^ 
0.0100 b.6koo o,Ij.9oo 0.5600 0.2500 0.1600 0^0900 o.okoo O.OIOC 
,9900  o9600  .9100  .6kOO  *7S00  ..6I1.OO  «5100  o5600  a900 

1.0000 1.0000 1«0000 1«0000 1,0000 1.0000 1„0000 1*0000 1»000( 
0„5905 0*5277 0.1681 0.0778 0.0512 0.GX02 O.OO2I4. 0.0005 0.0000 

.9185    o7r'7">    »S202    ,5370    M75    =09ij-7    e05l+7    ^00^7    «0005 
--(.    .9421    ^369    «6026    .5000    ,311k   -1651    »0579    ^ooQb 

«9995    ^.9953    ^^S^Z    *9"?-50    J125    *66?0    4718 ,2627    .pSl^ 
1,0000     .9997     -9976     ,9898     *960a     .9222     J519 .6723     4095 
1.0000  i»0000 1,0000 1.0000 1.0000 l.,0000 loOOOO 1.0000  1,0000 
O.5I4.87 0.107ii 0.0282 0,0060 0»0010 O.OQOi OoOOOO 0.0000 OeOOOC 

*756i.   4068     alj.95     oOk^ij.    .0107     .fUijJ     .0001 .0000     „000( 
.9298    ,6778    ofeS    .l<75    »05l|.7    .0123     f^<^-><^ f^n'^T      f^'"'^*f 
.9872 
.9990 
,9999 

1*0000 
1,0000 
1.0000 1.0 !00 

.0'91 

.9^ 72 

.9' 36 

.9 92 
«9 99 

.64s 6 
«3i|.97 
«9^27 
«93911- 
.9901;- 

1719 
.5770 
.6250 
S2tll 
,9U.55 
.9595 
.9990 

1.0000 1.0)00 1,0000  1^)000  1.0000 i.OOOO  1«0000 l.OOOO  1 = 0)00 
0«12l6 0,CilT OoOOOa  0.0000 0.0000  0,-0000 0*0000  0,0000  0,0000 

«9' 
1,.0000  1«C !0Q  1, 

9 6 ■■5.51 
,8'558 
,9i!^52 
.9377 
.9903 
.9999 

.05k8 

t5o69- 
-.6177 
.B527 
->9556 
.991I.0 

,0016  oOOOl 
,0129 
,0:1.65 
.1503 

aOl72 
08507 
,971a 

.0012 
»006k 
«0328 
,1209 
,.5222 
V 62)42 
«3926 

cQOOC 
.coco 
.0001 
00016 
o 0,12c' 
„0702 
.2§59 

6?69 >2 L6I 
«9568 J 296 
.9976 .s 133 
.9999 *^ 900 

1,0000 ,:■■ ^9^- 
loOOOO l»t 000 

0555 

6080 
.3867 
.<?B29 
9987 

,0510 
,2500 

.0' 

'9790 
1.0000 IJOOO 1..0000 ,99.81^. 
1.0000 1. 000 l.,0000 1*0000 
loOOOO 1..  000 1,0000 1^0000 1,0000 

.0002 

.0059 

.0577 

.2517 

..i^iBSl 
Msk 

^9987 

.0000 

.0005 

.00714. 
^0565 
..2^7 
Mhx 
i7a 
.C8[[.0 

.9995 

«0000 
,0000 
»C005 
»005i 
,oi|.90 
.2277 

.8929 
-99214. 

cOOOC 
,0000 
oOOOG 
oOOOl 
,0026 
00321 
a.95B 
05886 
o950B 

0000 
oOOOO 
oOoor 
,.000(; 
oOOOC 
.000] 
.on-. 

5* 
6oav 

ol7 

1,0000 1. '000 1«0000 1,0000  1«0000 1.0000 1.0000 1 = 0000  1.000! 
0.0052 0« 5003 0.0000 0.0000 0.0000 0.0000 0,0000 OoOOOO OoOOOO 

,O1D1 
>056 
)692 

.)lt8o 
9906 

1,0000 
Ic.OOOO    .J997 
1«Q000 1.3000 
1.0000 1   3000 1,0000 
1..000Q X.POQO. 4.GIOQA 3.^0(iQ. . 

ro i:t»oa'i^c!C!: 

»000? 
.0739 
.5692 

<-■. r^ r^ ^- 

*999l 

.0000 
*0021 
.0955 

.^ • ' • j'-, -• .1 

.0000 
=0000 
.0035 
,10x5 
»5371 
9k05 w>.^ 
9907. .*akiA 

:..i?9f'2: 

.0000 
«0000 
it, GOOU 

*0C5l 
*097 
> ^ -; > 

-T. r-r.r.t 
... 

,0000 
»0000 
,0000 
»0000 
»002k 
.08[{.8 
.55:52 
.Qc; 

oOOOO 
^0000 
,000c 
o Vi* w w W 

i«jooa.3i'^tja:.3:,;.. .^i. i.aojA* .9998 

.0009 

.,0607 

.5565 

.98l^' 

oOOOCi 
oOOOO 
oQOOC 
.GOOC 
«0000 
cOOOO 
oOOOX 
»02k'^ 
.563(-; 

6 1 0000 1.0000 1.0000 loOOOO 1.0000 1*0000 1,0000 1,0000 1,G00C 



• • • 
» • • •    • 

••2J4. 
»2^2 

0006 
.0012 

.0079 
,0156 
s022/x 
.0555 

UVMJ 

.0007 

.OOlJi 

.0082 

0.8 

l«6 

o2897 
,2l|20 
ol9i{2 

,0790 
j y'-j.  I— 

-2a0 
«-l„8 

■•"I fi.2 

-1,0 

-0.2 

0.05kO 
. .0790 

.1109. 

.:U^-?7 

.19I42 

.2L.20 
0,H07 

.3683 
,•5910 

0»0228 
0O359 

.0Q67 
..1151 
»1;)37 

«2/u,T 

4-207 
0,5000 

2.0 

2 all 
2»o 
2«0 
5cO 

5»il- 

5 •a 
1*0 

0,05141) 
.035'"> 
.0224 

Li 

.0012 
,0006 
,^0005 

0»0001 

■, .772 

^9971}. 
.99B6 

.9996 

.9998 

.9999 
.^0000 

X?    ( Jx) K Fj^Cx)     % fy;(X.) Fj^(3c) ■   z 

»?•        '^''-        ■" O./OOOO .% 
002 -2«0S3 j:4a6 c32 
.ok 
.06 

.-1,74-2 .Q87U *3k 
"l»55l| .1195 

.00 ~l,k09 al|.09 .33 
•ko clO .'1.231 

,12 ..I0I75 0.1998 Ml 
olil -1.080 .2227 1 ' 

.16 .-o,o<^)5 .21-50 
.S£20 .IG ».9i& cl^B 

--«8i.!2 .2799 .50 
■ y.^ C--^ -0 077.3 O.,2900 .52 

.28 •..585 

•.5109 .•-.5k 

■:.30 -.9^55 = ^-^r •••   • 

r ''fS 

~»30c> 

«0.2v02 
•'0I5I 
-.101 
«e050 

"O.flOOO 

+Gr05)0 

.151 

0,5)4.77 ■ 
^357c 
03665 

•   o7'a • 

,5862 
0. ^^906 

*59l>5 
.5969 
»5985' 

I), 5905 

., i.;(5 
»359 

.3*^05 

..70 
«   ( <i 

.7k 
,7'i 

,80 

»82 
.8k 
So m. 

e9^ 

0*523 

, 6!!i|. 
,707 

0,9} 
0.995 
l.OBO 
1   17^ 

9U'i 
'V ■■:♦ ,■ 

■':,■■}!■:■' 

2620 
mo 

! O ■ 

0^ 

..0874 
Mm 



•••   ••• • •• • •••. ••,• 

••••    ••• 

. K V; t ir.vO \S 0^ a^ O 
or-- i/XO {y-. o M7N o 

r ^KO C"N c>"s a-. c\ o c; 
"■'      9      5      S      »     f-       v^      S      <» 

S 

I! 

I 

s Nl 
H 

hi 

E 

a 

p 
o 

O 

a o 

« 
O 

o 
0} 
03 
«^ 
o 

p.* 

02 

IS 
© C 

o +^ 
o 

m o 
0. 

• >   •I' o 

s +^ 
■p r; 

-p d 
»r)   > 
r"!  "w 

^ .p 
(£ q 

o 
p-i & 

? 

■;q 

o 
it 

o 

o 
I) 

o 
!l 

.4- 

? 

•-A 

O 

o 
I! 
« 

O 

xu cu c—vo t>~b\o o 
Q D--KNCO ONavO o 
J-D'-CAONONCSO O 
a   3   u   e   c   c   »   tj 

O H H 

■ JAfXJvo ox<>aj o o 
a>aDc\i ocoo-%o o 
-C,»-0 UAOO\CNO o 
..ztcn ONC^.ONC'XO O 

O     ?)     s    c    <s    0    »    o 

O -H H 

'vo^tir-i.-zr'aNCso o 
>7-wr»-0 ONO'.CTNO O 

O H t-J 

CD H av'^vo o o 
CQCX)VOVOONOO 
»ri-C'~-l'^OxO'\0 O 
U-XD cr\CN<7--.0 O 

=5       O       O       0       O       O       O 

O H )-I 

ir<r.)KCicS'rja o 
'-ooMr\co a>o o 
o oco <T:a^.?:::i o 
vO O-.TSONONO O 

C       '        O      t>      »>      C      € 

O H H 

IALi-.H r.j 0^O O 
o<x>c\j OCJNO O 

fc      o     O     ^>     O     i^     o 

O' ' ■ H rt 

coH-di--oo 
O PTi^O fjTsO O 
-dv:: a>crNO o 
E>-a%ONO\o o 

OJ      fc>      o      e      o      -■> 

O ,-4 H 

':X)A.!co ONOO 
H:'C0"^.C\O O 
CO (jsONO-^O o 

C      C      --5      o       i>      C 

O r-I H 
CO fO.cO o o 

O ^JNC^O O   iS 
aNa\o\o o 

0      «      0      «      0 
O r-! H 

O H OJ KVrtirsvO 

CO mo; O H K^CT^^~0^C^O 
cvDvo ^f^o^voo cr-^CNCNO 

;-'^ O ■   ,-4 

£•-0,! C\;C0„-,-JO fHsO OsO 
t- CJ N^ C->^0 O. KVD CTs ON O 

SCO C^U^O ^-G^■J^fT^G^O 
,--; r-^.■;J■^-cnc^^C^^C3^0^C^O 
t]       (■     a     o     !>     i     ri     t:     0     t>     t> 

'1 O H 

o-^ON-tf-cj rA«:?. c-"i>-o o 

o o c; CO OJ e^ C7S?JN GNO O 
.-■! OJ tr^^-o^O^O^C5^a•^0 O 

fl O H H 

Hco a)_-.t-^Kr.f-s CO 

ir! cu Lr-vOD o^C^^O^C^O^ 
jl S      CS      o      9      ^'       9      «      e 

f^ o 
I 

OJ urxo 0"NOCN0"NCN 
o    ®    .^    o    e    a    0    c 

o 

oo o o o o oo 
o      0 

HH 

OO 
O CD 
Oo oo 

3      O 
HH 

LTXO H C\Kva")'s£> CNO O 
^r^c4^o ^-vo c^:^csc\o o 

a ^-OJ (-<'Mr<:c; r4 mONO O 
!-•: oj">.oc3 c^^c•^c■^c^^o■- o o 

tlO"" Hi-! 

ojvo tr^oj K^u>^"0 o 
OJ H <\! ONVO OJ CO ex O O 
»cvc r-^j CNONCNO O 

H K^.\Oca CNONON-tTsO O   3 
l\       O     o     9     C     ?     o     i>     a     15 
wo H H 

0\O^-i>f>*-jD O 0\O O 
H OJ ONO^::j-_cKr\CAO O 

«fr\ONO L—ONCNCNO o S 
H N^vo ONO-HONO^^CNO O 
if 'J      O      S       9      »      o      6      0      *! 
f4 O HH 

COZO ^-0 K-V:tONO o 
O i>"UNC\H'v£> C'\0\0 O 

®V0 rrsHCO CNCNOSO O 
H K-MS-OXONONCNONO O   3 

Si O t"i ir-i I, 

d 

o o c q 
H 

O H <\! ^rv:;tl.^'.v£» jsco ON 
it 

orvj 
HH 

• •• • •• 
• •4 

318 



•••    •••• ■•••   •••   ••• 

% 

O ••>£» O V.O CO c;2 t'-^M dN hi  Jo o*" 

O C\! -dvO CO O ^CJNCTS 0^ CTN   O^.O Q 

O . fH H 
U        W       O      O      >2      ^ -   O      O       V       O      C       &       0      i*      c      o 

CO 
0 

CO rH ITNCN^-C-NVO 0->,^^"> K'i CO O O 

e    0    0    c    ©    e    .i>    ■£»    :>     0 o    p    o 

O H ."! 

OJ iSM3 H CTNKV^-.CJ-H l,f^ OAO O 
C--CO JA„:+oj ffSON>r^^CO ON ONO O 
M3^ 0> H vo --ri- C^ ON C\ C-. (3^ O O 
o c\) _ci- c—co ON o N o^. crs ON ON O O 

O HH 

-:rf-C-COvO !>-tH CJ-chCO O. ONO o 
t—-o H ir\ ^-u•^a^ c\ &•■, ON CNO O 
o OJ L^\^■<^ CNONONCN ON ONO O 
oeooooooGo a    0    0 

O r-i r~i 

H r^v^ I—rgco O O O-.UNC0 O C\0 C 
vo o -^J fvJ i.rArfMi>cO u-\--:tO CM CNO-NO O 

0 H iri-.O CM HCO H O irvX) 0N0NC-^O o 
-rJO O H f'fMX'iVOCO ON ON ON ON ON ON O O 

BO H f-i 

, KNM^.H-^r\i CNvo^J-o.i H ^c^^^^C'0 o 
^rsjvOLr'.aNHONro,H~£htr'^::'-c7\ONO c 

^Hoco UNuNH_=i-rv)voco CNONONo o" 
~tO O H KNtrN!>-CO CNONCNONONCNO O 

RO H H 

O O CU .J-i-Oi H iiNfi H ON GNO O O 
c\l Lfco o irN0~-,iT\^-.--o ojco trxONo o 

« H b-H ONCD irvMD N'\£--C1 a\C^Q O   8 
..ffo o OJ ,\'Nirsr-co a-> ON ON ON ONO O 

MO H rl 

o 

1^ 
<!o 

0 

& 

In 

H KNCOVO CM O C3C2) ON J^   ONO O 
CM £^frvC>-HCD UNu-\CX) ON   C\0 O 
coco-4">-fNONLrvCD CNONON ONOO 
O OJ UN £x:0 O- V ON ON ON o-\  ON o o 

O HH 

0--ci-£-~t-H !«rv;,r4;-~r-! CD   o o 
OG3 ONCrj^v^^-OVO OMTN  C O 
cr>o vo t- o NO CO CN C\ a-\ o o 
O ^r^ ur^c—ONON O^VON ON ON O O  ? 

O iHH 

rtNONO !ACM Ovo_:d-.»=!-crN o C) 
OOVOONO OOi>-0>.ON oo 
O fAONO\H t-~CNOsON C3N O O   S 
H ! A UN i>" CN ON ON ON O^. C5N O O 

O r'lH 

H\\0 H trcO H iAONVO CiNCJ c»-o o 
oco Hco KrNco liNCNcqco H r-cT-.o o 

« H CTN rr\ rr, Oj co cc> 3" t^ CN ONCTNO o 
^O O CvJ-jdN-O C-<0 ONO^'.CAONONO O 

w o H t^ 

_:±^-CSN IfXOVO r-5 C^^O C\4 -f CO O O 
CO CM ^-(.o ^^\^•u■^c^c''v---h-:t03 O^-c O 

^ a' o NO 'c-~f.a H o !.r>co ON O'~\ONC O 
i^o H rvt..dvDco cr>.aNCAONONONo c 
{|      soei'.oOr.     ocoseoo 

W O HH 

^A^-^-cv!^-ri D-OJ rAo f-ONO o 
'■^D E-"UNC\! UNVO„-KO cyvCDVDCO ONO o 

^»0J Cvj O H 0„.-J-CMvOCO ONO^.ONO O 
rr\0 r-{ !A LfNt-^O ON ON ON C^ ON ON O O 

HO HH 

I* 

CM 

CM 

CM 

& 

COvD C~-^-UNH UNO inov o o 
O^CJ C7\C«-UNC\JCO ONON o o 
H a^.CJ H CM !>-0-\CNON CA o o 
H KNVO CD ON 0^ 0~v 0•^ 0"N C7N CO 

O r"-5 r"i 

irv»X> VvOVO Ovo H lAO- ON o o 
CM C5NC5NC0 L'-a--:-J-rO ON<3N O O 
CM ^-3"K^^f^^-c^^c^NON C3N o o 
H^f^vocoONCJNONONONCJN OO 

O f^ ^ 

!AO £^H SOw-d-lfNONCO O O 
irwo VO t>- ^■- KN Lr«r> c-. o o • 
tAO e^-uNJzKo CTNo-sCT-xo o E 
H-ChvO'CO ON 0~^CNON Cl o o 

&    t-    &    o    ■'•i    ^    e    &    &    &      A. 

O H r-! 

„-,WAVC CTNO^O CMVO H C^CSNONO O 
* h'N^J- ivr% u-V^-1—31>- 0"N Gv ON ON o o 

fAO H fA :-fN^-co CN ON ON ONON ONO O 
si       ©     e      t      tt     P     »     fi      ^     <5      G     3     (i)     o     o 

ma HH 

00 Oj ONiAN0v,O^?f'j f^NC-J UNO O 
Cv! Q r-i ONCU 0_:tir*fr'wd<0 CNO O 

»—;■£■•- f- O 0NONLP,CO CTNONON O O 
rr'iOH JAvo f-X^ONONONONONO O  « 
l\ 3      «       0       »      S      6      O       O      C      O      »      O      C 
wo H r-i 

CD r; a; CM JT^H lAf^ oj cr%E—o o 
O CNON SA S>-irKO vD CO vo CC ON o o 

"-cf-ON W ..o-H H VO O O^N O -. CA o o   e 
iAO H«=3-^-OC0 CTvCNONiONCrsGNO O 
jl     ii    e    «    '>    o    o    o    6    e    «    o    o    o 
BO . HH 

DHC\i-^,-;'2 t 3 

>••• ••• •   •••      ••• •••.  •      • 
»*• ■• ••-»*^i»--;'" ■-»• •• ^,•■■'■••' 

•          •     * > '»I' '<•■'. r '.    • «;, *     • 
• ••    •••• ••• ••••   •••    ••• •••    ;;:!  • • 

•••••••      •      •      •• 
■■■•  - '■■••■••' ■ »'-•■'-.■'•^i.-ZJ^'O CO o 

• •   •   ••   •r"r»'-; r-i rH r"! O' • •••      •      •   •      • 

19 



•o 

s 

• • • • • • •• ••• ••• •••• ■•• •••• ••• 

• •   • • •     •     ••    .  ^.f «■-? —■•'-?,... . ^ 

- v\,«-*^r-j v*(*) !<r>c« c«M) i-r'^«?c>J««^c^tO"^o ts* 

O O o O O H Kv:ts.rN£-<o ONCscr\0-xCrvO q 

•••• ••• 

o 
s 

OO CV!-:d•^fV.C■t~•0J"O^-^£) ijTXO C%ONO O 
O O O O H Oj jr^tTM!) f-CO C\O\0\C\O O 

O «"' '"' 

ooc\lcn^~o.^•a^cv^^f^o £:--O-GNO^.OO 
O O O O H Kv3"LrsD~CO Ci^C^s0^0■'^G•^O O 

o HH 

H H ^^\H tr\CNvD c\j H ^-K^-■4•^-o^c^^o o 

O b O H fij rfMnvO t-CO f.7\(>.ONOCNO o 
<J      «.      .->      0      o      0      O       C      *      O      O      «      i>      'J      0      0      3 

O 
H 

tr> 

CO O-ri L^-GNCT^CNO O 

H H 

KV::tO ^^\^-H CTsO O 

-rd'K'.-icO o■^a^cr^o O 
\.o CO ON a-i CN C\ C!N O O 

O     C     0     c»     o     t>    o     O     o 

OCX) Lr^0^vDVO C^O O 
vi) ifNcoco i>-asoNO o 
O CN'J^CO CNONONO O 
iXO O. Cx ON c^ o-\ o o 

H H 

-lie 

■ '^ 1 r-" 

■-■]v 

o 

CO 
c 

!r>. 

iO       Si> 

■tr\ 

o Hvo Lrv,co j-o_-h.-SH Lr\a«o-NONO o 

O r? H 

OM3 u-NO C'-KV=fO CVJ Cvl H rj.O CTsO O 
iS^xC H o r\ic:^co H ^-o■^u^t<^c^^o^o o 

O O O H i^-::ivO N-O CNC>.ONC7NONO O 
<     o    o    o    o    o    a    «     6    o    >?    »    t'    <s    O    ■■' 

O    ■ r-t r"! 

{■fCa-CM O f^^' H O ^-lX^O H-^tCN'JNO o 
O OJCO C^U■J■H t•~C^CJ_r^^--C^O■vC^O O 
o G a H KNirvvO ^-<X) ONCVCNCNCTNO O 

IP'. 

CO 

o 

»:d-HvO-:d-t~COOO 
hT^ONtxj ^f^c^ CNO O 
VOO C^CNCNONOO 
^-O^O^a^o^C^^O O 

■H r-l H. r-: H Sa W C\J OJ CJ 

O iXNCO ^f^^f^H H ojcD CTs 
O O CM C ONC-O O <.\J C- 
O O O H CJ '•^ rOkOJ K> LfN 
OOOOOOHOJ N\_-:r 

o      t      «      ^      ©      «3      O      C      C      0 

o 

o 

SI 

,j2<0^-3-K\!'<'-\N0 H H t\J H t^\0 CNC .O O 
O OJ ONr-! {>--:tO CJ O L^^C■~•G^C^a^O O 
O o o aj NM.fNC-;x-)cjM::rsCT>,CNCN0sO o 

o H r< 

 -o c 
o i-r^.o r^OCO ffC3-H>i^CO CNCNO O 
O O «-» OJ^rf t-nr^x) ONCNCNO-CNC O 

O fi H 

.■^-^-fi^-O LTvO CVivT) ONOJ rfNOCO o o 
■o 0-T*-uNOvo r\}v£> Hcc'i^-occ: ONO O 
vO-d-i\JvO,.d-H'OvO i-f\V2 CO CTsONO O 
O O H OJ-d'^ t-CO ONCNC-.CN0.0 O 

■O   ' " ■ r^ r-l 

ITN 

I 
o 

o 
ON 

r"- 

o 

CO 

."■'.GO C\] ONtrsLfNO i>-COCO 
o o_cr-4"OC") irco H H 
O O O H..:jt;0^-OvD (JNOJ 
O C O O O O H CJ I f \. tTi 

fl    -v    o    a    *    o    tt    o    o    0 
o 
H a. I\S C\! o ixq 0^.tr~'H-\ 

o o o ej ufNH o oj iro 
o o o o o T'! ra trt,.Tj-!.rs 

p    o    6    y    o    «   e    o   ci    e 
o 
oi ONK^H^^^-cv!vo H O 
O H ONO_3-CNSD LfNKNKN 
o o O trst—_=l-irco oj tn 
O O O O O H OJ NMTWD 

o 

•••    •••• 
0i • ••.- 

• ■.■■ 

• •• 
- 'I 



j^^^^l ^'UNCLASSIFIED 
56853 01058935 1 

•• ••• ••* 
• •     • • • • •• •• • • • • • 

l«     • •     ••• ••• 
• • I 

»•••• •••• ••• • 
I •••• • • 
» • « • • • • 

UNCLASSIFIED 


